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PREFACE 


fn writing this book f have attempted to give a theoretical 
account of the behaviour of tlionnionic liigh vacuum devices. 
Such an account should primarily be of use to graduates with a 
first degree in jfiiysics or ('lectrical engineering and th<^se who 
are starting independent work in this field, either in industry 
or in tlie various p(jst -graduate courses on electronics. A reader 
who has mast(Ted tlie contents should be able to make a critical 
appreciation (d‘ current researeli papers. 1 hope that the book 
will also prove useful to practising valve engineers and otheis 
engaged in the industry. 1 also hope, thougli faintly, that it 
may help the users of \ alves to understand the physical lactors 
which limit val\e performance and thereby encourage them to 
restrict their demands to what is possibh\ 

T have assumed that the reader is familiar with the ordinary 
uses of valves as amplifiers and oscillatois which are the subject 
of many recent tf‘\tbooks. However, what might be termed the 
second order effects in valve tiu^ory, matters such as noise and 
the effects of initial emission velocities, have been treated 
rather fully. These (questions are as important practically as 
the} are interesting theoretically, this discharge devices are 
not treated, and, in " ’ew of the cojfious modern literature on 
the subjc'ct, cathode ray tubes are ignor(‘d. 

The book is divided iriti> tl rce parts, tlie first dealing with 
the fundamental ])hysics of t^'eriniomr emission, etc. Tn this 
section (\(hS. units aie used. The second part considers the 
general theory of the fields set up by cliarged conductors and 
the electron motions resulting therefiom. The last and longest 
section applies all tliih material to the 4udy of various classes 
of valve. M.K.S. units are us ‘d in parts two and throe. This 
need create ru) confusion and tne student should, in any case, 
gain confidence with several systems of units. I'he second and 
t.hird parts may be read before the first if desired. 

Tlie book is strongly biassed tow'ards microwave valves. 
There are several reasons for this; first, the existing textbooks 
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deal very adequately with ordinary gridded valves. Secondly, 
an extremely wide range of interesting and useful phenomena is 
encountered in this lield, and lastly, because of my personal 
interests. 

T have written almost nothing about the practical aspects of 
valve manufacture. Tliis is simply because an adecpiate treat- 
ment of valve technique would fill a much longer book. It does 
not mean that I consider tc'clinique unim])ortant. In fact, quite 
the most important equipment a v dve engineer can possess is 
a really sound knowledge of tlie materials and processes 
involved in jnaking all t vpes of valves. Tt is harder to acquire 
this knowledge than li is to k^arn the necessary theory. 

In the sections dealing with well-established materi il I have 
only included references to the most important pHi)ers and 
those which are (‘lassies in their domain. In the newer sections 
a much wider range of references has been given. The body of 
this hook was writt(‘n in 1949 51. iiie appimdices were pre- 
j)ared in 1952, and the ref(‘rences have been bronghi uj) to that 
date. These details are given to ease the task of searching the 
various abstracts ofeurrent literature. 

1 now’ turn to th(‘ i)leasani task of thanking the numerous 
persons and oriranizations who have luiped me. My particular 
thanks are due to my friends and colleagues in Standard 
Telejihones and ('abl(‘s, Ltd., especially to Mr. A. B. (iitting 
who read the manuscript and mad(‘ manv corrections and 
improva‘menls. Any rcmiaining error’s are m> sole responsibility. 
1 am indebted to tlie late Mi. W. T. (dbson for his continuous 
advice and int(‘rcst. The Bell Telephone Lalroratories, the 
Institute of Iladio Engineers, the American Physi(*al Society 
and the (’am})ridg(‘ University Press have allowed the reproduc- 
tion of data and illustrations, for wdiich I thank them. 

To my wife my thanks are due, not only for typing the 
manuscript, but also lor her help and support iu the wdiole 
proj('(it. Finally, I w’ish to thank the management of Standard 
Telephones and t'ables. Ltd. for permission to publish this book. 

HIOHOATK A. H. W. B. 
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PART I 


THE PHYSICAL THEORY OF ELECTRONICS 




Chapter 1 

THERMIONIC EMISSION 

1.1. Thermionic emission from pure metals 

l.l.j. Thp tnodorn theory of mdahn and insnlaiors. The 
(]|iianlum theory of metals, largely clue to Sommerfeld, looks 
on them as crystalline solids formed by a regular network 
of positne ions. The ions are formc'd frotu the atoms by the 
loss of the valem*e (electrons uhieh exist as a cloud of eliargea 
drifting in all directions through the lattice. The cohesive force 
in metals is due hjainly to the attraction betwc^en the ion.-, and 
the electrons. When no (‘xteriial field is applied, the mean 
niimV)er of electnms drifting to the right through a plane is 
equal to the mean number drifting to the left. The numbers in 
very short time intervals are hove\(‘r, subject to a statistical 
riuctuation, and it is this tluet nation current which gives rise 
to the phenomenon of thermal noise in metallic* resistors. When 
a field is ap])lied, a slow drift in tlie direction of the field is 
superposed on the rapid thermal motions, and this unidirec- 
tional flow constitutes the electric current. 

Ill the tlu'ory ot thc'rmiome (‘mission we are mainly eon- 
eerned with two aspects ot the (piantum lreatnu*nt: first, the 
way in wdiich the regular spaeiiur ot the atomic nuclei in a 
perfc'ct lattice breaks up the energy spi'ctium into pc^rmitted 
and forbidden zoiU‘s; and s(M*ondly, tlie statistics oUeyed by the 
free c'l(‘ctrons wliich are those of Fermi and Dirac. Jn dealing 
with emission fiom metals we shall only have to deal wdth the 
seccuid aspt'ct, but in the consideration of emission from oxide- 
coated cathodes the first is of primary importance. It would 
be out of }>lac(‘ to do more than indicate the physical basis for 
the ideas used here, so the reader is referred to the works 
mentioned below for (‘onijilete accounts. f The fir^t problem 
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arises as follows. In quantum theory the free electrons are each 
assigned a wave function ijj{x,y,z) proportional to the proba- 
bility that the electron shall be in any specified volume element. 
The metal is represented by a three-dimensional array of posi- 
tive ions, i.c. the potential in a plane through the centres of a 
row of atoms varies as shown in fig. 1.1. If the electron is to 
be free to move it cannot have an arbitrary value of energy 
because the regularly spaced potential wells act in a manner 
analogous to regular discontinuities in an electric transmission 



Fig. 1.1. Potential diagram for a metallic crystal. 


line; in the latter case only iiaxes in certain well-defined fre- 
quency bands can be transmit t(‘d, in the former case only 
electron waves in certain definite energy bands can projiagate. 
In addition to the electrons wdiich move freely there are the 
inner shell electrons bound to the nucleus. These occupy the 
energy lev^els specified by their quantum numbers, very nearly 
as if the ionized atom existed alone, for the effects due to the 
average ])otentials of the other ions and the free electrons are 
fairly small. They arc, however, sufficiently large tor the per- 
turbation introduced by their presence to split up the sharply 
defined energy levels of the unperturbed system into energy 
bands, so that the correct number of electrons can be accom- 
modated without violation of the Pauli exclusion principle. 
Returning to the free electrons, these will all have energies 
very considerably^ above the ground state, since the bound 
electrons fill all the lowest levels. Using these ideas, Mott^ 
gives a simple derivation of the number of states in a given 
energy range which is reiiroduecd below. 


1 Mott iiiid Jonos, o]). cit. pp. .51 el seq. 
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We consider a metal cube of side L and assume that the 
metal is monovalent. The true potential variation of fig. 1.1 
is approximated by the potent ial well of Hg. 1.2. The 
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Fig. 1.2. A potential \^cll. 


Schrodinger equation is 

(1) 

together with the boundary conditions 0 =• 0 at x = {),L\ 
y = 0,L; 2 -= 0,i, i.e. 

, , TtLx . TtKu , TtLz , t 7 . , 

i/f = sin sin sin , , /1,/2,/j integers. 

Ij Ij Li 


For E this gives E = f f, {lU /|+ /§). 

The maximum energy which an election can have at the abso- 
lute zero of temperature, where all the lowest levels are filled, 
is there are N electrons there w^ill be occupied 

levels. \N must therefore equal the number of integral sets of 
/i./j./g, such that J „ 2 


Since /j, are all jM)8iti\ c this number of sets is an eighth of 
the volume of a sphere ^^hose radius is + + That is 


or 


S _ 7 t [’ 2 wL ^ ]»/2 

^”““(77) 2 w (12) ‘ 


( 3 ) 


where LI = volume of the metal. By the same argument the 
number of states with energy < E is 


i) 

677* 



,3 



THERMIONIC EMISSION 

Differentiating with respect to E, we find for the number of 
states with energy between E and E^-dE in the Aoliime Q, 

= K^dhj. ( 4 ) 

By integrating from 0 to we find that the average energy 
per electron is ^vhich is known as the mean Fermi 

energy. 

If now we replace the potential well of fig. 1.2 by some 
periodic potential representing fig. 1 .1 we find that the resulting 
electronic wa\ e functionsf are of the form 

where u is a function which has the same periodicity as the 
lattice and L has the same meaning as before. If the energies 
are plotted as a function of TTnjL we find that the curve is 
discontinuous, having energy jumps L = A, where A is the 
lattice constant of the crystal. These energy jumps ®\ist what- 
ever the precise form chosen to represent the ])eriodic potential. 
The forbidden energies occur at the wave-lengths for which 
Bragg reflexion from the lattice ])lanes prevents the electron 
wave from penetrating the lattice, just as regularly spaced 
discontinuities prevent electromagnetic waves of special fre- 
(juencies from flowing along a transmission system. Thus, in 
any crystal, the permissibk' electron energies are confined to 
well-defined bands, separated by what are terinerl ‘forbidden’ 
zones. The difference betw^een a metal and an insulator is 
simply that in metals the permitted levels are not all filled, 
whereas in an insulator all the levels right up to the lower 
level of a forbidden zone are filled, fn the latter case electrons 
can only move if they are given sufficient energy by heating, 
by application of an intense field, by collision or other means 
to jump over the forbidden zone into a higher conduction band. 
In diamonds the forbidden zone is about 5 eV. broad (5 eV. 
corresponds to c. Off, 000° K.), so that thermal activation is very 
improbable, but many substances have forbidden zones of 
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r. i eV., in which case thermal activation is relatively probable. 
Pure substances in which the energy gap is very low are classi- 
fied as intrinsic semi-conductors. However, it is doubtful if 
such pure substances exist, as it seems likely that such low 
values of the energy gap are due to traces of impurity. We shall 
discuss the properties of semi-conductors in more detail in 
later sections. 

In this introduction we have tried to indicate the main ideas 
of quantum mechanics on the solid state. These ideas are of 
fundamental importance in improving our knowledge of the 
mechanism of emission and are thus important to the whole 
subject of thermionics; for, as will be made clear later in the 
book, the main obstacle to further progress in valve design 
lies in the limited current density available from even the best 
emitters known to-day. 


1.1.2. The emission equation for pure metals. We next pro- 
ceed to deduce the emission equation from the quantum statis- 
tical viewpoint. This eciuation A^as originally deduced classi- 
cally by Pichardson and Dushman. 

If we consider the statistics of a system consisting of an 
extremely large number of indistinguishable particles in a 
phase sj)ace divided into volumes of magnitude and intro- 
duce the restriction that each elementary volume can either 
contain only one particle or be empty, we obtain the following 
expression for the probability that the state of energy E is 

ofcxipiod: J{E) = ^ j . (5) 


In this expresMon k is Boltzmann’s constant and ^ is a constant 
which will later be determined by requiring that there shall be 
just enough states to accommodate all the electrons. The corres- 
ponding energy-distribution function is obtained by multiplying 
(,■)) by (4), 




(6) 


These are known as tlie Permi-Dirac distribution functions, 
and they are applicable to the electrons which constitute the 
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free electron ‘gas’ in a metal, since we already know that the 
energies of these electrons are quantized and that they obey 
the exclusion principle. Figs. 1.3 and 1.4 show these functions 
plotted against the relative energy. 



Fig. 1 .3. FeriTii Dirao distribution for the probability that tlie cell 
\nth energy between E and E-\-dE is oecupied. 



Fig, 1.4. Fermi Dirae distiiliutioii for the mimber of 
electrons in tlie energy inteival f.'to K | dE. 


We noi^ consider a heated sheet of incial, enclosed in a 
vacuum. The surface of the sheet is normal to the z axis and 
the dimensions of tlie sheet aie Zg, the volume being there- 
fore ii -= Zi.Zg.Zj. Inside the metal, free electrons are moving in 
all directions with a distribution of energies given by eqn. (6) 
evaluated at the temperature of the metal, K. Some of the 
electrons which impinge on the surface of the metal from the 
interior have enough ^-directed energy to overcome the surface 
forces and escape. These electrons form the thermionic current, 
and it is their number which we wish to find. For this purpose 
it is convenient to convert the distribution function from an 
energy basis to a velocity basis. To do this we write down 
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expressions relating the velocity increments to increments in 
the quantum numbers. Each z-directed quantum number 
together with a pair of x,y quantum numbers defines a new 
state, so that the total number of new quantum states is the 
product of the three increments in the quantum numbers. 
However, the energy being quadratic in the velocity, the cal- 
culation so far takes no account of the sense of the velocity. 
It is equally probable that an electron will be moving to the 
right or to the left, so that half the z quantum numbers will 
correspond to positive z \ elocities, half the y quantum numbers 
to positive y velocities, etc. Thus we find that one-eighth of 
the total new states correspond to positive velocities. Multi- 
plying this number by eqn. (5) gives the number ol electrons 
in the range at w., dUy at d'lij. at which is the re(piired 
distribution function. Carrying this out, we have 

E = + 

for the total kinetic energy. This is quantized, so that for 
translatory motion ^2 

^ Sm 

where are the quantum numl)ers, dimen- 

sions of the sheet which, as always, are very large in com- 
parison with h. The increase in velocity du^. is thus equal to a 
change in whvrodrii = 2m /A with similar expressions 
for dn 2 and d/ig. The total number of new states is dyi^dn^dn^, 
but only one-eighth correspond to positive du. The number of 
new positive states is 


in\ ni r??\ 


dn^ dn^dn^ 
8 




ildVj^dUydUj,, 


and the velocity distribution function is 


“ P 1 + exp [ - iIkT] exp [ m(w| + «« + u^l'lkT] ' 

An additional factor of 2 appears because we are discussing 
electrons which are allowed two values of spin in addition to 
the translatory quantum numbers. 
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We next suppose that the surface forces arc equivalent to 
an energy E' = so that a ^-directed electron must have 

Wg > WgQ if it is to be emitted. The and Uy components may 
have any value whatever. Also, if an electron with velocity u 
is to be emitted in a specified unit time, say the single second 
between 0 and I, it must be within u cm. of the surface, so 
that the current emitted from the .r,// surface of a cm. cube 
in the sheet is 


2m^e r p 

JJ_, 


dUj.(hly 


exp [ - lijkT] ex]) f r// ( + w 2 w2)/2A T | ’ 


( 7 ) 


the symbol J denoting that this is a curi-ent density. 

The double integral can be evaluated by intioduemg ])olar 
coordinates u^. = tfc,.eos 6, Vy =■ ?/,.sin 0, and becomes 


i H . 


4 exp [/ww2/2X’T] exp [ — (2^ - ?ny^)/2//rj' 


By elementary means we obtain the integral 
277/’T, 


/Tf 


]n{l 4-exp[(2^- ?w//?);2AT|} 


Therefore 


‘ ?/. In (l+exp|(2^- 7ww|)/2A'7'jjrfw.. 

J^zo 


Figs. 1.3 and 1.4 show that the emitted electrons are an 
extremely small proportion of the whole, or, more concretely, 
for the emitted electrons so that the exponential 

term is very small and the logarithm can be ex])anded in 
series. Retaining only the first term 


J = 


^Trem^kT 

^rremk^T^ 

7/3 


e^/fr 7^ r 2/^ exp [ — //? ulIkT] dn^, ( 8) 

J M*o 
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where we have written for the critical energy corresponding 
with We have now to determine which is done by 
requiring that the integral of the distribution function over all 
values of energy must equal the number of electrons per c.c. 

That is 2 |iV(B)/(£/)rfS = N, From the diagrams it is obvious 


that 5 = E^^^ at T = 0° K. At higher temperatures this is not 
quite true, but it is good enough for our purposes. It is easily 

r^N\^ 


verified that ^ 


_ /: 
“ 2m [ 


HttJ 


in this approximation. We have 


already assumed that E^> which is experimentally verified 
by the fact that tliei'e is no emission at low temperatures. 
E^—1^ corresponds to the work which has to be done in over- 
coming surface forces, i.e. moving an electron from just inside 
the metal to juvst outside it. It is called the work function of 
the surface and is a specific (piality of the metal under con- 
sideration which can be calculated from the atomic constants 
of the materialf The work function is usually denoted by the 
symbol (/> and is measured in electron volts. J Then, finally. 




(9 a) 


where 


>o = - p 


a UTihersal constant. 

The numerical value of is I2(}’i amp. /cm. ^ degree^. 
Kqn. (0 a) is often referred to as Dushman’s equation, while 
the following equation is called the Ilichardson equation; 




(9 6) 


Both equations can be deduced classically, and because the 
ex^xmential terra is dominant it is not possible to decide experi- 
mentally between them. The, quantum derivation leaves no 
doubt that the form is correct and also assigns a value to 
Aq, which cannot be done from classical considerations onlj". 
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Let US return for a moment to the question of the validity 
of assuming exp [(2^ — or Caesium has 

the lowest <f> of any pure metal, i.e. 1-81 eV. At 500° K., 
^/fcT==40, so is extremely small. For tungsten 

^ == 4-54 eV. and tlie melting-point is 3655° K. At T = 3600° K., 
15 and e”^/*^<10~®. The assumption is thus well 
founded. 

Some comments on the temperature dependence of eqn. 
(9a) are now in order. We have slated above that 
for temperatures above the absolute zero. This introduces an 
extra temperature-dependent term into the work function, 
since a second approximation to ^ is 



Moreover eqn. (3) shows that depends on the number of 
electrons per e.c. As the metal expands N gets smaller and so 
the work function increases. This effect gives a temperature 
coefficient of increase in work function of about 10-^ eV./degree, 
while the term is only about 10 ® eV. /degree. Jn addition, 
Ef. may be temperature-dependent, so we must regard the 
usual assumption that *'</> docs not depend on T with some 
caution. 

1.1.3. The energy distribute on of the.irnitted ihctrons. Tt is 
clear from eqn. (8) that the electrons which have energies 
greater than that conesponding to the work function possess 
the whole range of energies up to infinity. In several problems 
it is useful to know the distribution functions for the electrons 
outside the metal surface. An electron loses the energy \niu^Q 
in crossing the surface barrier, so that the number of electrons 
having energy outside the metal equals the number with 
energy \m(v\ + vlQ) within. Thus the volume distribution of 
electrons with energy \mul or velocity is eqn. (8) or 

t Mott and Jones, op. cit. p. 178. 
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but 



therefore 




J m [ IwJ- 

(10a) 

Then 

11 

II 


and 

- V© “P [ - 2 tT “■] 

(106) 


Eqn. (106) will be recognized as an ordinary ^-directed Max- 
welJian distribution, so the emitted electrons have a normal z 
distribution. It is more important to know how the current 
to an electrode will vary with negative voltage. For the plane 
parallel diode this can be obtained directly from eqn. (8). If 
the anode is at — F volts to the cathode, the bottom limit of 
the integration is increased from to a higher value such 
that ul = 2e(I^H- V)lm, If JJ, = saturation density, 



J = A„T^exy^ 

C-v,--n 
kT J’ 



- J e 


(11) 


, /J\ 

V 


or 


■ kT' 

(12) 


In eqn. (12) V is the total potential opposing the electron 
motion, not merely the battery voltage applied to the anode, 
i.e. F = l^^ We see that in the retarding field region a 

parallel plane diode characteristic plotted on log paper becomes 
a straight line with slope of I/AjT. 

In the case of the cylindrical diode, matters are a little more 
complicated; for, unless the cathode is nearly the same diameter 
as the anode, the anode current depends not only on the radial 
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velocities but also on the tangential velocities. Schottkyf has 
treated this case and gives the follo'wing expression: 

This expression is correct within J per cent for a Maxw (‘Ilian 
distribution, if the cathode radius is less than one-thirtieth of 
the anode radius and if the retarding ficdd is sufficiently great. 
In most cases the second term is negligible in com])arison with 
the first. When this is so 

V V 

InJ = const.-t- Un ^ (13) 

For values of V around 01 V. the log term is negligible and 
the plot is linear. In most structures space-charge limitation 
would be still in force at such low retarding voltages. In con- 
clusion, we should note that these retarding field equations 
depend on the energy distiibution of 
the electrons just outside the emitter, 
and there is no a pt iori reason to exjiect 
that they should apply to emitters other 
than pure metals. 

1.1.4. The tnuvsannuni oj (lutniiomc 
eniissioti from mduhs. The thermionic 
emission is measured in a tube of the 
type sh(mn in fig. 1.5. A filament F 
of the metal to be studied is tightly 
stretched along the axis of three co- 
axial cylinders (fA,(L The two outer 
cylinders act as guard rings and the 
centre one as an anode. The filament 
is heated to a known temperature by 
a current, and a sufficiently high poten- 
tial is aiiplied to A to collect the satura- 
ted current, the guard rings being 
held at the same pritential. F is made long enough so that 

t Scliollky, Atm, Pfiys., Lpz. 44 (1914), 1011. 

12 



Kig. 1.5 (>uairl lin^^ 
diode for emission 
rneasiirenieiit. 


THBBMIONIC EMISSION FROM PURE METALS 

conduction cooling at the supports does not cause the 
temperature of the j)art used for measuremenfs to vary along 
its length. The temperature is determined eitlier by optical 
pyrometry, knowing the spectral emissivity, or by resistance 
measurements, in which case potential leads may be added to the 
tube. The variation in potential along F is either taken into 
account or is eliminated by commutating the heat ing curnmt and 
only measuring the emission when no heater current is flowing. 

To obtain repeatable measurements great care is necessary. 
The tube must be \ery carefully out gassed and a prolonged 
heat treatment applied io F io ensure that the figures really 
relate to a clean surface. Tungsten is rather easy to outgas 
because of its high melting-point, but j)latinum is very difficult, 
and it was not until 1 9113 1 hat fairly reliable \ aluesof (^and were 
obtained for this material. In the case of nickel it is probable 
that completely reliable values are not kno^n even to-day. 

1.1.5. Emifimon in strong fields. In the analysis of § 1.1.2 it 
was assumed that the field at the metal surface was zero. In 
the experiment descrilx'd above this is not the* case, and we 
have to allow for this. Also as the electron leaves the surface 
it induces an image in the suiface, which modifies the field very 
near to the surface, llie emission formula (‘an be easily cor- 
rected for these effects. The lowering of the w^ork function 
due to electric field is called ‘Schottky effect’. The image force 
on an electron at a distance from the surface is f^l4z^ attract- 
ing the electrem into the metal, i.e. reducing the work function. 
This force is the gradient of a potential The potential 

due to V volts on the anode (fig. l.fi.) is (Ez, where E = V/d, 
The total reduction in work function is tlum eEz + e^l4z, This 
has a maximum wlu'ii z = a - and the value is e^jEK 

f (14) 

and cqn. (S) hofonies 
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To eliminate this effect the current values in the measure- 
ment of § 1.1.3 are taken for several anode voltages at each 
temperature. A plot of log./ against is made and should be 
a straight line. It is extrapolated back to jB = 0 to give the 
value of Jq. By this means fields strong enough to overcome 



Kift. 1.6. Potential distribution at an eniittirifr siirlaee. 


space-charge effects can be used without introducing any error 
in the measurement of the zero-field emission. 

1 . 1 . 6 . The experimental determination of the emission con- 
stunts. The apparatus of fig. 1.5 is used to obtain a series of 
\alues of Jq as a function of T, using the method of § 1.1.5 to 
correct for the surface field. Taking the log of equation (9 a) 
we liaA e 

In Jo = \i\A^+2\nT — <f>jkT, 

or In (JqIT^) = const. - <j>lkT. (16) 

A plot of log {JJT") against IjT is known as a Richardson line. 
Clearly the slope is equal to and can then be determined. 
The experimental errors are fairly large, but ^ can usually be 
determined to the second decimal place, the error in Aq being 
much larger. The values of Aq thus determined are not in very 
good agreement with the theoretical value of 120-4, as the 
figures in Table 1 show. 


14 



THERMIONIC EMISSION FROM PURE METALS 


Three explanations of the discrepancy are given. One postu- 
lates the existence of a surface potential barrier which reflects 
some of the electrons, introducing a term (1 — r) into the emis- 
sion law. The trouble about this is that the values of r which 
such barriers give are much too small if any reasonable barrier 
thickness and shape are assumed. Moreover, it is not clear 
how reflecting barriers can arise unless the surface is contam- 
inated, as it has been shown that smooth barriers of image- 
force type reflect only about 5-10 per cent of the incident 
electrons. It is as certain as anything can be that truly uncon- 
taminated tungsten surfaces ha\e been obtained experi- 
mentally, and yet the values of are found to lie between 
60 and 100. A much more probable explanation lies in the 
temperature-dependence of (f> which we have mentioned. For 
most metals the range of tempeiature over which emission 
measurements can be made is small, and it is difficult to 
detect any temperature variation experimentally. However, 
for tungsten the figure of 6*5 xlO"® eV. per degree has 
been given. f This would account for an A value of about 
60, as can be seen by putting (f> = (^Q-haT in the emission 
equation. 

The third explanation is one that applies to all experimental 
work carried out on polycrystalline wires. It is now known 
that the work function is different for the various crystal faces 
of the metal, because of the different distances between the 
centres of force. Again taking tungsten as example, the (111) 
face has the lowest 4*36 eV., while the (112) face has the 
highesi, 4*66 eV. A consideration of a surface with two 
values covering areas of a and 1— a shows that if the 

area of low^ work function is dominant 

^ob8 ~ “ o.Aq, 

If the high value of </) is dominant 

^obfl ^2> “^ohH (l^”^)"*^©* 
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This shows that the usual experimental results give smoothed 
values of and A. Experiments on single crystals are much 
more suitable for theoretical interpretation; but, on the other 
hand, the measurements on polyerystalline materials arc more 


TABLE 1. EMISSION DATA FOR PURE METALS 
I, AT^q 


Metal 

Therniionu work function 
«V.) 

A 

(amp. /cm.® dcj?.®) 

Source 

W 

4.51 

GO 100 

1 

Mo 

4 1.5 

.55 

1 

Tci 

4 10 

GO 

1 

Xi 

5 o:i 

1380 

2 

Ni 

1 (>1 


3 


5 10 

170 

i 

c 

i 35 

48 

.5 

c 

1 39 

15 

(* 

c 

1 ()0 


7 

Ba 

2 11 

()0 

1 

(a 

3 20t 


8 

Sr 

2 711 


9 

Cs 

1 81 

1()2 

1 ^ 


- l)cm»f<s a photo (Icotnc value. 


Sonnes . (1) Pieltncil value from Hiiiminii, Thirimonu Kmisswu, 

(2) I^ox and Bowie, Phifs, 

(:i) \Mialin, Phifs. 

( 4-) \ an \ c 1/t r, Phys i 

(5) Reimann, Prm Phys, Soc 

(6) Biaun mid Biisdi, /ie/n Phifs. Jr/e/, 

(7) I\i\, /V/f/s P(i 

(8) Reiitsctder e/ fl/ , lici, SVi Instmm, 3 

(9) \nderson, Phys. Pev. 

An I'xteiisivc li^t of v^ork himtioiis will he found in Miehacdson, J. .Ippl. 
Phys, 21 53(1. Unfortiinatel'^ , there are sonic niistiikcs in this list, the 

V allies quoted not btiiipi those mven m the oiiginal reft renecs. 


closely related to the conditions obtaining in practical uses of 
thermionic emission. 

The work functitm can be measured by other means. A 
method which has been used with some accuracy is to make 
the filament one arm of a bridge which is balanced when no 
electron current is diawn to the anode and guards. When 


16 




THERMIONIC EMISSION FROM PIjRK METALS 

current is taken, the filament is cooled and the bridge un- 
balanced. The experimental errors are considerable, but some 
experimenters have obtained good agreement with the first 
method. 

The thermionic work function of a pure metal or, more 
strictly, the room-temperature value of the work function, 
should equal the yihoto-electric work function, and when the 
latter is carefully determined by Fr)wler’s method, good agree- 
ment is actually obtained, particularly for the high melting- 
point materials. Values of the thermionic constants for some 
common metals are gi\en in Table 1. The thermionic constants 
for nickel cannot be regarded with confidence, although the 
figures quoted were obtained in very careful work and the 
agreement between and is good. This agreement pro- 
vides a good check on thermionic measurements and some 
assessment of the impf)rtance of the temperature coefficient. 

1.1.7. Contact potintial diffoencc. The existence of the work 
function and the Fermi energy raises the question of the zero 
from which our physical measuring instruments measure poten- 
tial. The potential of the most tightly bound electrons only 
appears in phenomena such as X-ray emission, and all ordinary 
measurements relate to the surface potential. What then hap- 
pens when two metals of differing work functions are in thermal 
equilibrium in a vacuum^ Clearly the metal of lower work 
function will emit more electrons than it gains from the material 
of higher work function, so that the surface potential will rise 
relative to that with the large ^ until the opposing field is just 
sufficient to bring the two currents into equilibrium. Let the 
work functions be and <f>o (fig. 1.7). Then for equilibrium 

where V = potential differcnice between the surfaces. Solving, 
we find V = — <^ 2 * 

Thus the diflFerence in potential between the surfaces is equal 
to the difference between the work functions, and the sense is 
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such that the lower work function surface is more positive. 
A more fundamental analysis shows that the general condition 
for equilibrium is that the Fermi levels, and {g* come to 
the same potential. In this form the condition can be extended 
to insulators and semi-conductors. 

Contact potentials always exist in valves, and we shall discuss 
their bearing on the experimental characteristics elsewhere. 
From the practical point of view they would be unimportant 
if they remained constant. This is not the case, however, as 
the work function of a surface depends so much on the degree 



Fiff. 1.7. Potential l)etv\eeri two metal surfaces (‘losely approaching 
one another. 

of contamination of ^he surface by gas, evaporated cathode 
material and so on. The observeil drift of the static charac- 
teristics, particularly in high slope valves where the grid is 
very close to the cathode, is very frequently due to a change 
in contact potential grid-cathode as the grid surface becomes 
more or leas contaminated. It should be noted that in a valve, 
the contact potential difference is not equal to the work func- 
tion difference of the corresponding clean metal surfaces but 
has to be ascertained experimentally. The grid-cathode contact 
potential difference may be either positive or negative, and 
one may expect it to be usually less than 0-5 V. 

1.1.8. Practical uses of pure metal emitters. The only pure 
metal widely used as an emitter is tungsten. For experimental 
purposes molybdenum and tantalum are sometimes used, and 
it is likely that the use of tantalum will increase because it 
can be readily obtained in sheet form, allowing one to fabricate 
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unipotential cathodes to be heated by electron bombardment. 
Such cathodes are convenient in high-current tubes using 
electron guns. However, tungsten, due to its wide use in high- 
power transmitting valves, is now vastly more important. 
Tungsten has the further great advantage that all its oxides 
are readily volatile, while those of tantalum and molybdenum 
are not. 

Several properties are of impoi-tance in assessing a material 
as a useful emitter. For instance, the emission per watt of 
heating power is an important economic factor. Then the rate 
of evaporation determines the highest temperature that can 
be used for a desired life. The resistivity and temperature 
coefficient are important, because, other things being equal, 
one prefers to use the minimum heating current so as to ease 
the design of the filament leads. Finally, cheapness and availa- 
bility are important. Tungsten is, broadly speaking, the best 
available metal, and all the necessary information on its 
properties, over a very wide range of temperatures, is tabu- 
ated by Espe and Knoll. f 

In transmitter valves the main considerations to be borne 
in mind are the following. It has been found experimentally 
that a tungsten filament breaks when its diameter has been 
reduced 10 per cent by evaporation. This means that the life 
is directly proportional to the diameter. The temperature is 
fixed by the required total emission, allowing a factor of safety 
of about five. In medium-wave tubes it is usually easy enough 
to use a filament with sufficient area to give the required 
emission at a low enough temperature to ensure long life; but 
in short-wave tubes this is not the case, so that one must either 
use temperatures which are too high for long life, or go over to 
materials of higher specific emission, siuh as thoriated tungsten 
or oxide cathodes. Given the temperature and the total area, 
one must next decide on the diameter and length. For long 
life, the diameter should be great; but enlargement in diameter 
is limited by the current-carrying capacity of the seals and 
the fact that it is usually easier and more economical to supply 

tKspe and Knoll, Werkstoffhunde der Hochvakuurntechnik, J. Springer, 
Berlin, 


19 



THERMIONIC EMISSION 


a fairly high voltage at a lower current. A good discussion of 
the economic factors involved is given by Vormer.f 

To conclude this section we show in fig. 1.8 plots of the 
saturated emission in amp./cm.^ and the rate of evaporation 
against l/T for tungsten, molybdenum and tantalum. 



l/r"K> 10*. 


Fif?. 1.8 Ricliardson plots for relractory metals. 


1.2. Thermionic emission from thin films 

Very early in the history of the valve, Langmuir discovered 
that vastly increased emissions could be obtained, by proper 
heat treatment, from tungsten filaments containing about 1 per 
cent of thoria. This addition was originally made to inhibit 
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work has been done on emitters of this t 3 rpe, known as thin 
film or contaminated metal emitters, but thoriated tungsten is 
the only one in use to-day and we shall confine ourselves here 
to its properties. 

The experimental phenomena observed were as follows. 
The filament was flashed to a high temperature, 2500-2600° K., 
for a short time, then the temperature was low'ered to a value 
in the range 2000-2300° K., and emission drawn from the fila- 
ment. The emission rose, during the period of running, up to 
a certain value and then remained nearly constant. The tem- 
perature was then droj)ped to about 1500° K., at which value 
the emission was completely steady. The thermionic constants 
of such a surface are ^==3*0 amp./cm.^, <^ = 2-63 eV., i.e. 
nearly 2 eV, less than pure tungsten or 2 x 10® as much emission 
at 1000° K. For pure thorium <f> = 3*38 eV., so the emission 
cannot be due to a thick layer of pure thorium. 

The explanation of the increase in emission is simple in 
principle but in detail rather elaborate, so we shall only indi- 
cate the main features here. Reference to the standard texts 
on thermionic emission mentioned at the end of the chapter 
will provide the details. The process is due to the adsorption 
of positive thorium ions on the face of the tungsten. These 
ions induce a negative image in the metal, so that an electric 
double layer results with the positive side outwards, (Vossing 
such a double layer causes a sharp fall in j)otential, i.e. the 
work function is lowered bj’^ the layer potential. An energy- 
level diagram is shown in fig. 1.9. The change in potential in 
crossing the double layer is 47ror/i, where a is the number of 
dipoles per unit surface and /a is the dipole moment, or more 
strictly the z component of the dipole moment. The experi- 
ments can then be explained as follows. The preliminary flash 
reduces some of the thoria to thorium, but the temperature is 
so high that any thorium reaching the tungsten surface imme- 
diately evaporates. Running at the intermediate temperature 
keeps the rate of diffusion of thorium through the complex of 
tungsten crystals at a value high enough to cover the tungsten 
surface with a monomolecular layer of dipoles in a reasonable 
time, because the rate of evaporation has been much reduced. 
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The emission builds up, as more and more of the surface is 
covered; but when one layer is completed only second-order 
changes in <j> result, because the second layer is shielded from 
the metal. Also the forces holding a second layer to the metal 
are small in comparison with those holding the original layer, 
and it is therefore much less stable. When the monomolecular 
layer has been formed, the diffusion to the surface can be 
stopped, and the filament is stable at temperatures below the 
activating temperature. 

Surface 



In the above it has been implied tliat the adsorption takes 
place in the form of ions. In the \iew of de Boer,t thorium 
atoms also play an important role. This is because the ions 
which are adsorbed at the beginning of the process lower the 
work function of the surface to such an extent that, if the 
polarization of the atoms by the ions is taken into account, an 
atom can be adsorbed. Eventually each ion is surrounded by 
four atoms. The induced dipole moment in the atom has a 
component away from the surface, so they make a contribu- 
tion to the lowering of the work function. The last stage of 
the process occurs wdien atoms are adsorbed into interstitial 

fDe Boer, Electron Emwwn and Adsorption Phenomena, Cambridge 
University Press, 1935. 
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positions between groups of atoms. This stage produces a 
slight increase in the work function. These ideas have been 
developed to explain the experimental fact that the maximum 
lowering of the work function corresponds with only about 
70 per cent coverage of the tungsten surface by the monolayer, 
if ions alone are assumed present. Owing to the greater diameter 
of the atoms, fewer atoms will cover the surface, and it is 
possible to reconcile theory and experiment. 

An important question evidently relates to the diffusion. 
This has been shown to take place along the faces of the 
tungsten crystals, and there is no evidence that any diffusion 
takes place through the tungsten lattice. This naturally leads 
one to inquire whether the thorium does not concentrate in 
certain active areas near the (Tystal boundaries. Howe\er, it 
has been shown that, if a tungsten ribbon is activated on one 
fiice by glowing a thorium filament near it and is then main- 
tained in the operating temperature range for some tens of 
hours, the rear face shows the same activity as the front face. 
This means that the rate of transport of thorium over the 
surface is sufficient to maintain uniform coverage. 

Similar effects are found when other contaminating layers 
than thorium are used. Barium and caesium on tungsten have 
both been the subject of extensive experimental investigation. 
The latter surface has a work function of about 1*36 eV., but 
it is only stable up to about 850° K., so that it does not 
compare favourably with the modern oxide cathode with a work 
function of 1-0 eV. and temperature limit of 1100-1200° K. 

The emission constant A is much lower than Aq in the case 
of thin film emitters, probably because the work function 
depends much more strongly on temperature than in the case 
of pure metals, and the measurements do not cover a large 
enough range of T to disclose the fact. 

1.2.1. Thoriafed tungsten. The modem technique for using 
thoriated tungsten differs in detail from the early work des- 
cribed above. The main difference is that the filament 
is carburized by flashing in a mixture of hydrogen and 
hydrocarbon vapour. The filament is mounted in an iron or steel 
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bell-jar, into which a stream of dry hydrogen, which has been 
bubbled through a suitable hydrocarbon such as benzene or 
xylene, is allowed to pass. The filament is heated to about 
2300° K. by passing current, and a chemical reaction takes place 
in which tungsten carbide, WgC, is formed. The progress of the 
reaction is checked by observing the resistance of the filament 
which is a nearly linear function of the thickness of the tungsten 
carbide layer. When the layer is about 10 per cent of the 
radius the process is complete. Further carburization makes 
the filament very brittle and has no compensating advantages. 

Filaments which have been carburized have several advan- 
tages over uncarburized ones. They arc much less sensitive to 
traces of gas, and the forming or activating temperature is 
lower, presumably because the carbide reads with the thoria, 
reducing it to thorium. A reaction of this type will supply 
much more thorium than will thermal dissociation. A minor 
disadvantage is that the thermal emissivity is increased bv 
about 20 per cent, and therefore the ]>ower for a given tem- 
perature is somewhat greater than for ordinary thoriatcd wire. 

Reasonable emission figures for modern thoriated filaments 
are: T == 2000° K., J = 3 ainji./cm.^ dissipation ~ 25-30 W./ 
cm.^ efficiency = 125*^100 mA./W. 

1.2.2. Uses of fhoriafed ivngstin, Thoriated tungsten was 
used extensively as an emitter for receiving tubes in the 
twenties, but was soon superseded by oxide-coated emitters. 
It then found a use in small transmitting tubes, but, owing 
to the sensitivity to traces of gas and to erratic life figures, 
it was not used in high-power valves. 'Jlie technique has 
been gradually improved, however, particularly in Germany. 
Nowadays it is being used for higher power valves, since the 
carburized filaments will stand operation under severe con- 
ditions, where formerly bright tungsten was used. The much 
lower heating power and current is, of course, a great advantage. 
Another advantage which goes hand in hand with the lowered 
heating current is the possibility of heating the filament with 
a.c. The magnetic field due to the heater current produces a 
modulation of the anode current and a resultant hum. For 
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this reason big transmitter valves are usually heated with d.c. 
The use of thoriated tungsten makes it possible to eliminate 
the costly low-voltage d.c. machines in favour of transformers. 

1.3. Oxide-coated emitters 

In this section we shall first describe the modern technique 
of manufacture of oxide-coated cathodes, then describe some 
of the crucial experiments which have been made on them, 
and finally describe the various attempts which have been 
made to give a theory of their operation. 

1.3 1. Pnjifira/iorf of nxidf -coated emitters. Nowadays, the 
cathode is always ])repared from alkaline earth carbonates, 
tliougli in the c'arly days hydroxides and oxides were used. 
These salts are not stable in the atmosphere and the inert 
carbonates are preferable. The materials used are barium and 
strontium, sometimes w^ith an admixture of calcium. The first 
step is to prepare a pure carbonate pow^der. This is often done 
by co-precipitation of barium and strontium carbonate from 
the nitrates by treatment with carbon dioxide. This yields a 
mixed carbon«ate, usually near Ihe proportions 50 : 50 per cent 
by weight, although more barium is sometimes used. The 
carbonate powder is carefully washed and dried before being 
made into the ^praying sludge’. The preparation of the sludge 
consists in mixing the required amount of powder with a 
mixture of organic soh cuts and an organic binder, placing the 
mixture in a ball mill and millins: it until a fine suspension is 
obtained. The sludge is then stored in bottles which are 
agitated until the contents are required for use. 

The choice of organic solvents and binder is largely governed 
by the requirements of the ordinary paiiit spray guns used for 
the spra3dng. These are ^ery easily clogged unless care is 
taken to ensure that the carbonate particles do not acquire 
electric charge. Valve manufacturers nearly always use their 
own recipes, but in this country the typical basis is amyl 
acetate, with about 1 per cent of collodion shreds to act as 
binder. Some ethyl oxalate is often added to reduce the rate 
of evaporation. Distilled water with collodion has been used 
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and so has alcohol. The solvents and binder are not important 
in respect of the emission from the finished product, but 
obviously they are very important in mass production. 

When the sludge has been well milled and agitated, it is 
loaded into the spray gun. The cathode sleeves, usually ‘O’ 
nickel, are sprayed in a booth with an extractor to remove the 
unpleasant and dangerous solvent fumes. The technique de- 
pends on the purpose for which the cathode is intended; e.g. 
in valves with close spaced grids, a thin coating with an even 
surface is aimed at. The mam point is to avoid leaving the 
coating too wet, for although this gives a smooth surface, the 
whole coating often lifts during activation. 

After spraying, the nickel cathode sleeves are })laced in an 
air oven at 100-200° C. to dry and harden. They are then 
ready for mounting into the vahes. 

The technique of activation is as follows. After the valve 
has been baked and the metal parts heated by eddy currents 
to outgas them, the heater volts are increased from zero to 
about twice ihe operating \oltage. It is not ndbessary to do 
this unduly slowly, about 30 sec. is a good figure. The car- 
bonates start to decompose io oxide with The o\olution of 
carbon dioxide, which is observed either with a Pirani gauge 
or with the aid of a leak tester. The gas clears aw^ay in about 
a minute, and the heating is continued for a little longer to 
ensure that no more gas is evolved. The heater voltage is then 
dropped to a value somewhat above the operating figure and 
the processing of the metal completed. The emission appears 
immediately the gas clears away, and if the valve parts have 
been properly cleaned and the processing is correct, no fur- 
ther treatment is necessary to obtain a high and constant 
emission. 

The above description has been written with experimental 
valves in mind. In machine exhausting of receiver valves the 
stages are telescoped together, but the process is essentially 
the same. 

Directly heated, coated, filaments are not prepared by spray- 
ing but by dragging the wire through baths of a somewhat 
denser coating than is used for sprapng. Each bath is followed 
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by an oven, and a typical coating installation uses three or 
four stages of this type. 

Another process has been used for coating, for which great 
claims were made on its first introduction. This is cataphoretic 
coating which is analogous to electroplating. If a colloidal 
suspension of carbonates is placed between two electrodes, 
carbonate particles are deposited on the cathode, and in this 
way a very fine, even coating can be obtained. It was claimed 
that the small grain size (<l/x) gave an improvement in 
emission, but this is now known not to be the case. Cata- 
phoresis has a great advantage in that it is much less wasteful 
of the expensive carbonate sludge than is spraying, but it has 
not proved reliable under factory conditions and is not often used. 

1.3.2. The weasvrement of the emission and thermiornc con- 
stants. Emission measurements can be made with a tube of 
the type already sho\^n in fig. 1.5, the filament usually being 
replaced by an indirectly heated unipotential cathode. The 
early experiments showed that the emission temperature 
results could be fitted to either (9 a) or (9 6) equally well. As 
(9 a) came to be accepted as the correct equation for metals, 
experimenters gradually gave up the use of (9 6), so that most 
values of A and ^ quoted to-day refer to (9 a). One important 
difference between oxide cathodes and metals is that the 
saturation of the emission in an oxide cathode is very much 
less marked than in a metal. We have seen that in a metal 
Schottky’s law is obeyed, and in the case of an oxide the log 
emission plotted against is usually linear, but the slope of 
the line is much greater than is given by the theory. This 
fact, which is of theoretical importance, is also of very real 
practical importance, because it make^ the measurement of 
the saturated emission very uncertain. The difficulty can be 
overcome by various means, but these only amount to agreeing 
on a definition of saturation and do not necessarily give identical 
results. Sometimes the plot of log I against V is drawn and 
the linear portion extrapolated back to F = 0. -y/F is also used. 
Another technique is to measure the heater power required to 
give specified emissions, e.g. of 0*2, 0*5, 1-0, 2-0, 5*0 mA., at a 
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specified fixed anode voltage well above the ‘saturation* value. 
These points are plotted on special paper called a power emission 
chart in which the coordinates are warped according to the 
Dushman equation. A straight line, which can be extrapolated 
to full heater power, is obtained. This test is more common 
in the United States of America than here. It is much more 
useful for making a comparison between different valves of the 
same species than it is for quantitative work. This is because 
(a) the form of emission equation is assumed, and (6) no 
attempt to find the zero field saturation emission is made. 

It seems best to adopt a purely empirical attitude, i.e. to 
use the simplest type of plot, the log/^ V curve with extra- 
polation back to F = 0. There is no good reason why 
should be used and no better straight lines are obtained by 
its use, so there appears to be no justification for attempting 
to thrust the experimental results into the straitjacket of an 
inapplicable theory. 

We have not yet discussed the major experimental difficulty 
in measurements on oxide cathodes, namely, the construction 
of an accurate temperature scale. In the case of a metal, two 
main approaches are possible and can be used to check one 
another. The spectral emissivity is either known or can be 
measured, so that opticrfl pyrometry provides a sound method 
of temperature measurement. Secondly, resistance thermo- 
metry can be used, with the usual precautions. In the case 
of the oxide, the spectral emissivity cannot be measured once 
and for all, because it varies according to the preparation, 
coating thickness, etc. Resistance thermometiy can be used 
to determine the core temi>erature, but a further determina 
tion, the thermal conductivity, is necessary to approximate 
to the surface temperature. This again is not a unique deter- 
mination, although it probably varies less than the spectral 
emissivity. 

The best that can be done is to measure the spectral 
emissivity of a fairly large number of samples prepared under 
standard conditions, taking care that the coating is thick 
enough to eliminate completely any effects due to the core. 
The mean spectral emissivity used with optical pyrometry 
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then provides a reasonable temperature scale. A sufficient 
number of samples must then be tested for emission to pro- 
vide for the overall accuracy required. Insufficient attention 
to statistical questions of this sort is possibly one of the 
reasons for the great divergences in the experimental values 
of A and ^ quoted in the literature. 

For technical purposes it is usual to discuss the emission per 
cm.2 at a given temperature. Modem receiver valves with 
indirectly heated cathodes usually operate in the range 900- 
1050° K. The saturated emission would range from 0*2 to 
10 amp. /cm. 2. In manufacture the temperature is a variable 
which is adjusted until nearly all the valves have a saturated 
emission greater than, say, ten times the mean working cunent. 
For this reason output valves and rectifiers have hotter cathodes 
than input valves. Transmitter valves and very high slope 
valves are run even hotter, but at a cost in life. We shall see 
later in the book that the saturated emission available limits 
the performance of high-fre(juency valves, and that further 
progress is not possible in some fields until better cathodes are 
available. 

1.3.3. Experiwents on ihe enmsion mechanism in oxide-coated 
cathodes. If. was soon found that experimental data on the 
emission as a function of temj)erature could be fitted to the 
Richardson equation, giving a low work function and also a 
very small A value: e.g. Koller’l’ gives (j) = 1-0+ eV., A = 
for a mixed BaO-SrO cathode; other experiments at about the 
same time gave substantially higher work functions, although 
most results were lower than the figure for an ordinary barium 
surface. In spite of this, and in spite of the fact that the 
vapour pressure of barium is as high as 3x 10 **^ mm. Hg at 
1000° K., it was at first thought that the emission was due to a 
bulk layer of barium on the cathode surface, the coverage 
being an equilibrium between the' amount appearing from the 
oxide and the amount evaporated or oxidized. The way in 
which the thermionic constants varied throughout the activa- 
tion process was then studied, with contradictory results. It 
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should be pointed out here that low-temperature activation 
has to be used to slow the process down enough to study it by 
stages, and the results do not necessarily correspond with the 
high-temperature methods actually used. Apart from this, 
some investigatorsf found that <f> remained constant and A 
increased during activation, while others^ found that both 
quantities altered. It had also been found that the emission 
was sensitive to minute traces of some gases such as oxygen 
and chlorine, which lent colour to the picture of a barium film, 
as it would clearly react very quickly with these gases. 

Experiments were therefore directed to establishing the 
presence or otherwise of free barium in the coating. (We speak 
of barium alone, although strontium may be produced.) It 
was soon established that the cathodes evolved oxygen during 
the activation process and also (by chemical means), that 
there was free barium in the coating. Fui*thermore, inactive 
cathodes could be activated by distilling barium on to their 
surfaces. To explain these facts Koller§ advanced the view 
that the barium covered not only the surface, but all the faces 
of all the crystals forming the coating, and that th^ layer was 
monatomic, so that the adsorption forces held the barium in 
place in the same way that they hold a thorium film on tungsten. 

This theory would liave been acceptable but for the fact 
that in many experiments it was found that the core material 
had a marked effect on the saturated emission. In particular, 
alloys of nickel with reducing agents such as magnesium, silicon 
and titanium gave better results than pure nickel. Lowry’s|| 
experiments are classical in this field. Filaments of ‘konel’ 
(nickel, cobalt, iron, and titanium) gave as much emission at 
1060° K. as platinum -iridium filaments at 1250° K., a very 
large effect. He therefore postulated that the barium film 
was formed on the surface of the core and not on the oxide 
crystals. It would reduce the work function of the core metal 
by an amount independent of the material, and therefore 
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the work function of the core would be involved in the 
emission. 

It was soon shown that the eflFect of the core was not nearly 
as direct as Lowry supposed, by making vaJv^es in which the 
coating could be removed under vacuum, after the valve had 
been fully activated. This removal should not have altered the 
emission had Lowry’s theory been correct, but in fact the 
emission dropped by a factor of about oOOO. Some degree of 
return to the theory of Roller was therefore indicated. 

At about this time Wilson and Fowler had deepened our 
knowledge of the solid state, and, in particular, Wilson had 
introduced the idea of semi-conductors in which conduction 
was due to the presence of impurities in the crystal lattice. 
Many substances which were earlier thought to be solid electro- 
lytes were show'n to be semi-conductors, i.e. the charges were 
carried by electrons and not by ions. Reimann and his co- 
workers had already studied the electric conductivity of the 
oxide coating, and they found that it could be expressed in the 
form O’ = Also, in the activation process, the con- 

ductivity increased as the emission increased. The original 
explanation was based on electrolytic conduction, and Reimann 
postulated a barium circulation in which the positive barium 
ions were drawn towards the core, gained an electron near the 
core-oxide interface, and diffused back to the surface as atoms, 
and there were ionized to go through the cycle again. The 
observations, however, agree equally well with semi-conductor 
theories, which also account for the fact, established by Becker, 
that only about 1 per cent of the current is carried by ions. 

Another phenomenon which must be mentioned is the 
decrease of emission with time when fairly heavy currents are 
being drawn from the cathode. Several types of effect can be 
isolated. One which is very well established is the slow drift 
in emission after a change of cathode temperature On lower- 
ing the temperature it is often" observed that the emission 
decreases to a minimum at the instant the tem^ierature changes 
and then increases to a new equilibrium value. Such phen- 
omena are explicable if we regard the cathode as being in a 
state of equilibrium between activating and poisoning processes. 
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The most interesting phenomenon is the decay of current during 
pulsed application of voltage. Two qualitatively different stages 
appear. The first, in which the pulses are of very short dura- 
tion, less than say 5/x sec., we shall deal with in detail some- 
what later. The other, which has been known much longer, is 
characterized by very slow changes as current is drawn. It 
can be observed if saturated currents are drawn continuously 
at not too high a temperature, but pulses of the order of 
100/x sec. present the best experimental method. The effect 
has been investigated fairly recently by Blewett| and Sproull. J 
Sproull has worked out a theoretical explanation based on the 
migration of barium away from the cathode surface w^hen 
current is drawn. His theory of cathode emission was based 
on the monolayer picture and is therefore not in accordance 
with more modern views on the subject, which make it seem 
unlikely that a barium monolayer exists, or needs to exist , to 
obtain a low-surface wH)rk function. Wagener has very recently 
pointed out that the form of SproulTs equations, w^hich agree 
with the experimental results, are unaltered if the picture is 
revised to that of oxygen diffusing from the inside of the 
cathode to poison the emission. On any theory an oxygen 
layer will increase the surface work function, so this view' is 
not in conflict wdth ])TVsent ideas. 

In the past there has been a great deal of discussion as to 
whether or ^ changed during the acthation process. We 
have already seen that a temperature-dependent term in <f> 
will a})j)ear as an apparent change in In a later section we 
shall find tliat sucli temperature-dependent terms appear in 
emission equations for oxide cathodes arul that they are more 
important than in metals. Such discussions are therefore rather 
unrealistic. A very clear discusxsion of the correlation between 
theoretical constants and those derived from Richardson plots 
is given by Becker and Brattain.§ In addition to the effects 
considered by them, we must include the effect of variations 
in work function from point to point on the surface. It is 

i Hlcwftt, J. AppL Phffs. JO (19:M)), (»(j8 and 831. 

I Sj)r(mll, Phps, Hev, 67 (1945), ICO. 

§ Hcrker and Brattain, Phys. Rev. 45 (1934), G94. 
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hardly surprising, therefore, that the values of and A quoted 
in the literature on oxide cathodes have a very wide spread. 

It should be emphasized that it is difficult to get consistent 
experimental results on oxide-coated cathodes, particularly 
when vacuum conditions are not all they should be. In view 
of the rapid improvement in vacuum technique which has 
taken place, it is not surprising that there is a considerable 
disagreement between experimental results. It is almost true 
to say that contradictory evidence can be cited regarding every 
critical experiment. In the above account we have only des- 
cribed work vliich is in agreement with what one observes in 
cathodes prepared by modern methods. Before carrying the 
discussion of oxide cathodes further, we must describe the 
most fundamental ideas on semi-conductors. 

1.3.4. Semi-condneiors, We have already said that in some 
substances the gap between filled and empty bands is very 
narrow, giving rise to a certain conductivity at room tempera- 
ture. As the temperature increases, more electrons have suffi- 
cient energy to jum]) the narrow gap and the conductivity 
increases (whereas, of course, in a metal it decreases as T 
increases). Such substances are called intrinsic semi-conductors. 
More important are the 'impurity’ semi-conductors. These are 
pictured as being substances in which a small number of 
impurity atoms exist, either in interstitial positions or else as 
an excess or deficiency of one component of the substance. 
The classic example is cuprous oxide. If this compound is 
prepared in stoichiometric proportions, the log conductivity 
plot is a straight line, A\hereas, if there is a small excess 
of oxygen, the conductivity jumps by several orders of magni- 
tude at low temperatures, and then is linear to about 550° K., 
where there is an abrupt change in curvature bringing the 
conductivity back to the origin|il curve. Fig. 1.10 shows the 
form of the curves. Wilson postulated that the impurity 
centres contribute energy levels which lie in the forbidden 
zone, e.g. of cuprous oxide, but near to either the upper, 
empty conduction band or to the lower, filled band. In the 
former case, the impurity atoms can contribute electrons 
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which have siiflScient thermal energy to make the transition 
into the conduction band. Once in the conduction band they 
are free to move, and give rise to a conductivity. In the 
second case the electrons in the filled band can jump into the 
impurity levels, leaving empty spaces in the filled band. These 
‘holes’ act as though they were positive charges, free to move, 
and therefore give rise to a conductivity. In both cases the 



Fig. 1.10. Log (onducliMly ^ 7 T for a srini-c^ndiictor. 

conductivity increases vilh Icnipcralure, since a rise in tem- 
perature increases the number of electrons able to bridge the 
gap. Clearly the conchietivity will also depend on the number 
of impurity centres, yemi-conductors in which the impurities 
lie just below the empty l)and are called ‘excess’ or ‘N-type’ 
semi-conductors. When the impurities lie near the full band, 
the material is termed a ‘defect’ or P-type conductor. The 
N and P nomenclature refers to the sign of the charge on the 
carrier, N = negati\e — electrons, P = positive — holes. Fig. 
1.11 shows the relative energy levels for intrinsie, N-type and 
P-type semi-conductors. In addition to these three basic types 
of conduction, materials are known in whieh two or more pro- 
cesses exist simultaxieously. Tn fact, an intrinsic semi-conductor 
can be looked on as a combination of N-type and P-type 
conduction, because the relatixely small number of excited 
electrons leave vacant holes in the full band. The type of 
conduction is determined experimentally from the sign of the 
Hall eoefficient or the sense of the thermo-electric potential. 
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the Hall coefficient being negative for N-type semi-conductors 
and positive for P-type. The f ype of conduction seems to be 
a specific property of the material, for instance, cuprous oxide 
is a I^-type semi-conductor, while zinc oxide is N-type, and 
it is not possible to prepare N-type cuprous oxide or P-type 
zinc oxide. There seems to be no theoretical reason for this, 
and in the case of silicon and germanium, which have small 
energy intervals in the pure state but are usually treated with 
impurities to increase the conductivity, it is possible to prepare 
either N- or P-type material. 


Electrons jump, giving free electrons in the conduction band 




Electrons jump 
leaving holes 
which behave 
as free, 

positive charges 


Fig. 1.11. Kiu*rg> levels m metals and semi eonduetors. 


The theory of the properties of semi-conductors is by no 
means fully dc‘veloped, but it is ptissible to deduce expressions 
for the electric eoiiducthit}^ and the tliermionie emission, and 
this we sliall now do. 

The electric conductivity <j — n(v, where rt = number of free 
electrons, e = electronic charge, -r = electronic mobility. We 
therefore have to calculate n and o. Following Mott and 
Ciurney,*!* we assum<‘ that in a volume of 1^ there' are N im- 
purity centres and electrons of which n are excited to the 
conduction band at temperature T. The remaining N^—n 
electrons are frozen at their position in the impurity level. 
Although the calculation is made explicitly for electrons, the 
results are equally applicable to holes. The difference in energy 
between the impurity levels and the conduction band is AS. 
The calculation is made by applying the condition that the 
crystal is in thermal equilibrium at T, This is done by 

t Mott and (iiirne>, Electronic Processes in lomc Ciystnls^ Oxford, 1040; 
2nd ed. 1049. 
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calculating the free energy {f') as a function of n and T and 
putting 

\c)n/^ 

F consists of terms due to (a) the energy gained in the 
transition to the conduction band, {b) the energy of the free 
electron gas, which is given by the classical statistics because 
of the small number of electrons involved, (c) the energy of 
the vacant sites in the impurity level, and lastly (d) the spin 
contribution of the vacant sites: 

(a) gives a contribution nAE, 


(b) gives - nkT j^ln + 1 + In ^ In 2j , 

(c) gives — iTlnP, wheie P = 


iV! 


{n + N-N^)\{N^-n)r 

(d) gives — kT (xV — w) In 2 ; 

i.e. P is the number of ays we can distribute N -N^ vacant 
sites among N sites, (’arrying out the differentiation with 
respect to w.f we find 


n{N — Nf+n) 


N.' 


= V 


expi-AE/kT]. 


(17) 


,r27T/wlL’7’]« 

J 

To obtain useful results this has to be simplified, so we assume 
7i<^Ng. There are then two limiting cases 

( 1 ) v<iA'-N, 

N,V \-27TmkT]i 


n = 


N-A\\ 

(2) n^N-N, 

u = m F* 


exp[-AEIkTl 


(18) 


’2iTnikT t 


exp[-A^/2A:7’]. 


(19) 


It can be shown that the mobility o is nearly constant for 
T4,AEI‘2k. (Ill practical cases A.E>0-2 eV., corresponding to 
T= 1200° K.) so that we can put 


or 


a = 


( 20 ) 


t Sterling’s formula (In A’!-sJVln^ for large A/) lias been used. 
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is often referred to as the activation energy. Eqns. (18) 
and (19) provide a method of measuring this important 
quantity, but care has to be taken to make sure which equa- 
tion applies. Fig. 1.12 shows a type of curve obtained when a 
wide temperature range is explored, being the temperature 
at which n = N—N^. The situation is further complicated by 
the fact that there may be other mechanisms contributing to 



the conductivity, in which ease 

a= S^wCxpC-A/'JJATl. 

11 

Furthermore, the impurity level ih probably not v^ell defined, 
especially in the case of high concentrations of impurity, and 
it should probably be replaced by an impurity band. However, 
the experimental fact is that a varies exponentially with inverse 
temperature, although great \aruitions occur between different 
samples of the same material. In the last section it was pointed 
out that Reimann determined a law of the type (20) for oxide 
cathodes before the theory of semi-conductor? had been 
developed. 

From the conductivity we turn to the question of the therm- 
ionic emission. This has been dealt with by Fowler,f Herrmann 
and WagenerJ and other authors. The derivation given here 
is a synthetic one, which should not be regarded as rigorous, 
but has the virtue of simplicity. The first step is to calculate 
the relative potentials of the semi-conductor and the metal 

t Fowler, Statisticai Mechanics, Cambridge l'niversit> Press, 2nd ed. 1936. 

X Herrmann and VVagener, Ihe Oxydkaihode, J. A. Uarth, Leipzig, vol. ii, 
1944 
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core. When the cathode is heated to the temperature T and 
no current is drawn from it, the electrons are distributed 
partly in the conduction band, where the density of conduction 
levels per unit volume is 

D{E) = 

hr 


and partly in the impurity level. There are "N impurity centres, 
and we assume that only a few of them have lost electrons 
by excitation to the conduction band, i.e. , The number 
of electrons, always per unit volume, with energy K is 
1) (E) 

rjr, . according to the Fermi-Dirac statistics. 

The integral of this over all the allowed energies must equal n 
and so we can determine the constant Below the conduc- 
tion band only the particular value of energy is allowed, 
so that we have to rey)resent these energy levels by a Dirac S 
function, a function zero everywhere except at — (taking 
the bottom of the conduction band as zero for the moment), 
where it goes to infinity m such a way lhal the integ^'al equals N. 
The number of electrons in the impurity band is then given by 


p hdE 

J ^expf(fc’-Cj)/A-r]+l 

= N ^ 


from a well-known result of operating with S 1 unctions. 1'he 
number of electrons in the conduction band is 


4-7r(2m)2 E^dE 

/,3 + 1 ’ 

and we know that this is much smaller than N , also the 
exponential term is much larger than 1, as it was in the 
derivation of the Richardson equation. We get therefore 


tt = 477 Ei dE 

Jo 


_ 2(2nmkT)i 


( 22 ) 
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The sum of (21) and (22) must equal N, assuming that each 
impurity can only lose one electron. 


Therefore N = 


N 


e\i)\_-{AE-E)lkT] + l 


^2{2n7nkT)t 


or 


N 


exp ti)lkT] ^ 2 12-tTm kT^ 

1 /j®\ 


exp[-(AE-t,)lkT\ + 

The left-hand side can be rewritten as 


¥ } 


^ 1 +vxp\(AK t U)lkT]' 

and we have already limited our analysis to the case in which 
this term is much greater than 1, so we can put 

JV^expr-A£7/A-TJ = '^^‘^^'I^J‘'^'>\xp\2CJkT], 


therefore 


AK kT Nh^ 

2 2 "2{277/«jlTj«‘ 


(23) 


We can now test the goodness of the approximation obtained 
by neglecting 1 in comi)arison with 

exp[(Aff + ?j)pr==exprAAV2AT]. 

If \\E — O-f) qV , T = 1000” K., the exponential term is over 
300. These figures are representative of conditions in an oxide 
cathode. In germanium crystals JAff=0-l eV., 7’ = 300” K. 
and the exponential is about 50. The approximation is thus 
justified. Kquation (23) gives the value of the energy rela- 
tive to the bottom of the conduction band. When the semi- 
conductor is in contact with a metal the relative energy levels 
adjust themselves so that the electrochemical potential in both 
materials is equal, i.e. is equal to ^he Fermi level of the 
metal. Fig. 1.13 shows the arrangement at zero temperature, 
and we have left a space between the metal and the semi- 
conductor to represent the actual contact because, as we shall 
show in the sequel, matters are more complicated there. 

The second term of cqn. (23) is usually small compared with 
the first, so we have 
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Inserting values for the constants and inverting the logarithm 


we have 




AE kT, 
-- 2 — 2 -*” 


( 


yi\ 

4-89x1015^1, 


The second term is zero when x 10 “ i®. Yot most semi- 

conductors studied N is of the order 10^° so T = 500° K. If T 
is doubled or halved the second term is + 0-045 eV. For an 
oxide-coated cathode lAE = 0-6 eV., so the correction term is 
about 7 per cent. 



Impurity 

level 


Fi^j. I.IU. V ron^ct between metal and senii-eondiietor. 


Having determined we can now obtain an explicit expres- 
sion for the electron distribution. If eqn. (2:i) is used for 
in the Fermi distribution and unity neglected in comparison 
with the exponential, we get 


n{E) = m 


[kTI ^ 


^-AE/2kT^ 


(25) 


In classical statistics the distribution law is 




(26) 


where N(v) = number of electrons in the whole volume. It will 
be seen that eqns. (25) and (26) are identical if we identify 


N{v) as 


m 
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a quantity which has an exponential temperature dependence. 
This is equivalent to saying that, because of the relatively 
large energy required to excite an electron from the impurity 
levels to the conduction band, few electrons will make the 
transition, so that the electron gas is non-degenerate and the 
Maxwcll-Boltzmann statistics apply. 

We can now derive an emission equation for the semi- 
conductor. If the surface work function is <f> only electrons 
with an energy greater than <f) will be able to escape. The 
expression analogous to eqn. (22) giving the number of electrons 
A\jth a ^-directed energy in dE at E is 


_ N(v) E-i 

2^l7T(kT)i 


^"''•'dE. 


The number which will reach the surface per second is «,,,, ^ ‘ZEjm, 
and so the total number reaching the surface with E><f> is 


N(v) r® ^ 


Klkrjjjj ^ rpi 

(277/n)* 


The current is e times this last expression or, inserting the 
value of iV(t’), 


= J-8 X ld“® expj^ 


(27) 

(28) 


Eqn. (28) shows that the emission from a semi-conductor is 
proportional to the square root of the number of impurity centres, 
to T* and to exp -(</*-[- l^E). ^ is the surface ork function and 


^E_kT Nh^ 

2 2 ^ 2(27TnikT)i 

is the inner work function, i.c. the energy required to excite 
an electron to the conduction band. It is interesting that the 
temperature-dependent part of does not appear m the 
exponent but only modifies the emission constant. As we have 
already said, thermionic emission measurements are not capable 
of deciding the correct power of T, and in view of the form of the 
appioximation (24) it is not surprising that J = 
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gives a very good fit to the experimental points. The law 
has usually been used to discuss the emission, as it was natural 
to attempt to fit an expression which was well founded for 
pure metals. 

Eqn. (28) could have been deduced, to within a numerical 
factor of ^2, from eqn. (19). It has been deduced above by a 
method vrhich is more intuitive and which also gives us some 
relations which we shall need later. However, it is natural to 
inquire what the significance of an emission equation derived 
from eqn. (18) is. This equation is 


J = 


N-N, 

K 





kT 




kT 


(29) 


This equation has a much greater work fnnctioii than eqn. 
(28). It corresponds to tlie case in which most of the impurity 
centres are ions, which cannot contribute an electron to the 
conduction band. In view of tlie higher w^ork :Jiinction it is 
tempting to assume that e(|n. (29) gives tlie emission at the 
beginning of acti\ alioii, and that activatioTi consists in forming 
the impurity centres, de>ionizing them and increasing their 
number. This would hiean that the work finu'tion would fall 
sharply as the expression (29) changes to (28), and thereafter 
A would increase with more or less constant work function. 
This does not ajipear too probable, but it may be that the 
free barium is first formed by elect rol> sis and is ionized and 
that the role of current earner is soon taken over by the 
electrons. 

Other emission eijuations can be derived from slightly differ- 
ent assumptions and aj)j)roximations. Fowlerf gives several 
and others are given by Busch.J As a matter of fact, the 
details of the emission formulae are of vtny little importance 
at the present time because our knowledge is not sufficiently 
advanced to allow us to calculate, for instance, A^ or to find 
the number of impurity centres at all accurately. They are 
t Fowler, op. cit. 

X Braun and Busoli, Ilelv. Phys, Acta, 20 (1947), 33. 


42 



OXIDE-COATED EMITTERS 

only of interest in so far as they show the general behaviour 
of the system and indicate in what directions research should 
proceed. The important features are that the emission depends 

(a) on the surface forces, through the surface work function, 

(b) on the energy interval between impurity levels and the 
conduction band, i.e. AK, and (r) on the concentration of the 
impurity. 

We now’ proceed to discuss the application of the semi- 
conductor picture to an oxide cathode. 

1.3.5. Oxide-cmied cathodis as semi-condvcfors. In the last 
section we liave briefly discussed semi-conductors and have 
derived expressions for their conductivity and the electron 
emission under certain assumptions. We have not sliown that 
these ideas can be ajiplied to oxide cathodes and, in tael, it is 
not absolutely certain that they aie entirely applicable. How- 
ever, a physical model wdiich accounts for most of the observed 
facts can be built up. 

When the carbonates are broken down to oxides by heating 
a certain amount of free barium is formed. It is not known 
precisely what reactions are involved, but the following are 
all possible and occur to a greater or less extent depending on 
the experimental circumstances: 

(1) Electrolytic dissociation. 

(2) Keaction oi barium oxide with de-oxydizers in the core 
metal. 

(3) Reaction of barium oxide with caibon left in the coating 
by the organic bindtr. 

(4) Some of the carbon dioxide e\olve(l dissociates to carbon 
monoxide which takes up more oxygen trom the oxide, leaving 
free barium. 

The resulting free barium diffuses throughout the coating, 
and some of it is taken into the lattice either in interstitial 
positions or else removes a certain amount of oxygen from the 
lattice giving rise to vacant sites. The energy levels of the 
impurity centres fall somewhat below the bottom level of the 
conduction band and the system functions as an excess or 
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N-type semi-conductor. By analogy with sodium chloride 
which has the same crystal structure as barium oxide, Schottkyf 
proposes the arrangement shown in fig. 1.14, where it is seen 
that the impurities consist of barium atoms in some of the 
sites usually occupied by barium ions and a neighbouring 
vacant oxygen site so as to maintain the condition of zero 
electric charge. Clearly if the concentration of impurities 
becomes sufficiently great, they will form a regular pattern of 
their own with the appropriate system of allowed and for- 
bidden bands in the impurity level. The amount of barium 
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Fi|j. 1.14. JiSiHioe for semi eondueting barium oxide. • - Ba*-* ; 

0-0 ; 0 Ba atom. 

which can be taken into the crystal lattice is not known, nor 
do we know whether diffusion takes place through the lattice 
or whether it only occurs along the crystal faces. Presumably, 
when the lattice has taken up as much excess barium as it can, 
the remainder evapoi?ates fairly easily from the surface. The 
emission is that from a heated semi-conductor and the good 
properties of barium oxide-strontium oxide are due to a favour- 
able combination of surface work function and ^E. 

On this model two types of poisoning are possible. First, 
a surface layer can form which acts so as to increase the surface 
work function. Oxygen will form such a layer. Secondly, the 
removal of the excess barium by chemical reaction will render 
the cathode inactive. The first type should be overcome by 
heating in a good vacuum, but the second may not be recover- 
able, since it may not be possible to prepare a second supply 
of excess barium. Similarly, life may end because of the forma- 
tion of a surface oxygen or chlorine layer, the oxygen being 
evolved from the electrodes and the chlorine from the glass, 
or because of chemical reaction with the free barium. 

t Schottky, Z. phys, Chem. B, 29 (1935), 335. 
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Tt will be noticed in the above that we make no mention of 
a surface monolayer of barium. Tliis is because careful experi- 
ments do not disclose its presence and also because calcula- 
tions by Wright! seem to indicate that the oxide has in any 
case a very low surface work function. A much more interesting 
question relates to the interface between the core and the 
oxide. It is known that high-resistance layers are formed 
there, and as we shall see in the next section, this can give 
rise to important eiBFects. 

1.3.6. Pulse emission from oxide-coated cathodes. During the 
1939-45 war it was found that the oxide-coated cathodes used 
in pulsed cavity magnetrons were capable of relatively enoj*- 
mous saturated emissions on short pulses. At first this was 
thought to be due to secondary emission, but it was soon 
found that pulsed diodes showed the same effect. It is now 
known that emissions of up to 150 amp. /cm. ^ have been 
observed from pulses of about I fi sec. duration. If the pulse 
duration is longer than 10 20 fi sec. the emission falls to its 
ordinary value. The main phenomena observed are the 
following. 

(u) In a good pulsed cathode, i.e. a cathode that obeys the 
powder law up to very high emissions, the limit of emission is 
set by the field strength at the cathode surface, which causes 
sparking. 

(b) Good continuous cathodes are not necessarily good pulsed 
cathodes, but good pulsed cathodes are invariably good con- 
tinuous emitters. 

(c) If continuous current is drawn in addition to pulses, the 
maximum allowable field strength is increased. 

(d) Electron -diffract ion studies indicate that the surface 
layers, to a depth of about 200 atoms, tire pure strontium 
oxide. It is not possible to say from these studies whether 
there is a barium surface layer or not. 

(c) Probes inserted in the cathode show that the metal- 
oxide interface in general has a high resistance. 

t Wright, Ptoc. Phys. Soc. 60 (101*8), 13 and 22. 
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(/). There is considerable I.R. drop in the coating itself; 
however, it is usually less than in the interface layer. 

(gr) At some point in the life of the cathode, it often shows 
an anomalous Sehottky elFect in which the emission against 
voltage curve has a plateau and then continues to rise beyond 
the plateau. 

Fig. 1.15 illustrates the normal and anomalous Sehottky 
effects, the current 4, which is the limit of operation in the 
space-cliarge regime, and the sparking limit at (7^ P^). 


Puke 

current 

/* 
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Fi^. 1.15 Pheuoitioiia in pulse diode characteristics. 

Perhaps the most important observation from the point of 
view of interpreting the operation under pulsed conditions 
is (c). It is fuitlicr found that the pulsed emission depends on 
the core material in a different manner from the continuous 
case. Pulsed cathodes made on pure nickel sleeves arc better 
than those made on the nickel with activating additions, 
such as silicon, manganese, etc., which gives the best results 
in receiving tubes. Howevt'r, some additions seem to be bene- 
ficial, since cathodes with a large percentage (5 per cent) of 
chromium perform as well as pure nickel. It has also been 
reported that chromium -plating on the sleeve is beneficial. 
These findings are subject to a considerable uncertainty because 
opinions differ very much from laboratory to laboratory, and 
there is some evidence that the representative oxide cathodes 
of commercial firms are often better than those taken as 
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reference standards in some research institutes. However, the 
point of vital importance is that the interface layer plays an 
important role in pulsed emission. Semi-conductorf theory pre- 
dicts that, if we attempt to draw electrons from a metal into an 
N-type semi-conductor, the contact will have a high resistance. 
In the reverse direction the resistance is low. This is the rectifier 
effect made use of in crystal rectifiers and metal rectifiers. 

Wrightt and others ha\e proposed a theory of pulsed 
cathodes on the following lines. In the equilibrium condition 
the heated oxide contains a number of free electrons determined 
by its volume and the number of impurities per c.c. When the 
pulse comes on, the free electrons are pulled out from the oxide, 
but, owing to the high resistance of the interface layer and to 
its capacitance, Ihe supply of free electrons cannot be replen- 
ished from the metal. Calculations show that, assuming 
reasonable figures for the impurity density, the maximum 
current per fji sec. would be about 100-200 amp. /cm . 2 , in agree- 
ment with observation. If the pulse is made longer, the current 
cannot be maintained and the current decays while the voltage 
across the interface builds up, so that the current can be main- 
tained from the metal. As the pulse is made still longer, oxygen 
diffusion to the surface begins to take effect, and the emission 
falls to the continuous level. 

It should be emphasized that this ]ncture is certainly very 
deficient in detail, and may even be completely false, but it is 
the best one can do to explain the exyieriments at present. It 
should be remembered that, as Fowler pointed out, our theories 
of semi-conduction and rectification are based on states in 
statistical eiiuilibrium. A condition in which a curnmt of 
100 amp. /cm . 2 is drawn for 1 fi sec. can hardl}^ be an equilibrium 
state. It is to be exjiected that a very great deal more theoretical 
and experimental work must be done before ve understand 
pulsed emission at all fully. 

1.3.7. Thoria cathodes. Another type of semi-conducting 
cathode has recently been used in magnetrons. This is the 

t M<itt and Gurnov, op. c-it. 
t A\nglit, Pi Of. Roy. Soc. A, 190 (1047), 394. 
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thoria cathode in which the emitter is thorium oxide, ThOg. 
The thoria is sometimes used as a coating on tantalum or 
molybdenum wire or strip, but more commonly a thoria tube 
is made by extrusion and sintering, or by building up successive 
layers of thoria, in a suspension with suitable binder, on to a 
mandrel. The whole is sintered between applications, and when 
the thickness is sufficiently great the tube is removed from 
the mandrel and mounted. These thoria tube cathodes can be 
heated by an internal tungsten heater, but great care has to 
be taken in the mechanical design to prevent the cathode from 
cracking under thermal stresses. Another method of heating 
is to include a fairly large proportion (25 per cent or more) of 
finely powdered metal, such as molybdenum, tungsten or tanta- 
lum, in the suspension so that the electric conductivity of the 
cathode is high enough at room temperatures to allow direct 
heating to be used. In a magnetron there is usually sufficient 
back bombardment to allow the heating current to be switched 
off when the tube has been in oscillation for a short time. 

The thoria cathode does not give such high current densities 
as first-class oxide cathodes, and it has to be operated at about 
double the tem])erature, but it is robust, easy to handle and is 
less prone to field sparking than are oxide cathodes. It has 
therefore found appli(*ation in magnetrons, where the i^orking 
current density is partially due to secondary emission, and in 
a few other \ery heavy duty tubes. (Vmtrary to one’s initial 
expectation, the life is not Aery good, as the figures given 
below indicate. 

Wrightf gives the following account of the thermionic 
properties of thoria. Temperature figures are based on an 
assumed spectral emissivity of 0-35. 

(1) A ()•! mm. layer of thoria on tantalum. 

Continuous current tests gave = 2-5(4) eV., A = 2-5 

in the emission law I = AT^p ^ikT^ 
This gives an emission of 2-5 amp./cm.^ at 1900° K, 

Pulse figures were (f> = 2-62 eV., 

A = 7-5. 


t W Tight, Nature, Land. 160 (1947), 129. 
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Life tests for 600 hr. showed a fall of emission of about 25 per 
cent depending on the temperature. 

(2) Extruded and sintered tube, 0-5 mm. wall. 

Pulse figures (f> = 2-5(6), 

A = 3-5. 

200 hr. at 1930° K. reduced the emission by 40 per cent. 

The electrical conductivity was 30 Q-cra. at 1900° K., and 
the activation energy of the conductivity M eV. At 1900° K. 
the thermal dissipation was 40 W./cm.^. 

As the ordinary oxide cathodes used in receiver tubes yield, 
at a conservative estimate, 1 amp. /cm.® at 2 W./cm.®, the 
emission efficiency of thoria is only about one-tenth as great as 
that of the oxide catliode. 

The emission from thoria does not fall off with increase in 
pulse length, as does the emission from oxide cathodes, and 
probe measurements indicate that there is no barrier layer. 
These observations lend strength to the conclusion of the last 
section, which was that the pulse behaviour of cathodes depends 
mainly on the core oxide interface. 

The thoria cathode requires no activation process The 
cathode is outgassed on the pump and then held at the operat- 
ing temperature while current is drawn. The curi’ent rises by a 
factor of 3-4 in this process, but this is a minute change by 
comparison with the increase in emission from oxides during 
activation. The fact that the cathode never has to be taken 
above the normal operating temperature may be of use in 
some applications, e.g. where the heating current is limited by 
seal design to a value only slightly above* the operating value. 

In conclusion, one cannot give a reliable estimate of the 
future of thoria cathodes until more is knowm of their per- 
formance, but much development will have to be done before 
they are widely used in commercial valves. 

1.3.8. De Boer^s emission theory. To conclude this chapter 
we must give an account of the theory of emission from oxides 
due to de Boerf which is the only other theory which to-dayj 

t De Boer, op. c*it. 

I But see Appendix 1. 
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has any claims to compete with the theory outlined in previous 
sections. 

T>e Boer bases his theory not on defects in the crystal lattice, 
but on the adsorption of barium on the faces of the crystallites 
throughout the whole volume of the oxide. The oxide coating 
is very rough and has deep fissures, and he pictures barium 
adsorbed on any and all free faces, purposely leaving the 
precise details of the location rather vague. These barium 
atoms are then supposed to lose electrons by ionization. The 
emission will not only depend on the energy of ionization, but 
also on the rate at which electrons from the core can flow to 
the barium ions, neutralize them and be emitted to take part 
in the thermionic emission. This picture leads to an emission 
equation ^ 


which clearly can be fitted to the experimental results. In this 
equation A depends on the number of atoms adsorbed per cm.^ 
of true surface and on the conductivity of the bulk of the 
oxide layer, while is the ionization energy. Since A depends 
on the conductivity, A must be of the form A = A ' or 
I = and the ‘work function’ will have two parts, 

one of which will change during activation, while the other 
will not. (De Boet- has said that <f)^ depends on the impurity 
concentration, but this is an effect that one would only expect 
at very high concentrations.) 

Friedenstein, Martin and MundayJ prefer this picture to that 
of Wilson, and it should be emphasized now that if we are to 
accept this theory, not merely the emission laws, but the whole 
of Wilson’s semi-conductor theory must be abandoned. Their 
most fundamental reason is tliat excess barium built into the 
lattice by reason of absence of oxygen should be observable 
as ‘F’ centres, whereas on present knowledge this is not the case. 
Both theories can be made to fit the experimental facts of 
thermionic emission, and since our theoretical knowledge of 
the energy levels in oxides is not advanced enough to allow 
us to make unequivocal calculations of the activation energy, 

t Friedenstein, Martin and Munday, tiep, Phys. Soc, Progr, Phys. 11 
(194a-7), 298. 
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it is not possible to decide between the theories. Apart from 
the fact that the Wilson semi-conductor theory explains many 
other phenomena, it seems to me that de Boer’s theory cannot 
be entirely correct. Experimental work does not seem to show 
any such direct correlation with roughness of coating as this 
theory would lead us to expect. Many competent experimenters 
have held that the smoothest coatings were the best, and in 
any case the crystallites grow during life, and there seems to 
be no direct correlation with the emission. Furthermore, the 
existence of surface barium is not proven. Then again, one 
would expect very little difference in emission between barium 
oxide-strontium oxide and barium oxide-calcium oxide on 
de Boer’s theory, which is not the case. 

It seems probable that the Wilson theory is substantially 
correct for individual crystallites. It is possible that the 
mechanism of de Boer also contributes to the emission in real 
cathodes, with all their departures from the perfect lattice 
treated in the theory, but it is ceitainly not the determining 
factor. It would seem to be possible to decide between the 
mechanisms by measurements on single crystals and, until 
more experimental evidence has been obtiiined, it is unprofitable 
to attempt a final decision between the two theories. 
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Chapter 2 


SECONDARY, FIELD 
AND PHOTO-ELECTRIC EMISSION 


2.1. Secondary emission, basic phenomena 

2.1.1. Metals. It has been known since the early years of 
the century that, if a metal is bombarded by a stream of 
electrons, a secondary radiation is produced. This is known 
as secondary emission, and it is of considerable importance in 
thermionic valves, usually as an undesirable effect. 

Secondary emission is best measured in an apparatus of the 
type shown in fig. 2.1. A tungsten filament F serves as a 



Fig. 2.1. Tiihc for incasureineiit of secondary emission. 


source of electrons, the current being adjusted by the potential 
on the screen S. An anode A has a long narrow tunnel T 
attached, through which the electrons pass, so that they are 
well collimated into a narrow beam. On emerging from T they 
impinge on a plate E, of the material whose secondary emission 
is to be measured. The secondary electrons are collected on G. 
T, E and C are so proportioned that few secondaries can return 
to T. C is held a few volts, e.g. 6, positive to E, so that all 
the secondaries are collected. If the primary current is and 
the secondary emio»sion coefficient, i.e. the number of second- 
aries emitted per primary, is 8, then the current to C = 
and the current to = /^^(l —8), therefore 


ic 

is 


8 _ 

1 - 8 ’ 


or 8 


- 


( 1 ) 


52 



SECONDARY EMISSION, BASIC PHENOMENA 

If S is measured as a function of the energy of the incident 
electrons, it is found to rise to a maximum value and then to 
decrease again. In the case of pure metals the maximum occurs 
at 200-600 V. and the value of 8 is, very roughly, 1-5. The 
obvious interpretation of this is that low-energy electrons do 
not penetrate far enough into the metal to give off many 
secondaries, and that as the energy increases the number of 
secondaries increases also. The maximum is explained by the 
fact that some of the secondaries wliich are formed deep inside 
the metal are absorbed again on their way to the surface, and 
that the rate of recombination eventually becomes greater 
than the rate of increase of formation. Fig. 2.2 shows 8 as a 
function of for some metals commonly used in tube construc- 
tion. It should be remembered that this figure relates to very 
pure surfaces and that the 8 may be completely different for 



Fig. 2.2a 
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2.2. Secondary emission eoefTicients for vaiious materials. 

Data . (a) Ag, Cu and Be from Bruinin^, Phynta, 5 (1988), 17 ; 

W and Mo from Warnceke. ./. Phys, Radium, 5 (1984), 207 ; 

7 (1980), 270. (h) liom Salow, Z. iech. Phys, 21 (1940), 8. 

the surfaces encountered in a valve, which are of^en contamin- 
ated, for instance, with barium or barium oxide. 

Another measurement which can be performed in the 
apparatus of tig. 2.1 js the determination of the energy spec- 
trum of the secondary emission. To do this, the collector C is 
biased negatively to E and the current is measured as a func- 
tion of this bias. A t^^pical cur\e for an incident energy of 
100 V. is shown in fig, 2.3. For positive values of the emission 
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is saturated, while for negative values it decreases rapidly at 
first and then slowly, until finally it drops abruptly to zero at 
a voltage equal to minus the accelerating voltage. The relative 
number of electrons in each energy group can be determined 
from this curve by graphical differentiation. This curve, shown 
dotted, indicates that more than 90 per cent of the secondaries 
arc emitted with low energies, <20 eV., and that about 5 per 
cent of the electrons have the full energy of the bombarding 
beam. Both S and the distribution are relatively independent 



Fig. 2.4. A magnetic velocity analyser. 


of temperature. It is usual to term the low-energy secondaries 
the true secondary emission, and to refer to the high-energy 
component as reflected primaries. The distribution in energy 
of the true secondaries is independent of the bombarding 
energy. This is important in making measurements on current 
distribution in valves because it means that if two electrodes 
are maintained at a p.d. of 20 V., the current to the electrode 
at higher potential will be the incident current plus the second- 
ary emission from the lower potential electrode. In many types 
of beam systems the lower potential electrode is only taking a 
small current, so the true current to the high-potential electrode 
can be measured. 

Another method of measuring the energy distribution is 
capable of much better accuracy. This is to pass the secondary 
emission from the target into a magnetic or electric velocity 
sorting field. The current to a Faraday cage is measured as a 
function of the sorting field, which gives the energy distribu- 
tion directly. A magnetic apparatus is sketched in fig. 2.4. 


56 



SBCOKDABY, FIELD AND PHOTO-ELECTRIC EMISSION 

In a uniform magnetic field an electron of velocity v per- 
forms a circular orbit radius r, where 

-Hr = v. (2) 

m 

If the slit width is Ar it is easy to show that 
Ia = J^(B)£BAr, 

or const. (3) 

li 

This method avoids the inaccurate graphical ditferentiation. 
Full details are given by Haworth*! 

When the secondary emission from metals of high-work func- 
tion, tungsten, nickel, molybdenum, tantalum, is compared 
with that from low-work function metals such as the alkali 
metals, it is found that the difference is comparatively small. 
The low-work function metals have somewhat lower values of 
^mEx> usually between 0*8 and 1-0 instead of 1-2-1-5 for the 
first group, but the curves are very similar in shape. This is 
to be expected, since secondary emission is a Volume effect 
rather than a surface effect and the influence of the work 
function is indirect. Further confirmation of this view is de- 
rived from experimellts in which a base plate of, say, nickel 
is covered with succeeding layers of another metal, e.g. lithium 
or beryllium. The secondary emission coefficient changes very 
slowly from the value for nickel to that of the surface material 
as the thickness of the latter is increased. If there were a 
large surface effect, a sudden change would result. Naturally, 
care must be taken to ensure that the metals used are clean 
and free from oxide, since an oxygen dipole layer can produce 
very different results. 

Surface roughness is another factor governing the secondary 
emission. A rough surface gives a lower value of S than a 
smooth one because the secondaries can be trapped in the 
surface irregularities. For this reason rough carbon surfaces 
are sometimes used to suppress partially the secondary emission. 
Lamp-black suspended in a suitable binder is more useful than 
t Haworth, Phys. Rev, 48 (1935), 88; 50 (1986), 216. 
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colloidal graphite, because the particles are large and irregular 
in shape rather than flat plates. Fig. 2.5 shows some results of 
Bruiningt on this question. 



80 60 40 20 0 20 40 60 80 


Angle of incidence, degrees 

Fig. 2.6, Effect of varving angles of incidence. Data ftom 
Muller, Z\ Phys, 104 (1087), 475. 


t Bniining, Pliynca, 9 (1936), 1046. 
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From the foregoing it will be clear that the angle of incidence 
of the primary beam will influence the secondary emission, 
since a large angle of incidence will prevent the beam from 
penetrating deeply into the body of the material, and there- 
fore absorption will be lessened. This expectation is borne out 
experimentally. Fig. 2.6 shows the variation of 8 with angle 
of incidence for some typical metals. It is found that S oc 1/cos 0 
to a fairly close approximation. 

The last question which will concern us in this section is 
that of the angular distribution of the secondary emission. 
This is measured directly by moving a Faraday cage round a 
semicircular path with the point of incidence of the beam as 
centre. The current to the cage at any position is proportional 
to the number of electrons emitted in a range of angle A0 
about the corresponding 0. A9 is, of course, detcTiniiied by 
the size of the aperture in the Faraday cage. The secondary 
emission is strongest in the backward direction, i.e. at 180° to 
the incident beam. 

2.1.2. Secondary emission from insulatots. In some cases we 
are concerned with secondary emission from insulators instead 
of metals. One well-known phenomenon is the charging of the 
glass wall of a \a]ve4)v electron bombardment. Another case 
is the charging of the fluorescent screen of a cathode-ray tube. 
In this case the screen charges up to a limiting potential and 
therefore limits the energy of the bombarding electrons to a 
value characteristic of the material. This matter will be dis- 
cussed in detail later on in the section on fluorescence. The 
secondary emission of insulatorsisalsoimportant in various types 
of storage tube which are coming into use at the present time. 

Before discussing the measurement of the secondary emission 
from insulators, let us consider what happens when a plate of 
insulating material with the 8 curve shown in fig. 2-7 is bom- 
barded with electrons. When the bombarding energy is less than 
Vi the insulator wifl charge up negatively, since it loses fewer 
electrons than it gains. Its only stable potential is therefore 
cathode potential because it then receives no additional 
electrons. 8 = 1-0 at = IJ, and the potential then jumps to a 
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potential corresponding with that of the adjacent metallic elec- 
trodes. Vi is not a stable point because if increases slightly 
S increases and the plate tends to go more positive. At Pg, 
however, there is a stable equilibrium because if the plate 
potential rises above S decreases, and the plate potential is 
depressed again. Thus, however great is made, the potential 
of the insulator surface will never increase above which is 
often called the ‘sticking’ potential. For many glasses and 
fluorescent materials lies beiween 2 and 0 kV. The maximum 
bombarding energy is therefore limited to quite low values, 



Fig. 2.7. Secoiidarj etnissioii characteristif and ‘sticking’ potential. 

and the light output from fluorescent screens does not increase 
in proportion to the beam energy above this limit.f 

It is comparatively simple to determine the potentials Vi and 
V 2 by backing the insulator with a metal plate and measuring 
the potential of the resulting condenser with a pulsed beam, 
varying The measmenKmt of S is more difficult. SalowJ 
has accomplished it by using two beams, one pulsed with an 
energy such that S > 1 and the other continuous and with an 
energy for which S < 1 , 

If V{t) is the potential of the insulating plate of capacity C 

F(0 = + 

where ^ = pulse duration. Diffei-entialing we find the jnilsed 
current in the conclens(»r lead n, which can be measured with 
an oscilloscope, - (S _ 1 ) (4) 

t In modem cathode ray tuljcs a thin layer of ulumiiiium is evaporated over 
the screen to elimmate this effect. 
t Salow, Z. tech. Phyt. 21 (1940), 8. 
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The curve of obtained in this way for glasses and 

phosphors is very much the same as that for high-work func- 
tion metals. Values are more appropriately discussed when we 
come to specific applications. In the case of some insulating crys- 
tals such as sodium chloride and potassium chloride, 8 is large, i.e. 7 
or 8, indicating that there is an important difference in behaviour. 

2.1.3. Secondary emission from complex surfaces. Complex 
surfaces differ from metals and insulators in having much 



Fig. 2.8. Secondary emission from a specially prepared surface. 

higher values of 8. They are therefore of technical importance 
in secondary emission pnotocells, or multipliers, and in television 
pick-up tubes. In addition to their practical value they have 
considerable theo»'etical interest, as their behaviour throws 
light on the structure of complex films. For these reasons 
complex surfaces have been the subject of very extensive 
research, and it will not be possible to present more than the 
barest outline of the subject here. 

Some of the earliest surfaces to be studied were those used 
in photocells, particularly the Ag-CsO-Ag-Cs type. Here we 
are dealing with a silver plate which has been oxidized, covered 
with caesium and then heat-treated until the photo-electric 
activity is a maximum. In this process the silver oxide reacts 
with the caesium, so that it is thought that the result is a layer 
of caesium oxide which contains silver particles with absorbed 
caesium atoms on the surface. Such surfaces have values of 8 
between 6 and 10. The shape of the S'^Vp curve is much the 
same as for a metal (see fig. 2.8). It is found that the conditions 
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for maximum photo-emission are not the same as those for 
maximum secondary emission, which requires longer heat treat- 
ment, more caesium being removed thereby. For this reason 
Tiraofaev and Piatnitsky f consider that the secondary emission 
is due to caesium atoms embedded in the caesium oxide layer, 
the photo-electric emission being a surface effect. Other metal 
bases can be used but silver gives the highest 8, magnesium 
being only slightly inferior. Rubidium and potassium can be 
used for the coating but again give smaller values of 8. 

Other surfaces which have high 8 values can be prepared 
much more simply. These are u,lloys on which a complex layer 
can be prepared by heating in air or oxygen. Instances are 
beryllium copper and duralumin. If beryllium copper is heated 
in air to a bright red heat for a few minutes, an adherent oxide 
layer is obtained which will survive the ordinary processes of 
outgassing in a vacuum tube. Such layers have fairly high 
coefficients, above 6. Duralumin J exhibits the same behaviour, 
giving a somewhat greater value of 8. Zworykin§ and his co- 
workers have developed alloys of silver magnesium giving high 
8 values. 

Yet another type of complex surface whose secondary 
emitting properties are important is the oxide-coated cathode. 
In this case there is a considerable divergence of opinion on 
the experimental facts, particularly the variation of 8 with 
temperature, which is obviously difficult to measure because 
of the thermionic emission. At room temperature 8 is about 
10 and the energy distribution is the same shape as in metals. 
According to Pomerantz the temperature variation is given by 
Sj, = where has the same significance 

as in the section on oxide cathodes. Other authors have found 
that 8 is nearly constant with temperature in agreement with 
the findings on metals. An interesting technique for making 
sueh observations has been worked out by Johnson. || This 
consists in pulsing the current to the secondary emitter so that 

t Tiniofaev and Piatnitsky, Phys, Z. Sotvjet. 10 (1986), 518. 

j Boiteux, liev, Techn, CXS,C,T,-L.M,T, 1 (1941), 21. 

§ Zworykin et aL, J. AppL Phys. 12 (1941), 097. 

II Johnson, Phys. Rev. 73 (1948), 1058. 
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the secondary emission pulses appear on a 'pedestal’ due to 
the thermionic emission, and therefore the effects are separable. 
Johnson, moreover, finds that 8 decreases from 14 at room 
temperature to 10 at 400° C. Above 400° C. a phenomenon, 
which he terms enhanced thermionic emission, occurs. This is 
an increase of emission throughout the pulse, persisting after 
the end of the pulse so that it cannot be secondary emission. 
This enhanced thermionic emission obscures the behaviour of 
8 above 400° C. Pomerantzf could not observe this phenomenon 
and suggests that it was some space-charge effect; but this 
seems less likely than the supposition that there was a differ- 
ence of behaviour between the cathodes studied by the two 
authors. We shall see later that on purely theoretical grounds 
one would not be surprised if 8 decreased with temperature in 
oxide cathodes. 

2.1.4. The Matter effect.^ This effect was observed by Mailer 
when testing oxidized aluminium surfaces which were subse- 
quently activated with caesium. The necessary condition is 
that a thin insulating layer should be between the*femitter and 
the base-plate. Not only did such surfaces possess enormous 
values of 8, e.g. 1000, but the emission persisted after the 
removal of the primary beam. The emission rises fairly slowly 
after the instant of switching on. If the collector voltage is 
switched off, the emission ceases immediately. 

It is supposed that the emission is field emission caused by 
the formation of a large positive surface charge on the insu- 
lator, which is only about 1000 A. thick, by the initial secondary 
emission from the caesium or caesium oxide surface. 

2.2. The theory of secondary emission 

The quantum-mechanical theory of secondary emission was 
first given by Frohlich,§ whose results were criticized and 
extended by Wooldridge. || A quite different theory was given 

t Pomerant/, Phys- Rev, 70 (1946), 33; Pioc, Inst, Radio Engn., N,Y, 
34 (1946), 903. 

t Matter, Phys. Rev. 50 (1936), 48. 

§ FrOlilich, Ann, Phys,, Lpz, 13 (1932), 229. 

II Wooldridge, Phys, Rev, 56 (1939), 562. 
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by Kadyshevich at about the same time as the latter author. 
Here we shall not give a full discussion of either theory, but 
shall content ourselves by indicating the physical arguments 
used and showing in a general way how secondary emission is 
bound up with the energetic structure of the emitter. This 
will show that, while there is relatively little diflFerenco in the 
secondary emission from all metals and semi-conductors, the 
emission from insulators will in general be much higher. 

2.2.1. The Frohlich-Wooldridge theory. After penetrating the 
surface the primary beam moves through the electron gas 
inside the metal, and some of the beam electrons pass near 
enough to the valence electrons to give them a considerable 
amount of energy. A simple calculation shows that this energy 
is in the direction of the normal to the primary electron path, 
so this process alone cannot be directly responsible for secondary 
emission. The Frohlich-Wooldridge theory is based on the fact 
that the valence electrons are not completely free, but are 
acted on by binding forces which make it possible for them 
to gain energy in tlie direction anti-parallel to the primary 
beam. The binding terms are considered to be negligible as far 
as the relatively high energy of the primaries are concerned. 
The quantum-mechanical problem is then set up as follows. 
The initial state is that in which we have an incident beam 
travelling through the lattice where there is located a single 
electron. There is a coulomb interaction between the electrons 
and one can calculate the rate at which the initial state varies 
into other states, some of which lead to the emission of the 
valence electron as a secondary. The exclusion principle is 
taken into account (a) by using Fermi statistics, (6) by for- 
bidding all transitions which leave the electron in an occupied 
state. The Bloch eigenfunctions l\(r)e\])\i{h.f)] are used in 
the metal. The unperturbed probability amplitude for the 
two-particle system is 

K = Q Uk(f) exp [i (^ . f ) + i{R . 5)], 

where R = momentum of primary, Ic = momentum of valence 
electron, R = coordinate of centroid of volume element about 
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primary, f = coordinate of centroid of volume element about 
valence electron. The perturbing force is the coulomb repulsion 

U = — . 

\R-f\ 

A lengthy calculation leads to a value for the time rate of 
transitions to the new (emitted) state which depends very little 
on the bombarding energy. This is contrary to the facts, so the 
rate of loss of energy by the beam is studied, and it is found 
that the most serious source of loss is in secondary formation, 
25-30 eV. being lost at each ‘collision*. This leads to the idea 
that the mean free path of the primaries is considerably smaller 
than that of the secondaries. If this is the case, the number of 
secondaries actually observed will increase more or less linearly 
with bombarding energy up to the depth of penetration which 
equals the mean free path of low-energy electrons. When this 
is reached many of the secondaries will suffer collisions before 
being emitted, and the rate of increase in S will decrease 
markedly. From these considerations it is possible to obtain 
a theoretical value of where is the limiting S for high 
energies. This cannot be taken directly from a curve because 
effects not in the calculation come into play, but a value some- 
what above the observed maximum can be assumed and the 
curves fitted by using a scale factor. The expression is 



tice spacing, = primary energy, A = the argument of the 
exponential term, and and ^ have the same meaning as in 
Chapter 1. The agreement with experiment is reasonable for 
silver and copper, fair for aluminium and magnesium, but poor 
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for the light metals lithium, beryllium, barium and caesium. 
In one point the theory disagrees with experiment for all 
materials, i.e. theoretically there is zero emission below about 
30 V. bombarding energy; it may be that the observed emission 
at such low energies is a surface effect or, more specifically, is 
due to reflexion from the surface barrier. It can be seen that 
the work function does not influence the emission strongly, as 
was to be expected, since secondary emission is a volume effect. 
The conditions for large S are (a) large lattice constant (small 
Eq) and (b) small value of 

Wooldridge applies the theory to barium oxide and gets 
reasonable iigreement with the results of experiments by 
Bruining. It is hard to believe th<at the agreement is more than 
fortuitous, the main fa<'tor being the experimental value of 

2.2.2. Kddijshevich's’f flu on/. This is a semi-classical theory 
being once more based on the fact that the primaries have 
much greater energies than the se(*ondaries. The primaries 
enter the metal and there excite some of the electrons in the 
Fermi electron gas. The jmmaries may make elastic collision 
with the lattice ions, which alter the primary direction. More- 
over, the secondaries may likewise make elastic collisions with 
the lattice, also suffering deflexions thereby. This corresponds 
to the binding of Wooldridge’s theory. The calculation starts 
from the classical Rutherford scattering formula which yields 
the following expression tor the number of secondaries pei 
primary. ^sin^a 

'' = ^ (C) 

where 

(x = angle of incidence, 

E^ = incident energy, 

and the other symbols have then <‘arlier meanings. 

The number of electrons emitted is n, less the number 
absorbed by inelastic collisions with other conduction electrons. 

t Kad>shevidi, J. Phifs U.S.S.H. 2 (1940), ll.>; 4 (1941), a41 ; 9 (19*5), 
481, 136. 
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If the emission is Wq, Kadyshevich determines it in series 


where 


W'oo 


27?AiA2a®sina 
Aga sin a -f A^ cos ot‘ 


( 7 ) 


The other terms are much smaller than Wqq, Wqq is clearly zero 
for normal incidence. It is then shown that the effect of elastic 
collisions made by the primaries with the lattice ions has a 
negligible effect on the calculatiois . However, the elastic col- 
lisions between the secondary electrons and the conduction 
electrons give rise to a non-vanishing value for the emission at 
normal incidence. This value is 


8 . . ^ ■ («) 
La /g Ai + aa^Ag 

Here Ai, = mean free paths of primaries for inelastic and 
elastic collisions respectively, 

Ag, /g = mean free paths of secondaries, 

111 1 _ I 1 

A,-X,^l,' 

a =- 0*73, r/j -= 0*77, 

Eqn. (8) is subject to a sm<all correction term which is investi- 
gated in the original paper. Aj is gi\en by the Born approxi- 
mate formula as 

* inNt'' 

The magnitude Ag/Zg unknown and is adjusted to fit the 
experimental data at one energy. When this is done, the curve 
of 8 against incident energy is in good agreement with the 
experimental results for metals. 8 is a maximum when 
A 1 /A 2 = 0*56, which agrees with the supposition of Wooldridge. 

It will be seen that the theories, altlumgh carried through by 
very different means, agree on the fundamental fact about the 
emission, namely, that the electron gas is not completely free, 
but is lightly bound. The Kadyshevich theory also gives the 
emission as a function of angle of incidence and the energy 
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distribution of the emitted electrons, and these results are in 
general agreement with experiment. Botli theories are inaccur- 
ate for very small primary energies, and the observed emission 
is almost certainly reflexion by the surface barrier. 

It is easy to see from the Kadyshevieh theory why, in the 
case of dielectrics, the emission is in general greater than for 
metals. In this case, in order to be emitted, an electron must 
be raised from the full band to the empty band, but, provided 
the energy gap is not very large, this does not make much 
difference to the number of secondaries found inside the insu- 
lator. Once in the empty band, the electrons only make elastic 
collisions with the lattice, and the absori^tion is very small. 
Semi-conductors occupy an intermediate status, behaving as 
metals when the energy gap is small and tlie number of con- 
duction electrons large, and as insulators when the reverse is 
the case. 

It would be idle to pretend that the theory of secondary 
emission is nearly as complete as that oi thermionic or photo- 
electric emission. While the main teatures described above are 
almost certainly correct, there are many gaps in our knowledge. 
Instances of these are our lack of theoretical understanding of 
complex surfaces and of the Malter effect. 

2.3. Practical secondary emitting surfaces 

In later chapters W‘* shall describe^ se\eral de\ices making 
use of surfaces especially prepared to yield high values of 
secondary emission. In this section we shall give some informa- 
tion on the preparation of su(‘h surfaces. The technique of 
preparation differs considerably from laboratory to laboratory, 
so we shall go into little detail. 

The modern tendency is to use either alloys of high S, oi 
oxide layers, in preference to the comf»lex surflxees which were 
used earlier, as the preparation is much simpler. Zworykinf 
and his collaborators describe alloys of silver- magnesium with 
high emissions. One of the simplest and best surfaces can be 
prepared by raising ordinary commercial beryllium copper 
sheet to a bright cherry red heat in air for a period of a few 

t Zworykin, loc*. cit. 
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minutes. The surface should be cleaned by de-greasing and 
washing in chromic acid solution before heating. A film of 
very adherent oxide is obtained by this means; it is sufficiently 
durable to withstand the heat treatments necessary in the 
evacuation of the valve. Values of S between 5 and 6 are 
obtained. This surface, and in fact that of all good secondary 
emitters, is very easily poisoned by operation in a tube with 
an oxide-coated cathode. This fact is responsible for the lack 
of success of thermionic multiplier tubes. 

The complex surfaces have somewhat higher values of S, but 
their preparation is so much more difficult that it is often 
economic to use slightly worse emitters which are easy to 
process. The Ag-AgO.(^s type is perhaps the best known. 
The base plate is of silver or is silver-plated. The tube is 
evacuated and baked in the ordinary w^ay so as to clean the 
glass and metal surfa(‘e; the base is then oxidized by initiating 
a discharge in oxygen, e.g. by an r.f. coil held near the bulb. 
The thickness of the oxide layer is important and can be 
gauged by the colour changes of the surface. TJjie process is 
often stopp(‘d when the silver surface appears blue for the 
second time. The caesium is then distilled into the bulb or, 
more commonly nowadays, it is produced by the eddy current 
heating of a getter flag carrying a reaction pellet which breaks 
down to produce an excess of metallic caesium. These reaction 
pellets can be prepared in several ways, a stable caesium salt 
being compacted with a very finely granulated metal powder; 
for instance, caesium dichromatc and powdered aluminium or 
zirconium have been used. Caesium oxide is also used. When 
the caesium has been introduced it is necessary to activate the 
surface. This is done by baking the whole bulb gently to about 
200° C. At this temperature the caesium reacts witli the oxide 
and also distributes itself ev^enly over the emitting surface. 
The progress of the activ^ation can be determined by ap])lying 
test voltages to the tube and measuring the emission, (’’are 
must be taken not to initiate a gas discharge in the high con- 
centration of caesium vapour which is present. If the activa- 
tion is carried out under carefully controlled and specified 
conditions, it will not be necessary to check more than the 
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first few samples during manufacture. The activation of subse- 
quent tubes can then be reproduced on a time and temperature 
basis. 

Care must be taken in the design of the tube that the caesium 
is prevented as much as possible from being deposited on the 
lead wires and insulators, or else a leaky tube will result. 
Considerable ingenuity is necessary in the design and processing 
of more elaborate tubes using secondary multiplication. 

We have said above that the operation of secondary emitters 
is difficult in the vicinity of oxide cathodes. This is because 
the 8 factor decreases very ra])idl3'^ and the life of the surface 
may be only a few hours. Some imjn-ovemcnt is obtained if 
the tube is so constructed that the secondary emitter is shielded 
from barium ions, but life is still below good commercial 
standards. The probable reason for the poisoning of the 
emission is clear from our theoretical knowledge. The complex 
surface is a semi-conductor with a low concentration of con- 
duction electrons, a low- work function, etc , required to give 
a high 8 value. If barium ions are deposited on such a surface, 
they constitute additional impurity centres, increase the 
density of conduction electrons, increase the internal absorp- 
tion of secondaries and reduce the emission. This picture is 
certainly not correct in detail, as it is hard to imagine that 
barium should constitute an impurity suitable for increasing 
the conduction densi^v in so many complex surfaces, but it 
seems to be essentially correct. 

2.4. Field emission 

In the last chajitcr we discussed the effect of moderate fields 
on the emission from heated surfaces. If the field is increased 
to values of the order of 10® V./cm.. a relatively large electron 
current can be drawn from the cold su^dace, and it is found that 
the magnitude of the current is ii'dependenf of temperature but 
depends exponentially on the field. The experimental results 
fit a formula of the type 

J = 

where E = field strength. 
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The explanation of this effect is very simple on a quantum- 
theoretical basis. In quantum mechanics if we treat the 
problem of an electron of given energy located in a rectangular 
potential well, we find that there is a small but finite probability 
that the electron will be found outside the well, which is, of 
course, impossible in classical mechanics. Similarly, if the 
electron impinges on a potential barrier whose height is greater 
than the value corresponding to the kinetic energy of the 



Fi^;. 2.9. Potential diagram for suifacc with large external field, 

electron, there is a finite probability that the electron will 
penetrate the barrier.* The probability of this ‘tunnel effect', 
as it is called, is very small unless the barrier is exceedingly 
thin, but in this latter case quite large transniissions result. 
The phenomenon of field emission is due to this tunnel effect; 
for in metals the work function is a few volts and in fields of 
about 10® V./cm. the barrier thickness will be only 10~®-10"® 
cm. at the Fermi level and the transmission coefficient will be 
fairly large. 

The imago effect can be neglected and the shape of the 
barrier will be a saw tooth as shown in fig. 2.9. We have to 
calculate the transmission probability for an electron of energy 
where and then calculate the total number of 

such electrons incident on the barrier from the left. The product 
of these two quantities gives the emission. The transmission 
through potential barriers is well dealt with by A. H. Wilsonf 

t Wilson, Theory of Metals y Cambridge UniveTsit> Press, 1936. 
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and by Rojansky,t so we shall not give the procedure here. 
Fowler and Nordheim have dealt with the present case, and 
give the transmission coeificient as 


T 


iEz) — 


I 

1 



- - ^ - exp 


3E J 


The energy distribution of the electrons incident on tlie barrier 
is given by eqn. (7) of (bapter 1, so, by the same reasoning 
as was there employed, we can write for the field emission 


J = 


(mV 

aJ Jo 
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dVjrdUj, 

exp[}i;w(^/5+ f wf- CI/WJ' 


The double integral can be evaluated, as in Chapter 1, by 
inserting polar coordinates. We put Uj. = rcos0, Uy == rsin 6. 
The integral then becomes 


rin j*cr 

Jo l+expUmr=‘/2A-7’)-(2^-«j«|)/2^-7r 


which by elementary means integiates tt» 
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Thus 


J = 




A* 


j: 


7’(s.’ -1 p-M^KC- ImuDjkT]). 


The exponential term is much greater than 1 for all the electrons 
for which ^ — i/w w? > kT. (This is ver\ different from thermionic 
emission where As ^ is several eV. this includes 

very nearly all the emitted ele^-trons, therefore 


e/ = 


47rc//?2/7^/'(2^/m)* 




I 


T(^^jU.{C-lmvj)lkTdu^. 


t Rojansky, InlrodtuUon to Qiumtum Mechaiuc^, Hlackie, pp. 150 et serf,, 
214 ct seq. 
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To evaluate this integral we let (5— \mul) = f and expand in 
terms of this variable. The result is 

It should be noted that this result depends on the assumed 
shape of barrier only through the constants. Other barriers 
give J = const. exp [ ~ const. experimental results 

agree well with the field variation, but their magnitude is 
generally considerably greater than the theoretical value. This 
is quite understandable because it is not possible to j)repare 
surfaces which are ideally smooth. In the immediate vicinity 
of roughnesses, cracks and similar defects, the field is enor- 
mously greater than the calculated field, and therefore very 
high currents are concentrated on such spots. 

Field emission has been used to study the surface properties 
of metals, and it is easy to demonstrate tlie differen(*es ni work 
function between crystal faces by its use. Benjamin et a/.f 
have obtained very beautiful pictures in this waj^. It has also 
been used as a means of providing electrons in some t ypes of 
electron -diffraction apparatus. In general, however, field 
emission shows itself as a phenomenon which the valve tech- 
nician has to avoid. Instances of its appearance as a deleterious 
effect are common in high-voltage valves where all metallic 
surfaces have to be })ro\ided with smooth, rounded comers, 
and care must be taken to avoid field concentration to prevent 
arcs and leakage due to field emivssion. In manufacture the 
high voltages are usually applied slov^ly through limiting 
resistors so that small roughnesses, pieces of swarf, etc., are 
burned out by the passage of the intense field currents without 
permanently impairing the vacuum in the device. This is one 
of the main reasons for high-voltage ageing or spot knocking’, 
as it is often called. 

2.5. Photo-electric emission 

The emission of electrons from metals under the influence 
of visible light has been known since about the beginning of 

t Benjamin and Jenkins, Hep. Progr. Phys. 9 (1043), 177. 

72 



PHOTO-JSLECTRIC EMISSION 


the century. The effect has historical importance in that the 
application of the quantum theory by Einstein in 1905 was 
one of the first successes for tlie new theory. For present-day 
physics the photo-electric emission is mainly important for the 
information on the electronic structure of the emitter which 
can be obtained bjMts study. 

The basic photo-electric phenomena are the following. If 

two metal plates are supported apart in a vacuum, or low- 

pressure gaseous atmosphere, and a voltage is maintained 

between them, a current is observed to flow when the cathode 

is illuminated. 'I'he current depends on the intensity and on 

the frequency of the illumination. In fact, there is a threshold 

frequency belo\^ which, no matter how intense the illumination, 

no current will flow. Also, if the velocity of emergence of the 

photo-electron is studied by retarding fields, it is found that 

the maximum velocity of emission is related to the frequency. 

The critical frequency for emission is given by the Einstein 

law as , , 

hv^ = <p 


^Numerically, this \ields Xq=^ x lO^A., if <f> is m elec- 

9 

tron volts. The maximum velocity is gi\en by 

Iniu,,, = h(v-v^^. 


In the modern theo'-y of metals we shall sec that these rela- 
tions are correct at ()”K. but not at higher temyieratures. In 
addition, wc sliall determine tlr‘ energy distribution and spectral 
distribution as functions of temperature. This leads us to the 
Fowler metliod of measuring and thus determining <^. We 
note here that in pure metals the work function photo- 
electrically determined should equal the zero temyierature 
value of the thermionic work function 

The Einstein relation for the minimum fiequency of emission 
is very easily justified at 0*^ K. Kccall the Fenni-Dirac distribu- 
tion given in fig. 1.3 and 1.4. We there assumed a critical 
energy for emission and the Fermi- Dirac distribution drops 
abruptly to zero at a lower value of energy The photons 
bombarding the surface have energy hv. so that the minimum 
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energy required to release an electron is hv^ = Ec— C = (f>- If 
the incident energy hv > some of the electrons will receive 
more than sufficient energy to release them and thus will 
possess kinetic energy after passing through the surface. The 
resulting velocity is clearly given by 

lmu^^ = hv-{Ec-0, 

These relations will no longer be true at temperatures above 
the absolute zero because the Fermi distribution has then a 



long tail and some electrons have energies considerably above 
We now proceed to calculate the correct expressions. 

2.5.1. The spectral distribution. Here we require to calculate 
the photocurrent per unit light intensity as a function of 
frequency and temperature, A typical experimental curve is 
shown in fig. 2.10, with an extrapolated value for which is 
clearly subject to considerable error, in fact the curve is 
asymptotic to the axis of frequency. The computation of the 
distribution function should commence by a calculation of the 
probability that a quantum of energy hv will be absorbed by 
an electron with velocity u. Then, since the distribution of 
electron velocities is known, the distribution of excited electrons 


74 



PHOTO-ELECTRIC EMISSION 

can be computed. This, multiph'eJ by the transmission co- 
efficient, can be integrated to give the emission. This calcula- 
tion has been carried out, but the mathematical difficulties are 
formidable, and Fowler made a great step forward by recog- 
nizing that the important question was the distribution in the 
immediate vicinity of the threshold. This means that the 
emitted electrons initially occupy a rather narrow band of 
energy, and it is therefore reasonable to assume that the 
probability of excitation is constant for the emitted electrons. 

In the last section ve obtained an expression for the number 
of electrons of velocity incident on the x,y plane. Rewriting 
this in terms of the normal energy, we have 

4*7701 hT 

JV, = ln{l+exp[(4-i?,)mcZ/L 

jA’e hv 

The probability of excitation is assumed to be a constant a. 
Then the photocurrent density is ,7 = If we change the 

variable to w = e and put e hv)\ikT ^ ggl^ 

^ OL ^Trme /*“• In ( 1 + , 

J = , , du, 

Jo ^ 

The evaluation of the integral depends on whether the upper 
limit Uq is greater or less than unity. For 5$ 1, the integral is 

g 2 j' 0 3j* 

e“®— ,, 2 ““^ Q 2 ’ where .r — r)/W; while lor Wo>l, 

^2 , e^^ e^*^ \ 

the integral i» 2 ^ G 3^’ 

The final result is / - j{x), ) being defined by the 

two series above. is the thermionic emission constant 
120*4 amp./cin.^ degree^. Fig. 2.11 shows a function often 
called the Fowder function. Fowder’s method of interpreting 
the experimental data consists in plotting log JjT^ against 
hvjlcT, The resultant curve is the same shape as the theoretical 
one, but is displaced along the livjkT axis by an amount 
hvJkT, This procedure gives excellent agreement between the 
experimental jioints and the theoretical curve. The values of 
Vq determined from the shift are independent of temperature, 
ana the values of the photo-electric work function calculated 
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2.11. Fowler's tnetliod for threshold determination. 


from them are in ^ood agreement with the thermionic work 
function. The thermionic work function is usually a few 
hundredths of an electron \oJt higher than the photo-electric 
work function. This is in the direction to be expected from 
the considerations we discussed earlier on the temperature- 
dependence of but smaller in magnitude. The%dicatlon is 
that Ec decreases with increasing temperature. 


2.5.2. The energy didtribution, IVo special cases of the energy 
distribution are particularly important, the distribution of 
normal energy which is obser\ed by measuring the retarrling 
field characteristic in a plane ])«irallet system (fig. 2.12) and 
the total energy distribution which applies when the electrodes 



Fig. 2.12. Method for measuring veloeitjr distribution. 
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are concentric spheres. The latter is a convenient arrangement 
when the cathode is small, as it is when studies are made on 
single crystals. 

(a) Nortmil energies. If the anode potential is V volts nega- 
tive to that of the cathode, an electron will have to possess 
the energy = cF if it is to be emitted and to reach 

the anode. It is easily seen by altering the lower limit in the 
integration of the last section that 

J{v) = oLA,,T^g(x^), 

where = x — ElkT. 

At T = 0° K. it is easily shown that 

where ~ cut-off energy. The ciment-voltage curve is thus 
a parabola with its vertex at = E,,^, in agreement with the 
original Einstein equations. At higher temperatures the curve 
is asymptotic to the \oltage axis, showing that the maximum 
energy is ill defined. The actual distribution, which is obtained 
from the current -voltage curve by differentiation, is theoretically 
deduced as follows: 


F(«) = “ r 1 rfA’.. 

F{v) is the number ol electrons which escai)e against the field. 
Differentiating, w'e get 


('F(v) 

ciV 




X iiT»\kT 


ln(J fe*^-'" *’«>**'). 


„ , Jit 47rm , ,, . 

Atr = o°K., /(A’Jo= (I'ln-K)- 


The theoretical distribution is sketched in fig. 2.13. 

(6) Total energies. The derivation of this result is more diffi- 
cult because the components of velocity parallel to the cathode 
have to be included. The derivation is given by Du Bridge.! 


t Du Bridge, ‘New theories ot the photo-electric effect’, ActuahUu 
Scientifiques ei Industrielles, no. 2G8 (19U5). 
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Fig. 2.13. One-dimensional retarding field distribution. 


The result is 




EdE 

Q{E-E,n)^l‘ 


We have now presented the theoretical basis for the more 
important photo-electric phenomena in pure metals. However, 
the emission from pure metals is of little practical interest for 
the cut-off frequencies are too low, and the spectral distribu- 
tion varies too rapidly. For instance, at 296'’ K^silver has a 



Fig. 2.14. Photo emission from pure metal surfaces. 

Note. The yield for the alkali metals is 10“*— 10"® electron/ 
photon, so tlie absolute yield for Li is about 33/xA./W. at A = 4100A. 
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limiting wave-length of 2620A, Caesium, with its very low ff>, 
has Aq = 6800A. and is the most useful metal for this purpose, 
but complex surfaces have very much better performances. 
We shall next consider some typical practical photo-surfaces. 

2.6. Photo-electric surfaces 

In fig. 2.14 we show a plot of the relative photo-electric 
current as a function of wave-length for a number of surfaces. 
It can be seen that the emission rises sharply from the threshold 
wave-length to a maximum and then decreases again. The 
maximum is partly due to the method of plotting because the 
energy i)er photon increases as the freciuency of the incident 
light increases, t so that there are fewer photons per unit light 
flux. The yield would therefore show a maximum even if the 
excitation probability were constant over the whole spectrum. 
The probability is not constant with frequency and also depends 
on the direction of polarization of the incident beam, phenomena 
which are usually studied under the title of selective photo- 
effect. We shall not concern ourselves any more than to note 
the existence of these effects, whose theory is not yet com- 
pletelj^ understood. 

It will be seen from the figure that, although the alkali 
metals, particularly potassium, rubidium and caesium, have 
photo-electric thresholds well up in the vi.sible spectrum, their 
yield is very poor. Nuniprically, between 10^ and 10® photons 
are required to excite one photo-electron from these metals. 
The complex surfaces such as Ag-Ag()-Cs are very much better 
from this point of view, in addition to having a much longer 
threshold wave-length. Only about 3 x 1 0^ photons are required 
to excite one photo-electron in this case. 

The preparation of the Ag-AgO-Os photo-surface is very 
similar to that of the Ag-AgO-tV secondary emitter, the 
principal difierence being that the optimum thickness of 
caesium is not the same, thi* optimum photo-electric layer 
being somewhat thicker. The optimum thickness corresponds 
to about 0*25 mg./cm.*, so it is extremely difficult to devise 

o 

t Numerically ^ijW is Cfiuivalent to 2*26 > 10*® photons a1 A = 4500 A, and 
tilt number of photons varies directly as A. 
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repeatable methods for introducing the caesium. Methods used 
include carefully made reaction pellets containing just sufficient 
caesium, pellets containing excess caesium which is removed 
by chemical sorption when the appearance of the cathode is 
correct, and distillation from side tubes. The tube is then 
re-baked at a temperature of between 420 and 520° K. for a 
time depending on the temperature. The emission is studied 
during ihis bake, and the tube is cooled as soon as the maximum 
is reached. The best results are obtained if a final thin silver 
flash is deposited on the cathode after the caesium has been 
baked on. 

Physieally speaking, a cathode of this type most probably 
consists of the following layers: base silver- AgO Ag 4- OsO + Cs. 
It is probable that y\e are dealing with a semi -conducting 
oxide, i.c. caesium oxide with excess caesium in which minute 
silver particles increase the conductivity still further. If this 
view is correct, then the emission can be accounted for in the 
same way as for metals, with the exception that the energy 
distribution will be somewhat different owing to the different 
form of the law gi^ing the number of filled states in the semi- 
conductor. De Boer gives a different picture based on his 
‘adsorption on inner surfiices’ theory. It is e\en more difficult 
to decide between tfie theories than it was in the case of 
thermionic emission, as we are here dealing with surfixce effects, 
and several experimental methods which give useful informa- 
tion on thermionic cathodes become useless. On general 
grounds, we prefer tlie semi-conductor theory. 

The complex caesium surface gives useful results over the 
visible spectrum, but many other complex surfaces are used 
for special purposes such as matching the spectral curve of the 
human eye, giving maximum sensitivity to tungsten light, to 
blue light, in the infra-red and so on. We shall not deal with 
these further at this point. 

An interesting cathode is the antimony caesium alloy 
cathodef which has a threshold wave-length of about 7000A. 
(fig. 2.15) but a relatively enormous quantum yield, i.e. 1 photo- 
electron per 20 photons at 5000 A. In this case antimony is 

t Sommer, Photo-flertrie Cells, Metliuen, 1047. 
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Fig. 2.15. Photo emission fioiii the aritimonj -eacsiiim cathode. 
Data from Sommer, Pior. Phtjs, So(. 55 (191-3), li5. 


evaporated on to a ba«>e metal and a eaesinm la\er put down 
on top of it. Tlie tube is baked at a temperature of about 
450"^ K, to alloy tJie two metals, and tlie bake is stopped at the 
time of maximum yield. Light surfaee oxidization improves 
the yield still moie. Alloys similar to this, such as arsenic 
selenide, tellurium selenide, etc , are known to be semi- 
conductors, and the mtimony caesium alloy is probably the 
same. 

In the infra-red region practical interest has shifted from 
photo-electric surfaces to photoconductive substances, i.e. the 
radiant energy is .ibsorbed as heat in a very thin film of semi- 
conductor. The heating increases the current flow in the film. 
Since the films are very thin and can be cooled to the tempera- 
ture of liquid air, good sensitivities and signal -noise ratios are 
obtained. Typical examples a’v semi-conducting lead sulphide 
and lead telluride. 

These necessarily brief remarks can only indicate the general 
methods of preparing photo-electric surfaces. When we subse- 
quently deal with tubes using plioto surfaces, many examples 
of their application will be given. 
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2.7. Other types of emission 

To conclude this chapter we should note that other types of 
electron emission exist, such as the emission of electrons by 
bombardment with positive and negative ions, and by meta- 
stable atoms. These effects are of minor importance in hard 
valves, and we shall not discuss them here. 
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Chapter 3 


FLUORESCENCE 
AND PHOSPHORESCENCE 

3.1. The properties of phosphors 

Many solids and liquids exhibit the property of absorbing 
energy from an exciting source, e.g. light. X-rays, a-particles, 
or electrons, and re-einitting some of the absorbed (*nergy at a 
frequency characteristic of the material. The re-emission which 



Fig. 3.1. The phcnoinciion of cathodolumiiicscciice. 


occurs during the period of excitation is ealJed fluorescenoo, 
while that pait of the emission which persists after the initial 
source has been extinguished is called phosphorescence, the 
phenomenon as a whole being called luminescence. These terms 
are illustrated in fig. 3.1. In this chapter we shall be mainly 
concerned with the phenomena of cathodolumineseence, i.e. 
excitation by electrons, although the response of phosphors to 
other types of stimulation is clearly of great importance in 
gaining a knowledge of the basic laws involved. 

It is found that a few solids exhibit a fairly strong lumines- 
cence in their natural state, e.g. willemite or zinc orthosilicate 
(Zn 2 Si 04 ). It is usual to find that purification of such sub- 
stances decreases the intensity of the luminescence. The most 
active phosphors are, however, substances which have been 
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synthesized with the greatest possible degree of purity and 
then mixed with a small percentage of controlled impurity 
known as the ‘activator’. Activators are usually multivalent 
metals such as copper, silver and manganese. Other metals, 
such as iron, cobalt, nickel and lead, act as inhibitors or poisons 
on the luminescence of the phosphor. Typical phosphors are 
artificial willeraite, activated with about 1 per cent manganese, 
and zinc sulphide, activated with a much smaller percentage. 


I 



Fii» 3.2. Efieot of iiuTcasiiig inipiinly concentration. 


0- 1-0*01 per cent, of silver or copper. The addition of more 
than one activator iisudliy decrcaises the intensity but may 
shift the emission spectium to a more desirable position. Fig. 
3.2 illustrates the manner in which the addition of manganese 
alters the behaviour of pure willeniite, increasing the intensity 
by about 10 times and shifting the spectral maximum from 
about 4100 to about r)200A. The fact that varying the })er- 
centage of manganese does nf)t alter the position of the spectral 
maximum is important since it suggests that the maximum is 
characteristic of the activator, and the fact that it has shifted 
to a longer wave-length suggests that additional energy levels 
have been introduced into a forbidden zone. Other phosphors 
behave in a similar manner. 


84 



THE PROPERTIES OF PHOSPHORS 

The behaviour of the phosphor under electron bombardment 
is clearly of the first importance in our study. The surface 
brightness is usually proportional to the current density for 
small densities, but saturation soon sets in. The brightness is 
proportional to a power of the voltage between I and 2 over 
the range of anode voltages between which the screen potential 
is the same as the final anode potential (sec the discussion 
under secondary emission). Tf the power input to the screen 
is great enough to increase the temperature above a level 
dependent on the phosphor in use, the screen undergoes 
chemical change or burning and the properties alter drastically 
for the worse. 

The influence of temperature of the phosphor on the lumin- 
escence is considerable. If the temperature is increas^*d above 
about r>()()° K. the intensity of fluorescence decreases, but the 
effect on the phosphorescence is much more pronounced, the 
intensity and the duration both diminish. If a phosphor is 
excited, cooled to liquid-air temperature, and then warmed 
again, the phosphorescence becomes fainter and disappears 
only to reappear again as the temperature once more rises. 
Phosphorescence may be frozen into a material for a very 
considerable time by this means. 

One of the most important means of studying the physics of 
phosphors is by the observation of the rate of decay of phosphor- 
escence, which yields information on the lifetime of excited 
states and on the types of interaction taking place. Two types 
of decay cuI^e are observed sometimes in superposition. The 
first type exhibit’s exponential decay. Let I = intensity, 

I{t) = /oe-^^. (1) 

However, the second takes longer to decay and obeys the law 


m = 


h 




( 2 ) 


where a, j3 and n are constants, n = 2. Tn phosphors of this 
class jS is often an exponential function of temperature, while 
in phosphors of the first class a is similarly temperature- 
dependent. Willemite obeys eqn. (1), while alkaline earth 
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sulphides obey eqn. (2). Laws (1) and (2) suggest analogies 
with monomolecular and bimolecular reactions respectively. 

These brief remarks can do no more than indicate the more 
important phenomena of luminescence. General reviews are 
given in Luminescence (Faraday Society, 1938); Riehl, Physik 
vnd Anwendung der Lumineszenz (J. Springer, 1941); Garlick, 
Luminescent Materials (Oxford, 1949); Pringsheim, Lumin- 
escence of Liquids and Solids (Interscience, 1946); while work 
done during the war is dealt with in Seller et aL, Cathode-ray 
Tube Displays (MeGraw Hill, 1948), the symposium. Solid 
Luminescent Materials, edited by Fonda and Seitz (John Wiley, 
1948), and Kroger, Lu^ninescence of Solids (Elsevier, 1948). 

3.2, The theory of luminescence 

The theory of luminescence is not yet completely under- 
stood, and its develo])ment is still tar troin the stage of quanti- 
tative a])plicalion to real substances; but, by the aid of the 
band structure wbi(*h \^e have already discussed in earlier 
chapters, we can obtain a ceitain insight into the more impor- 
tant processes. 

The substances used as phosphors arc transparent crystals 
which are either insulators or extremely low conductivity semi- 
conductors. The explanation of fluorescence in such a crystal 
is fairly simple, the ])rimary electrons enter the crystals and 
excite electrons from the filled band into the empty conduction 
band. Some of these electrons escape as secondaries, but the 
others refill the holes in the filled band and give out a quantum 
of energy hv, where v is the emitted frequency, in so doing. 
By studying the light absorption of phosphors it is found that 
an absorption band exists and is centred at a higher frequency 
than the maximum of the luminescence/frequency curve. 
This means that the excited electrons lose some energy to the 
lattice while in the conduction band, as the most probable gain 
in energy on excitation is greater than the most probable loss 
in energy on ic-emission. This process has a low quantum 
efficiency, and the actual process in good artificial phosphors 
must be a great deal more efficient and must show the possi- 
bility of much longer delay times. 
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Consider the system of fig. 3.3; near the filled band there are 
impunty centres with filled electron levels, while near the 
empty band there are so-called traps with vacant electron 
levels. Electrons from the filled band or, more rarely, from the 
impurity centres are excited to the conduction band Once in 
the conduction band they can either be emitted as secondaiies, 
return to the filled band with emission of light or fill one of the 
electron traps. The electron trap is similar to a metaslable 
state in the (*a&e of a gas ion, in that a transition from the trap 



Full band 

Fig. 3 8. \ possible energy sc heme for luminescence. 

level to the ground state is relatnely improbable, while a 
transition to an acti\dtion centre is much moie probable. The 
vacant position in the filled band may be filled by an electron 
from the lo\^er impurity centres in Tihich case the hole becomes 
trapped at an impuiitj centre. We then have the situation 
that an electron is trapped at a higher level impunt}^ and a 
hole at a lower one. The tiansition between the le\c]s involved 
is energetically more probable than that between the higher 
centre and the filled band, but the two traps must come near 
to one another for the transition to take place. The mobility 
of the traps is due essentially to rearrangements of the mole- 
cules forming the lattice and is therefore a slow, diffusion type 
process with marked temperature-dependence, and so it is pos- 
sible to account for long delays between the absorption of 
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excitation and phosphorescent emission. The presence of two 
types of impurity centre may be explained by the added acti- 
vator on the one hand and by a stoichiometric excess of one 
constituent of the phosphor on the other. Other surface faults, 
etc., may also be capable of trapping electrons. The general 
picture of the phosphorescence process given above is due to 
Johnson, f but much work on these lines was performed by 
Randall { and his colleagues at Biimingham. 

We can now apply these ideas to the calculation of decay 
curves. 

Case 1. Simple luminescence, no re-trapping by empty traps. 
The number of electrons recombining at any time from the 
conduction band is directly proportional to the number in the 
conduction band, i.e. fi^ 


therefore v = ^(0 =- A'aw^e (3) 

Ca^e 2. Re-trapping after release from a trap. At any instant 
there are N traps of depth J?, and n of them contaTn electrons. 
The number of empty luminescence centres will be ?? and the 
number of empty traps N — n, \ssuming equal capture cross- 
sections for empty electron traps and luminescence centres, the 
probability of an electron emerging from a trap and going to a 

71 N — 7 ? 

luminescence centre is N m = . The rate of escape 

n 

from the traps, due to thermal agitation, is ns Therefore 


Tl,\ 

Tr-.v*'- 


h Ik T 


Solving the second equation for ??, we obtain, putting n = 
at t = 0, 

( 4 ) 


F!kT 

I(t) = ^ 

N[]^{nJN)i6e 


If all the traps are filled at f ~ 0, i.e. N — n^, 


/(0 = 




(•’ 5 ) 


t Johnson, J. Opt. Sw. Amer. 29 (103U), 387. 

{ Randall and Wilkins, Proe. Hoy. Soc. A, 184 (134.>), 860; 184 (1945), 
406 ; 188 (1047), 485. 
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and for very large delays 




N^E/kT 


( 6 ) 


Case 3. Biraolecular reactions. In this case the intensity is 
proportional to the product of the number of electrons in the 
conduction band and the number of vacant impurity centres 
to which they can return. These numbers are equal, so 


(in 

(ft 


— bn^. 


therefore 


or 


n = 


1 ^btn^ 


f{t) = 


const. 

{l+btn,r 


( 7 ) 


(’omparison of eqii. (7) \^ilh eqns. (o) and (6) sho^vs that the 
shape of delay curves alone does not gi\e unambiguous answers 
to the question; What type of reaction is inv^olved t It is 
interesting to note that expressions (5) and (7) show that the 
time lor the phosphorescence to decay to half its initial intensity 
is inversely proportional to the root of the initial intensity, 
i.e. high intensities mean fast decay. l)e Grootf has shown 
that copper activ^ated zinc sulphide exhibits this behaviour. 
In general, though, real phosphors depart rather markedly from 
the theoretical laws. 

To conclude this section we shall discuss the possible reasons 
why some materials luminesce and others do not; for, from 
what has been said uj) to now, theie is no reason why all 
insulators and semi-conductors should not exhibit the phen- 
omenon. Reitz |; gives the following explanation. If w^e plot the 
energy of an impurity centre (a) in the normal state, (6) in an 
excited state, against any configurational coordinate such as 
the displacement of the centre from its mean position, we 
obtain a diagram such as fig. 3.4r/ or 3.46. Consider the first 
case. The centre wdll normally be at the equilibrium position 
A, and according to the Franck-Condon principle the nucleus 


+ 1)0 Groot, Phystca, 6 (1939), 275. 

I Seitz, Trans. Faraday Soc. 35 (1989), 71.. 
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remains at rest in an optical transition so that the energy hv^ 
is required to excite an electron. The equilibrium position for 
the electron in the excited state is at C, so the electron moves 




(h) 

Fig. 3 4 Illustrating the Frank-C^ondon principle. 


to C losing AJSJi as heat. From C the electron returns to the 
unexcited state with radiation of energy and finally 

the equilibrium position A is regained with further heat pro- 
duction. Thus far we have described the simplest case of 
fluorescence. If, however, the situation is not that sketched in 
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fig. 3.4a but that of fig. 3.46, where the energy levels ‘cross’, 
actual crossing is forbidden unless the states are noncombining, 
so the energy curves are those of fig. 3.46. The absorption is 
as before, but when the thermal motion has brought the system 
to C the transition to D can take place with the radiation of a 
very small energy, i.e. fluorescence in the far infra-red. Having 
arrived at D the system can either return to equilibrium at A 
or to quasi-equilibrium at E. In the latter case some heat 
energy can be absorbed to bring the system from E to 7) and 
thence to A, Seitz claims that the case of fig. 3.46 is typical 
for non-fluorescent materials. Peierlst and Frenkel, J however, 
have pointed out that the transition C-I) in fig. 3.4a is 
possible without radiation if the energy can be taken up by 
setting neighbouring atoms in vibration. The probability of 
this process has not been calculated, but Peierls shows that it 
increases with increasing temperature, in agreement with the 
observation that fluorescence decreases with rising temperature 
and with the fact that many substances normally inactive 
fluoresce at very low temperatures. 

Tt will be seen from this brief survey that the theory of 
luminescence is not very far advanced. It is, however, possible 
to hope for more rapid progress in the future, for, in spite of 
the complexities of the subject, there are so many experi- 
mental methods by whii'h information can be obtained, in 
contrast to the position in research on oxide cathodes where 
there are very few. For more detailed accounts of the theory, 
the reader is referrcil to Mott and Gurney, Ionic Crystals, and 
Kroger, Luminescence of Solids. 

3.3. Some typical phosphors 

Here we shall give a brief qualitative account of a few typical 
phosphors. Quantitative results would be of little value as 
phosphors differ very much according to their origin and precise 
physical state. We have already given some figures on willemite. 
When activated with about 1 per cent manganese the spectral 
maximum is at 5230A. and the light output about 3 c.p./W. 

t Peierls, Ann. des Phys. 13 (1932), 905. 

J Frenkel, Phys. Rev. 37 (1931), 17 and 1270; Phys. Z. SwisjeU 9 (1936), 158. 
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Willemite is fairly stable, will stand baking up to the softening 
point of hard glass, and, because the percentage of activator 
is rather high, is easy to prepare. The usual green screen 
measurement cathode-ray tubes are provided with willemite 
screens. The sticking potential is about 6-5 kV. 

Zinc sulphide and cadmium sulphide are also extremely 
widely used. They arc similar in their characteristics. The 
spectral maximum of zinc sulphide -silver is about 4400A., 
cadmium sulphide about 6300 A. These materials form solid 



Fipf. 3.5. Spectral distribution for a mixed phosphor, giving a ‘white’ 

light. 

solutions in almost any proportions, so that a phosphor ior 
any wave-lenglh between these valutas can be obtained. The 
output is high, about 5 c.p./W. The sulphides are much more 
difficult to prepare and handle than willemite, but the manu- 
facturing difficulties have been overcome. The sticking poten- 
tials are higher than that of willemite, about 10 kV. The 
‘white’ television screens are obtained by a mixture of zinc 
sulphide and cadmium sulphide, the spectral response being 
roughly as shown in fig. 3.5. 

Many other phosphors are described in the works of Fonda 
and Seitz and Kroger already cited. 

The preparation of phosphors is largely a matter of extremely 
painstaking chemical preparation, so as to reach the necessary 
high degree of purity, and will not be described here. Some 
particulars are given in Fonda and Seitz and by Zworykin and 
Morton in Television (John Wiley, 1940). 
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THE MATHEMATICAL THEORY OF 
ELECTRONICS 




Chapter 4 


ELECTROSTATIC FIELDS 

In the study of electron flow inside vacuum tubes we are very 
frequently presented with the problem of determining the path 
of an electron inside a system of charged conductors, or with 
the inverse problem of determining the shape of the conductors 
to produce a desired electron path. The fiist problem has 
received a great deal of attention both in the development 
of the general mathematical theory of potentials and in 
the theoretical side of electrostatics, so beloved of English 
theoreticians of a few decades ago. Unfortunately, this work 
is of very little value to us in our specialized application, because 
the cases which permit analytical solution arc limited to a few 
special coordinate systems. We shall, however, note that it is 
sometimes useful to synthesize results, i.e. if electron paths 
calculated in some soluble case have valuable properties, it is 
usually easy enough to find a set of electrodes of manufacturable 
form which will yield substantially the desired field. In this 
chapter we shall study the methods which are used to evaluate 
the potential inside piactical electrode systems. 

4.1. Some theorems on potential 

We quote without proof some useful theorems on the electric 
potential.f 

Theorem I. The potential, at any point in free space, satis- 
fies the Laplace equation y — o, Xhe potential and its deriva- 
tives exist and are continuous at all points. 

Theorem II. The integral of the normal derivative of a 
harmonic, continuously differentiable function vanishes when 
taken over the boundary of a closed region in space. 

t Extended treatments ran be found in any text-book of potential 
theory, e.g. Kellogg, Fovndatiom of Potential Theory ( J Springer), or Ramsay, 
Newtonian Potential (Cambridge University Press). 
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Theorem III. If a harmonic and continuous function 
vanishes at all points of the boundary of a closed region, it 
also vanishes at all points inside the region. 

Theorem IV. A harmonic, continuous function is uniquely 
determined at all points of a region by its value on the boundary 
of the region. 

Theorem V. If a function is single- valued, continuous and 
harmonic in a closed region, and if its normal derivative 
vanishes at every point of the boundary of the region, it has 
a constant value in the region. Furthermore, any such func- 
tion is determined to an additive constant, by the values of 
the normal derivative on the boundary. 

Theorem VI. If the well-behaved function F satisfies 
?Vldn+ V = const, on the boundary of a closed region and is 
never negative, F is the only solution satisfying such con- 
ditions. 

These theorems may appear somewhat dull and obvious. 
They are quoted here mainly as a salutary reminder that, 
when designing electrode configurations to give desired elec- 
tron paths, one must not attempt to impose more than a 

sufficient number of conditions. 

* 

4.2. Analytical solutions of Laplace’s equation 

We now briefly discuss some analytical solutions of the 
Laplace equation. The reader can easily verify for himself 
that the potential between two parallel planes at potentials 
V^,V„ distant d apart, is 


Tr T/ V2-V1 

V = V,+ ^j^z, 

(1) 

= -gradF = 

(2) 

For concentric cylinders the expressions are 


7 — 7 4. F — F 

( 3 ) 

> 

II 

1 

^4 1 1 

M ' 

( 4 ) 
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ANALYTICAL SOLUTIONS OF LAPLACE’S EQUATION 

In symmetrical cylindrical coordinates the Laplace equation 
Ixwmca J 


If we solve this by separation, putting 
V(r,z) = Ji(r)Z(z), 

we get tlie following two expressions: 


I 8 I 8R\ _ 
rJ{8r\ di ) 


- P, = separation constant . 


These equations have the w ell-knot^ n general solutions 
Z(z) — r/' exp (kz) -i- // exp { — kz) — a cosh kz -f- h sinh kz, 
Bir) ^ cJ^(kr) + dYo(kr). 

The solution to (5) is then 

V(r.2)^:£.c,R(r)Z(z); 

k 

or, writing the sum as an integral, 


l'(r, 2 ) = Jcfc R(r)Z{z) dk. (6) 

If r(r, ;:) is known along a line of constant r, or for exam])le, 
if is known, the coefficients may be determined by the 

usual methods of F'ourier expansions, or by ex])ansions in otlier 
orthogonal functions. 'Fliis method is restricted by the fact 
that the required integrations are not always known, and by 
the fiict that the resulting series often converge too slowly to 
be of much use. Moreover, there is often a difficulty in finding 
acceptable boundary conditions. An example of this type of 
difficulty arises in the case of coaxial cylinders of equal diameter 
shown in fig. 4.1. If the gap is infinitely small and tlie walls 
thin, it is a soluble ])roblem, but for finite gaps and thick w^alls 
the problem becomes very complex. 
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As an example of the method, consider lig. 4.2. A cylindrical 
box radius r = a, depth Z, is closed at one end by a plate insu- 
lated by a very narrow air gap and held at potential 1^, the 
rest of the box being earthed. Since tlie origin is included in 
the region of integration the functions which -^oo as arg 
cannot form part of the solution. Further, cosh kz — I at z = 0, 
and we require that F = 0 at this point, so only the sinh need 


Hf h-i 


y/ y y/ y y y y' y 

1 

1 

1 

1 

1 

IZ ZV ////// 7 'T' 
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1 

1 

1 

1 

1 


’ / •/ /// /. ZZ/T./^ Z2 

\ii / y y./i / z' zz/ 


4.1. ( oiiMul i*>liiulcrs. 


be considered. The solution is then 

r(r.t)- ^"^^sinh(A’2).^(Av)r/^. (7) 

Jo 

The remaining conditions, that - 0 and V(iJ) == are 

satislied i)y putting A* =■ where are the zeros of tlu* 
Bessellimction and by expanding the function V — O' r<((: 
V -= 0, r>a; in a series of Bessel functions. 

The general coefficiiait of a Bess(‘l expansion is 




For our case f(r) = V„, 0 </•<«; therefon* 


(S) 




PjliVnY 


(9) 
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Thus 
therefore 
and V 


A = - 




This expression can be used to obtcain the potential anywhere 
in the box. It exhibits one important feature of all potential 
distributions, which is that the potential only depends on the 
relative dimensions of the box and not on the absolute dimen- 
sions, i.e. on rja and zfa not on r and This means that if Tq 
is made, for example, JOO V. and the potential determined as 
a percentage of l'^, the same diagram can be made to ser\e for 
all values of IJ, and any choice of a. In other words, if we scale 
all the linear dimensions by the same factor, the potential 
remains unaltered. The field strength does not possess this 
quality, as is e<isily demonstrated by partial differentiation 
of (1<0. 

Bert I amt has given a method based on the use of Green’s 
function which gives results on some useful cylindrical 
geoiiKdiies. For the case of fig. 4.2 and with 1/u large (in 



practice l/cr greater than 15 is large) the a.xial potential is 
given by 


r(2,0) ^ fotanb 




t Bertram, Vroc. InU. Radio Engrs., N.Y. 28 (19M)), 418; J. Appl, Phjfi. 
13 (1942;, 190. 
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The utility of tlie above method can be extended by the use 
of numerical integration. Zworykin ef a1, give many examj)les 
in their EUctron Optics and the Electron Microsco 2 )e. 

4.3. Approximation methods for the solution of poten- 
tial problems 

There are many well-established ])roc('dures for the solution 
of potential problems based on the repla(*ement of the differ- 
ential equation by finite-diffen^nee ecpiations. In all these 



methods the (h)inain in question eo\('red bv a net of points, 
the mesli shape depending on the shape of the domain. Tlie 
tinite-differenee eqni\alent of Laplace’s equation is written in 
the appropriate coordinates and for the appropriate mesh 
dimension. A trial solution is then assumed. Tlu^ assumed 
values ar(‘ tlien eorre(*ted by systematic a])plication of thc' 
finite-difference formulieand anew solut ion obt. lined. The process 
is carried on until a reasonable approximation has been obtained. 

The version which has been most highly dev (‘loped and schui 
the widest use in recent years is the relaxation nndhod of 
Southwell|. In view of the full desci-iption givtm in the refer- 
ence a very brief a(*count will suffice us. 

(^onsider a rectangular domain, ffg. 4.,*!, cover'd by a mesh 

t Soiitliwt‘11, Uelad'dtion Methods in Theoietival Phifsics, Oviord Tniv^rsity 
Press, 194(>. 
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METHODS FOK SOLUTION OF POTENTIAL PROBLEMS 

of sides a and 6. For lliese coordinates Laplace’s equation is 


£)2p 

^ dy^ 


(H) 


Select a nicsli poini for which the potential is F = say. 
'Jlien expand in a Ta^dor series 


Tlien for tlie numbered ])oints 

Vi --- lo-d'i' ) 2) ’ '2 - lo ^ ^ ^ H'' 2 ) • 

\<yK vy^’o 

Then if (11) is to be obeyed 

ri+r2<-^2awr,)--ro(i-(";)-o. (u) 

For the trial solution this Mill not be true. Suppose that 

r, r,)-:jro(i+"^) = s. {i4) 


The SoutliMell nu'th(>d is to choose tlie ])oint with the greatest 

g 

S and there replace L b\ „ ,ov ^'i^d repeat tlie ealcuta- 

u , u 2(l+a^io^) 

tioTi. The greatest b is then eliminated, and the process can be 
repeated until all the S’s are as small as required. Ft will be 
seen tliat th(* process is simple but laborious, unless the initial 
solution is very luckily chosen. 

The usefulness of this technique can be much extended by 
transforming the initial boundaries to a new coordinate system 
in which they ha\e a simjiler geometrical form, by a conformal 
transformation. We take up the diseussion of conformal trans- 
formations in the next section. 
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Many examples of relaxation solutions have now been 
published, those of Motz| apply particularly to problems on 
the electrostatic potential. In my opinion the relaxation 
method is not nearly so useful in the solution of the Laplace 
equation as it is in the solution of other equations in mathe- 
matical physics, such as the wave equation and fourth-order 
equations in the theory of vibrations, because the electrolytic 
trough provides a quicker and more flexible method of obtain- 
ing the same results, particularly if the effect of small varia- 
tions in the various dimensions is to be determined, in addition 
to a straightforward plot. 

4.4. Conformal transformations 

Conformal transformations i)rovicle a }>()v^erfiil weajmn for 
the analytical solution of two-dimensional potential problems 
in their own right , as well as piw iding an aid to the ap])lication 
of relaxation methods. They are thoroughly dealt wilh in 
books on the eoni])lex \ariable, so we can be brief. 

If we subject some function of a complex variable (w-f iv) 
to a transformation to another complex })lane with the require- 
ments that two corresponding curves in each of the tw^o ])lanes 
intersect at the same angle and the rotation from one curve to 
the other is in the same sense, the transformation is said to be 
conformal. It is shown, in books on the complex v ariable, J that 
a solution of Laplace’s e(juation in one ])lane is a solution in 
any plane derived from the first by a conformal transformation. 
The technical irnportatice of these transformations deriv cs, then, 
from the possibility of transforming a given domain, in which 
the solution of Laplace’s ecpiation is unknown, into some simple 
domain in whicli the desired solution is known. It is easily 
shown that if a function is transformed by the relation w = f(z) 
from the v' to the z plane, the linear magnification is \f'(z) |. 

We now consider a few examples of conformal transforma- 
tions. 

t Motz and Klarifer, Pntc. Phys, Sor. 58 (1910), 30. Motz, .7. InstJt. Elect, 
Engrs. 95 (1948), 295, pt. iii, no. 30. 

t Copson, Functions of a Vomphsp Variable, Oxford University Press, 
1935. Pliillips, Functions of a Coniplcjr Variable, Oliver and Hoyd, 1940. 
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CONFOBMAL TBAN SFOBM ATIONS 

1. W = 2^, 

w — iv — (^ + iyY = — 2ixy, 

n = (x^-y^), (15 a) 

V = 2xy. 

If we pul w = we see that eqn. (15 a) defines a rectangular 
hyperbola while 6^ = 2xy is another hy])erbola orthogonal to 
the first. If we put -= aj. v/g = hyperbolas are mapped 

as straight lines parallel to the v axis on the ?/* plane. Together 
with the rules for linear magnification this yields all the informa- 
tion necessary for the solutions of potential problems involving 
hyperbolsD. 

IT. A more important case is = alogc f ft. 

If we put 2 = ;•e'^^ 

ir - n IV ~ a log r -f 6 4 i(i6. 

This transformation plots coaxial circles in the 2 plane as 
parallel lines in the iv [ilane. 

\A'e shall meet some other e\am])les in our consideration of 
fields in Iriodes. 

An important special transformation is the Schwartz- 
diristoiTel transformation which can be used to map a closed 
polygon in the z plane on tlie real axis and upper half-])lane of 
the w plane. If the polygon has 1 ? vertices and ... are tlie 

interior angles so that (y - t y4 ... - (// — 2)7r, the vertices will 
be mappcfl as n jioints on the real axis of th(‘ ?r plane a, ft, r, etc. , 
a<b<c, by the t ransformation 

— — ^etc. (16) 

where K = a constant, real or complex. 

The Schwartz-C^iristoffel t ransformation has been of con- 
siderable utility in the reduction of complicated boundaries to 
simple forms suitable for relaxation procedure. The works of 
Southwell and his collaborators show several examples of its use. 

4.5. The rubber sheet 

We next consider two important experimental methods for 
the determination of potential fields. Tlie first, the rubber 
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sheet, is, in principle, capable of being used to determine the 
equipotentials in any two-dimensional plane system. In fact, 
however, it is much more convenient to determine the electron 
paths direct. In the second method, that of the electrolytic 
trough, both plane and cylindrical systems can be handled 
and the equipotential plot is determined, the electron paths 
being computed from the plot by means which we shall discuss 
in the next chapter. 



Fig. I 1. Tension iii a membrane. 


Heturning to the tubber sheet method, we assume that a 
scale model of the electrode system has been built in which 
the height of eacli electrode abo^e an arbitrary base-line repre- 
sents the ])otcntial of that electrcide. A tliin rubber sheet is 
carefully stretched between supports, taking care that the 
tension in a- and // directions is as nearly ecpial as jiossible, and 
is then placed over the model so that it is brought into contact 
with all the electrodes along their upper edges. This means 
that the vertical scale (potential) must not be too great or it 
will not be possible to make the rubber touch all the boundaries 
without undue local stretching. If we consider the small area 
S in fig. 4.4, assuming a uniform tension T in the sheet, the 

(ix 

element of forec in the z direction is T , AaS and the total force 

(in 

on S is * 
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The membrane is in equilibrium under the action of the tension, 
so this force must equal zero. Applying (Jreen’s first identity 
y^v can reduce the line integral to a surface integral thus: 



^^zdS = TThS, 


if S is an infinitesimal unit of area. The equilibrium condition 

thus becomes = o ] 

’ (17) 

or v-c = 0,j 


i.e. the vertical displacement of the membrane satisfies Laplace’s 
equation, and th(‘refoie yields a scale model of the potential 
distribution between the assigned boundaries. It would be 
possible to determine the potential by determining contours on 
the model, but I here is no \ery simple way of doing this. The 
usual procedure is to roll small steel ball-bearings from the 
cathode to tlie anode. Their ])atl)s can be determined cither 
by in.'pection or by a succession of photogra])hs taken under 
conditions of intermittent illumination so that the electron 
])ath ajipears as a roM of dots or lines. 

The rubber model is a very quick and coinenient tool for the 
approximate determination of electron paths. It is very useful 
for the first experiments on an f^lectrieal optical system, but if 
(plant itative results are recpiired it is ne(‘essary to use photo- 
graphic recording as <1escribed abo\e, wdiieh is time-consuming 
and ex])ensive. The great defects of the method are that it is 
quite impossible to allow for space charge, that it is not possible 
to handle cylindrical ]iroblera'', and that tlu' ecpiipotentials are 
not recorded so that every problem has to be started from 
scratch. 


4.6, The electrolytic trough 

In this techniipie a scale model of the electrodes is immersed 
in a trough full of weak electrirl^le. Alternating potentials are 
applied to the electrodes, in proportion to those required in 
the electron optical system under test, and the potential of any 
point inside the electrode system is determined by measuring 
the potential at the corresponding point in the electrolyte by 
means of an a.c. bridge. 
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The current flowing in the electrol 3 rte all comes from the 
conductors, i.e. there are no sources or sinks of electricity in 
the interior of the electrode system and the equation of con- 
tinuity V/ = 0 is therefore satisfied. If the conductivity is a we 
further have / ^ 

therefore Vcr^ = 0; 


but 

therefore 

or 


E = — giad r, 
-^Vgrad 1 ~ 0, 
V2 V = 0. 



Fig. 4 5. C IK ml ff»r eltrlroU ti( Iroiigh. 


We see that tlie potentjal distribution does in fact satisfy 
Laplace’s equation. 

The connexions to a simple trough are shown in fig. 4.5. 
The trough itself consists of a shallow watertight vessel as 
large as possible and at least 2 ft. by 3 ft. by G in. deep. A scale 
model of the electrodes is built on the bottom and the liquid 
level adjusted until it reaches to within about 1 in. of the top 
of the electrodes. The electrodes arc set up on their required 
potentials by the tapped potentiometer while Py is another 
potentiometer divided into the desired steps, often one hundred 
equal divisions so that each step equals 1 per cent potential 
change. Alternating current is applied to the trough, and it 
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should be of sufficiently high frequency to avoid any trace of 
polarization effects. We have generally used 400-500 supplies 
from a valve oseillator. The movable probe, made from a 
platinum wire sealed into a glass tube so that 2-3 mm. projects 
from the glass, is carried on a pantograph system, which in our 
experience is much the best mounting for it. The other end of 
the pantograph carries a pencil or other marker which makes 
a dot on the paper when the bridge has been balanced. The 
detector system is connected between probe and so that by 
keeping the bridge balanced all the points at the potential 
corresponding to the setting of I\ can be determined, and thus 
an equipolenlial line can be drawn by connecting the points. 

There are several practical ])oints which are important if 
good «ind consistent results are to be obtained. The electrodes 
should not contain soluble impurities. Copper, carefully cleaned 
by means of chemicals, satisfies the requirements well. The 
liquid surface should be clean and free from dust or oil. There 
is a wide choice of suitable liquhls; in some districts tap water 
is quite suitable, but heavily chlorinated water has too high a 
conductivity unless a liigh-f>ower a.e. source is available. (\mi- 
mercial distilled water is often quite suitable. Weak copper 
sulphate is sometimes used, or ver\ weak sulphuric acid. The 
probe should be inserted suffieientlj^ far below the surface to 
overcome surface effects. As regards the electrical system, W'e 
have found that the best ])resentati()n is on the screen of an 
oscilloscope, as it is easj^ to see the balance condition even in 
the presence of residual signajs from other apparatus. In order 
not to ovei complicate the diagram we have i»ot shown the 
Wagner earth w'hich we always use. This is a third potentio- 
meter, continuously variable, and wdth the tap earthed. The 
amplifier is arranged so that it can be switched from the probe 
to the tap on is set to the required potential, say n per 

cent, and Pj adjusted for balauee. This means that the n per 
cent equipotential is held at earth potential. Tlie amplifier is 
then switched back to the probe and the r? per cent equipotential 
plotted out in the trough. By this means a much more accurate 
balance is obtained, as well as greater freedom from pick-up 
troubles. 
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If the trough described above is used for work on cylindrical 
models, a great deal of time is expended on model-making, as 
one has to make a hall-section model complete. This labour 
can be eliminated by a scheme due to Bowman-Manifold and 
Nichollsf shown in fig. 4.6, where an end-view of a system of 
concentric cylinders is sliown. Tn the classical trough the semi- 
cylinders ABC and A'B'C' would have to be made. By cutting 



l.G, Inclined plane t>pe of troup;Ii. 


the system along the axis ^ith a dielectric slieet Ol) I lie model 
is reduced to the slightly curved sheds CE and C'E\ A glass 
plate tilted at an angle of 10 30*^ is placed in the trough. The 
intercej)t of the liquid on the plate forms the avis of the 
cylinder, and the electrodes become simple pieces of sheet bent 
to the required shape. It is convenient to rule the glass in 
squares to facilitate setting up and to grind it lightly so that 
the watcr-air-glass interface is clearly defined. The gain in 
simiilicity is immense. 

Several methods^ for automatically determining electron 
paths directly from the trough have been described, most of 

t Howinaii-MunifoJd and Nicoll, Nature, Loud. 140 (1038), 30. 

i Gabor, Sature, Lmid. 139 (1037), 373. I.anf»rTinir, Nature, Land. 139 
(1937), 1060. 
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them before our knowledge of servo-mechanisms was as ad- 
vanced as it is to-day. It may be expected that simpler and 
more convenient devices will soon bo available. 

'I’he electrolytic trough is, in my opinion, the best and most 
flexible method of determining equi])otential plots. Once a 
system has b(*en studied, the plots are available and can be 
used in any subs('(pient work. The ('{feet of small variations in 
dimensions is easily studied, since most of the time is taken in 
model nicaking and setting up, the actual plot being a relatively 
quick process. It is not l)eyond the potentialities of e\en a 
small laboratory to build up a large enough store of plots to 
yield at least pr(*liminary information for most new designs. 
A method of taking account of space charge by shaping the 
f)r()lile of the trough bottom has been described by JVlusson- 
(xenont but, judging by the description, it is very tedious in 
application. Step-by-step methodsj for space-charge correction 
can be applied willi somewliat less trouble, but are still labori- 
ous. In many (‘Ject run -optical problems space charge is un- 
important, and in these cases the electrolytic trough is the 
method par 

Wo have now^ described the methods of determining the 
])otentials set u]) by a given electrode system. In the next 
chapter we tin-n to the consideration of electron motion in pre- 
determined potenti»d fields, and the use of fields as optical 
syst enis. 

I" MusM)n Genoa, Omle (lift. 28 (1948), 238. 

t M.ilolf and iq)stein, KIntion in Tihvisiun, VleGraw Hill, 1938. 

( li<irles, Ann. litninuhcL 4 (1919), 13. 

^5 The use of the eli*clrot\ lie lroui»h fur the solution of inngnet le fielil problems 
is (lis(Missed b> IVicrls and Sk> rule, Phil. 40 (1949), 21-9. 
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Chapter 5 

ELECTROSTATIC AND MAGNETIC 
ELECTRON OPTICS OF FIELDS 
WITHOUT SPACE CHARGE 


5.1. The basic laws of electron motion in electro- 
magnetic fields 

In the problems considered in this book we ean always 
consider the electron as an extremely small particle of negati\ e 
cliarge e equal to 1-51) x 10 coulomb and mass m equal to 
9*01 X 10~^^ kg., and in most eases it will suOice to neglect the 
relativistic \ariation of mass with velocity. If we consider for 
a moment that an electron is moving heely in a region where 
there is zero magnetic tield and a constiint electric fii^ld ol E„ V jm, 
we obtain an expression for the \elocity of the electron at any 
point by equating the potential and kineii(‘ ener^es evaluated 
at the point. 11 the electron is d meties from the plane at zero 
potential we have ^ ^ ^ j ^ 

where Ij - v^oltage at f)lane d; ther(*foie 



— 5*95x 10-''d^/ m,/sec. (2) 


If the fieJd has more than one component direction, the total 
velocity at the point is given by eqn. (2), and the equation of 

fgiadF 
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For potentials higher than about 10 kV. the relativistic varia- 
tion of mass with v(‘locity must be considered. The effective 

7)1 

mass ??? = , , when* jS = ujc, the ratio of the electron’s 

y(l — p ) 

velocity at the point is given by e({n. (2) and tlie equation of 
electron is then 


The velocity calculated from this ex:])ression agrees uith eqn. 
(2) to within 1 ])er cent lor voltages less than 7 kV. 

The equati<in of motion, in the more general cas(* in wliieh 
tliere is a iriagnelie field acting as well as an eleetiic one, is 
given by the Lorentz ecpiation 


F--/(E-^uxB). (4) 

In the m.k.s. units we aie using Ji ^ vacuum. 

For elect ions moving in rectangular coordin<ites the equations 
then become ( ( T 


?fi ^cy •' r-v . I 

" ~ AA/ic" ^ ^u'^' ~ 


(5) 


As an exami)le consider the system of fig. o.l. The eciuatiuns 
(5) be<*ome .. 


y 


e 

in 




save writing w^e put a = eY\md and ojq =- eBJm. The justifi- 
cation for using the symbol for angular frequency for this last 
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quantity will soon be obvious. It is usually called the Larraor 
frequency. The above equations integrate directly to give 

X = const., 

y ^ + const., 

z = + const. 

If the particle has zero initial velocity all the constants are 



Uniform field 

o o o o o 
o o o o o 


p d >■ 

0 u 

Fi^. 5.1. iron in a iiui^netic firld. Notation. 


zero, and inserling these expres.sions in the original ecpiation 
y\v have , « , 

'/ + w§(/ - a Co/, 


z-^-wT.z = a. 


These are ordinary second-order difl^aential equations with 
constant coefficients, and by standard methods the required 
solution is found to be 


!/ = 


al 


2 ( , 

tog 


, (1 — COSO^y/), 


(6) 


X- 0 . 


These will be recognized as the equations of a cycloid in para- 
metric form with the fretjuency u»„/2ir. The case just dealt with 
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is that of the so-called planar magnetron, and the electron 
paths are shown in fig. 5.2. 

As a third example consider the passage of an electron 
stream between the deflexion plates of fig. 5.3 which are rf 
metres apart. We let the velocity at entrance equal and 
make the usual assumption that the transverse velocity gained 
in the defiexion is negligible by comparison with ?/g. 

The equation of motion is my = cVjd. 

Integrating, we obtain y = eVtjmd and 
^ y =z eVt^j'lmd if the initial velocity is 
zero . The velocity at exit from the deflexion 
\ system is Uy^eVrJmd, where 

Fig. 5,2. The l^ig. 5.3. Notation tor electrostatic deflexion 

path of the electron. calculation. 

= time of exit from deflexion plates. The electron arrives at 
the screen plane at T 1 -I-T 2 see. after entering the system and 
Tg = Lju^, The total deflexion at the screen is then 

(Vt? 

2 7nd md 




eVI 
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The deflexion thus proves to be directly proportional to the 
deflecting voltage and inversely proportional to the accelerating 
voltage, while the tube geometry intervenes through the magni- 
tudes Z, d and L. A similar expression is readily deduced for 
magnetic deflexion. 

In these paragraphs we have discussed simple cases of electron 
motion in planar fields. The subject of electron optics deals 
with electron motions in much more general fields, though in 
practical systems the fields are usually either of rotational 
symmetry or are two dimensional. The rest of the chapter 
deals with electron optics in some detail, but it should be 
emphasized before we start that the theoretical model assumed 
in electron optics differs in one very important respect from 
that encountered in practice This difference is that real electron 
beams are subject not only to forces resulting from external 
fields, which are assumed to be given, but also to forces arising 
from the coulomb interaction of the electrons in the beam, i.e. 
the space-charge forces set up by the beam. In many cases, 
such as high-\o]tage oscillographs, electron microscopes, picture 
converters and electron -diffract ion apparatus, this neglect of 
space charge is legitimate, but in valves, klystrons, travelling 
wave tubes and particlo^ accelerators it is not. Unfortunately, 
the only technique at present available for handling space- 
charge problems is to calculate the beam profile by optical 
methods and then correct the paths with step-by-step com- 
putation, a laborious process. We shall speak of cases, in 
which space charge plays an important role, as heavy current 
optics, but before we come to them we shall consider the light 
current cases in which space charge can be neglected. 

5.2. Introduction to electrostatic electron optics 

Ordinary geometrical optics is developed from the following 
basic laws: 

(1) Rectilinear propagation in regions of uniform refractive 
index. 

(2) Snell’s law of refraction. 

(3) The reflexion law. 
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(4) The independence of the different rays of a beam of 
light. 

We already know that electrons are propagated along 
straight lines in regions of uniform potential, ("an analogies 
for the remaining three phenomena be discovered? Consider 
the system shown in fig. 5.4. An electron of velocity is 



A 

B 

c 


incident at an angle ot on the first of three small-meshed grids 
held at potentials Vi, 13(^2 >li). Tn the space AB the equa- 
tion of motion is 


therefore 





If we take the lime at })lane A as origin, and insert the initial 
velocity cos a at t =- 0 , we obtain 

y = ~ t/iCoscK, (S) 

also z = const. = sin a. 

Integrating once more we get (space origin at j)lane A) 
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^ /y ^y\ 

therefore “ m \~ 2 d / 

where r = transit time from A to B. Now since the velocity 
component in the z direction remains unchanged we have 

sin a = ttgsinjff, 
sin OL 

or -.—5 = — ^ 

smj8 

Now 1/1== 2/{r)^ + (^1 “)^- 

Using eqn. (8) 

Substituting for iiiTCOSa from eqn. ( 9 ) we have 


V Ui L m\tii /J 


But 

therefore 


^ U) "" siiijs’ 


( 10 ) 


In geometrical optics the ratio of the sine of the cangJe of 
incidence to the sine of the angle of refraction is a constant, 
known as the refractive index. By analogy the electron optical 
refractive index is the square root of the voltage ratio. Since 
eqn. (10) is independent of d, it is true for a change of potential 
taking place very suddenly, e.g. across the metal of a grid. If 
we have the situation of fig. 5.5 where the lines represent 
perfect grids or equipotentials, the refractive index going from 


.4 to B is taken as 


J (7 inean potentials of the 

regions are used. The derivation has been given in this rather 
elaborate form to demonstrate that the law of electron refrac- 
tion is exact and not an approximation and docs not depend 
on any special assumptions about the way the potential changes, 
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except that it has been assumed that the voltage ratio has been 
made sufficiently small to ensure that the equipotentials are 
parallel in the region traversed by the beam. In addition, we 
have shown that an optical law can be deduced by purely 
dynamical reasoning, an indication that there may be a very 
general analogy between dynamics and optica. 




Fig. 5.6. An electron mirror. 


In the case discussed above was larger than 1^ and the ray 
was refracted towards the normal. If ll<Viy the refraction is 
away from the normal. If an electron is incident on a region 
wherein the potential decreases steadily until it reaches a value 
less than that of the cathode frgm which the electron emanated, 
the electron is steadily refracted away from the normal, 
through the position in which it is travelling parallel to the 
2 ;-axis and is then turned back in the direction it came from. 
Fig. 5.6 shows this situation, which is clearly analogous to the 
use of a mirror. By application of the dynamical equations 
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used above it is easily shown that the angle of incidence equals 
the angle of reflexion. 

Finally, we note that if we deduce the paths of two electrons 
leaving the same point on the ‘object’ (cathode or crossover or 
whatever it may be), in different directions and determine the 
plane in which the paths cross once more, this will be the 
image plane of the electron optical apparatus. 

The information we have now obtained can be used to solve 
the ordinary problems of image foiraation in electron optics, 
although much more powerful methods exist. To solve an 



Fj£r. 5.7. Elect Kislatu* lens lict^cen coaxial c>lmdcrs. 


eleclnin optical problcn^ we can first make a plot of the electric 
field, dia'wiiig the eqiii])oteTitials sufficiently closely together 
tor them to ho of nearly uniform curvature and then plot 
(‘Icctron })aihs by repeated application of cqn. (10) every time 
an equipotential is crossed. This technique is fundamental in 
applied electron optics, and there are very many ways of 
refining the actual methods of jilotting described in the liteia- 
ture. However, as in geometrical optics, there are certain 
problems which can either be solved more simply by analytical 
methods or be handled only by analysis. In the latter class 
come important questions such as the limit of resolving power 
of microscope objectives, and the generalized theory of aber- 
rations. 

To obtain a qualitative idea of the operation of a simple type 
of electron lens, the field between two coaxial cylinders at 
Vi and V 2 is indicated in fig. 5.7. An electron enters the field 
from the left. On the left-hand side of the mean equipotential 
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the radial component of the electric field is directed towards 
the axis, the electron being therefore defiected in this direction. 
On the right-hand side of the mean equipotcntial, /?, is always 
directed away from the axis and the electron is deflected 
upwards. However, the electron speed is increasing as it moves 
through the lens, and the time spent in the right-hand half of 
the lens is smaller than that in the left-hand half. The net 
deflexion is therefore towards the axis. If the electron is inci- 
dent from the right on the lens it is deflected away from the 
axis at first and then towards the axis. It is, however, being 
slowed down, and the transit time in the converging part of 
the lens is greater than that in the diverging. In botli*casea 
Vi>V 2 , or V 2 >Vi, the lens is therefore convergent. This is an 
example of a general difficulty in obt.iining diverging electron 
lenses. In general they can be obtained only by the use of 
space charge or by the use of high-frequency lenses. If, for 
instance, ]\> Ig at entry to the lens, but by the time of arrival 
at the lens centre the phase has changed and Fi<li then the 
net action will he divergent. High-frequency lens effects are of 
practical importance in high-frequency valves. In the next 
section we proceed to the study of electron lenses in more 
detail. 


5.3. Axially symmetric electrostatic lenses 

We consider an axially symmetric system such as that of 
fig. 5.7. If V{r, z) is the potential at any point, we know that 
V must satisfy Laplace’s equation. In symmetrical cylindrical 
coordinates this reads 


IdV 8^V 
^ r dr ^ 


( 11 ) 


Expand V(r,z) as 

F(r, z) = ro(^) + V 2 {z) + V,(z) + . . . , etc. 

''I 

(The odd terms drop out because of the symmetry.) Tarrying 
out the indicated differentiations and substituting in eqn. (11), 
we determine the by equating coefficients of r^. 

V[r,z) = Fo(z)- 2 TO + 2 , + etc. (12) 
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where Vq{z) means etc. Clearly Vq{z) represents the 

potential along the axis, so we see that if this is measured 
or calculated the potential at every other point in the system 
is known. 

The equation of radial motion, for an electron, is 

. dV 
mr = e- 


For ‘paraxial’ electrons, i.e. electrons so near the axis that 
is negligible compared with 1 , we can approximate by 


d^r _ d ldr\ _dz d /drdz\ ^ J,d^r drdz\ 

dt^ "" dt \rf 7 / dtdz d t) \ dz^ ^dzdz)' 

But 

h f 

therefore r = 2 + “ 

m m ® 


= from (13). 

Therefor 2ll(V 4li% = 

Eqn. (14) is a second-order differential equation with constant 
coefficients. Once the axial potential and its first and second 
derivatives are known through the lens region, eqn. (14) gives 
a point-by-point solution for the path. It is usually called the 
paraxial ray equation. 

An excellent discussion of several methods of using eqn. (14) 
will be found in Maloff and Epstein, f and we shall not deal 
with these matters here, except to note that one of the more 

t Maloff and Epstein, Electron Optics in Television, 
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fruitful approaches is to find approximate analytical expressions 
for the axial potentials in various cases, and to use these 
expressions for analytic solutions of oqn. (14). What is more 
important for demonstrating clearly the optical nature of the 
system is an analysis based on the Sturm-Liouvillet theory of 
differential eijuations. 

An equation + = 0 is said to be self-adjoint when 

g = If it is not self-adjoint it can be made so by the multi- 



TiCt L(r) be the self-adjoiuf form of the equation, and rg be 
two independent solutions of the original equation. Then an 
important property of such a system is that 


f r^Mr2)dz = 0. 

Ja J a 


(15) 


In the case of eqn. (14) the multiplier is 


therefore 


or 


pJ-arv-F.’ 

F'V 


Inserting this expression into (15) we have 


or ^VMb)r'^{b) - r,{b)r',{b)\ - \r^{a)r\{a) - r^(a)r'^{a)] = 0. 

(16) 

We now consider the trajectories of two electrons incident 
on the lens from right and left* respectively, travelling parallel 
to the axis and displaced small distances and dg from it. 
These trajectories cross the axis after refraction, and in optical 
terminology the points where this occurs are called the focal 

I Margenau and Murphy, Mathematics of Physics and Chemistry^ pp. 258 
et seq. 


121 



ELECTROSTATIC AND MAGNETIC FIELDS 

points (fig. 5.8). The angles made with the axis at the focal 
points are otg and cvi- Expressed mathematically 

r^{a) = rfi, r'(a) = 0, r-^(b) = 0, r'^{b) = tan ol^\ 

and /• 2 (fy) = 0, r 2 {a) = tanai, i^{b) = '-d 2 , r!^{b) = 0. 

Inserting these in (16) we get 

tan ^2 = “i- 



Since the focal lengths are defined by the relation 


^2 I ^ 

tan “ lanag^ 

A _ Ik _ 

/i ^ K ’ 


(18) 


Eqns. (17) and (18) are clearly completely analogous to the 
Lagrange law of optics. In fig. 5.S we have inserted the focal 
points l^he principal planes These are obtained 

by projecting the terminal trajectory of each electron back to 
cut the initial, axial part of the trajectory. The mid-plane or 
50 per cent ecpiipotential is also inarhed. In most tabulations 
and calculations of electron lenses the focal lengths are given 
as distances from the mid-plane. They are called mid-plane 
focal distances. If the mid-plane is known and the foui focal 
distances given, the principal planes can be located in space. 
Once this has been done, the image corresponding to any object 
is very easily located, and no further consideration of the 
explicit form of the lens is necessary. The properties of coaxial 
lenses have been rather extensively tabulated; the references 
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below give resnlts for a considerable range of dimensions,'!' the 
results of Klemperer being the most reliable. 

It remains only to deduce an expression for the magnification 


Ai tan 0^2 


(19) 


The cylinder lens used in cathode-ray tube construction has the 
highest potential on the image side, and therefore eqn. (19) 



Fig. 5.9. Lenses ^ith components of unequal diameter. 


shoA\s tliat (he image will be smaller than the object, which is 
the desired result, since the s])ot is required to be as small as 
possible. 

5.4. Types of electrostatic lens 

In the last section we discussed explicit Ij" the lens formed 
by equal conceiitiic cylinders. The results are valid, however, 
for any system with a vial symmetry. Another common type 
of lens is the cylinder lens with different diameters of tube on 
either side of the mid-plane. In this lens the equipotentials on 
the axis of the larger tube are less curved than those in the 
smaller. In fig. 5.9, tlie lens shown in (a) is therefore stronger 
than the equi-cylinder lens of the same voltage ratio: that in 
(b) is, per contra, weaker. 

t Klemperer, Electron Optics, Cambridge ITniversity Press, 1939. 
Spangenberg, Vacuum Tubes, McGraw Hill, 1948, Maloff and Epstein, op. cit. 
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A very simple electron lens is the simple aperture between 
regions of different field strength as indicated in fig. 5.10. It 
has long been known that the focal length of such an aperture 
is given by 

xS/j — xS/2 


where Vi = voltage of apertured plate, = field on object side 
of lens, E 2 = field on image side of lens. It is interesting to note 



Fig. 5.10, The simplest electrostatic lens. 


that the lens is diverging for the case i.e, when the 

electron enters field -free space. 

When cylindrical lenses are considered instead of spherical 
lenses, the factor 4 in eqn. (20) has to be replaced by 2. 

To conclude this discussion of types of lens, we must mention 
the symmetrical unipotential lens ((Jennan 'EinzelUnbe'), which 
is widely used in electron niieioscopy. This lens is shown in 
fig. 5.11. It consists of three more or less elaborately profiled 
apertures, the two outer ones held at the same potential and 
the middle one at some higher or lower potential. In both cases 
the lens is converging, unless the lowest potential is less than 
the cathode potential, in which case the device acts as an 
electron mirror. In the lens, the electron trajectory is of type 
(a) when P 2 < ^^e type (6) when T 2 > Many studies, both 

theoretical and experimental, have been made on this lens, 
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and the reader is referred to the papers indicated for details. f 
Many attempts have been made to treat the cathode-grid 
system of the cathode-ray tube as an analogue of the optical 
immersion lens. In this region the electrons are travelling 
slowly and space-charge forces are therefore more effective than 
at any other part of the beam. Tliis fact renders tlie results 


K 



obtained inaccurate, and while useful indications of behaviour 
can be obtained it seems more useful to treat the electron gun 
from the space-charge viewpoint developed in the next chapter. 
In the cathode-ray tube the function of the cathode-grid-screen 
system is to provide a short focus lens which produces a ^cross- 
over', i.e. a point at which all the electrons cross the axis, very 
near to the screen aperture. The main lens is then used to 
image this cross-over on the fluorescent screen. If space-charge 
forces are taken into account it is found that the electrons do 
not actually cross the axis but come in to a minimum radius 
at which point their motion is purely axial and then diverge 
again. A disk of least confusion is imaged on the screen. 

t Johannson and Sclierzer, Z. P%9. 80 (1933), 183. Plass, J Appl. Phys, 
13 (1942), 49. Regenstreif, Ann, RadMlect, 6 (1951), 51 and 114. 
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Fig. 5.12 illustrates (a) the electron optical, and (6) the real 
paths. 



Fig. 5.12. Electron gun behaviour. 


S.S. Introduction to magnetic electron optics 

The simplest type of magnetic lens is the long solenoid. The 
short solenoid, which is of considerably grccater practical import- 
ance, is much more difficult to treat theoretically, but it is 
interesting to note that the foundation of electron optics was 
the investigation of tlie pioperties of short solenoids by Buschf 
in 1926, although magnetic lenses had been used in experi- 
mental physics since the end of the nineteenth century. The 
long solenoid shown in fig. 5.13 will produce an erect image of 
unit magnification of an object from which the angle of diver- 
gence of elections is small enough to make 1 a good approxima- 
tion to cos a. These statements are verified as follows: 

The initial velocity u is directed at an angle a to the field. 
If there were no component in the axial direction the electron 
would assume a circular orbit of radius 


Msincx 

t Ann. Phys., Lpz. 81 (1926), 974. 
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in time 


'2irr _ 277 

usina ~ {elm)B’ 


( 22 ) 


where B is the magnetic induction. (elw)B is the Larmor fre- 
quency, so the time is proportional to the reciprocal of this 
frequency. If we now consider that the electrons have an 
axial component ttcosa = ?/, the circles are pulled out into a 
helix and the electron passes a second time through the hori- 


mnm^unm 



Fip. 5,13. A long magnetic lens. 


zontal line through its initial position after time t, i.e. after 
a distance ru\ 


27TU 


TU = 


(elm) B 


( 23 ) 


Thus all electrons leaving the initial point inside the cone of 
semi-angle ^ are reunited after this distance, and an erect image 
of the object is formed there. It will be clear that the above 
development assumes a truly axial field of constant magnitude 
over the region occupied by the electrons, and therefore a 
solenoid considerably bigger than the electron beam device. 

Turning now to the consideration of short magnetic solenoids, 
we have first to develop a little general theory of the magnetic 
field. An important point to remember is that a static magnetic 
field does not alter the kinetic energy of an electron but only 
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the direction of motion. The field is usually handled by use of 
the vector potential A defined by 


VxA = B,| 
V.A= O.J 


(24) 


In charge-free space Maxwell’s equations show that curl B = 0, 
therefore VxVxA = VxB = 0. For the case of axial sym- 
metry this last equation yields, on expansion, 


dr\r ) 


= 0 . 


(25) 


In deriving eqn. (25) we have restricted ourselves to the case 
in which the currents producing the magnetic field flow in 
circles in a plane perpendicular to the axis, i.e. Aj. = = 0. 

We now expand Aq as follows: 

Ae=U^) + rUz)...r‘'f„{z). 

Performing the indicated differentiations and substituting in 
eqn. (25) we obtain the following recursion formulS. by equating 
coefficients of each power of r to zero: 

In 

fw +!)(» + 3)‘ 


Now the vector potential has the same direction as the current 
producing it, and as this is in opposite directions on either side 
of the axis and zero on the axis, /q and all the even functions 
vanish. Then 3 -,, 


From the first eqn. of (24) we obtain, for axial symmetry, the 
relation 




= 2/i{2) ' 


and 


5.(0. z) = 2A(z). 
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Using eqn. (27) in (26), 


^ 2^ 2^.4 ^ 2®.4®.G ■' 


(28) 


Now the force on the electron in a combined electric and mag- 
netic field is given by eqn. (4) as wa = c(V .V + Bxu), and, for 
our case, yields 




(29) 


The last of these eijuations integrates to (Aq = 0 on the axis) 

r6 = — Ag. 

m 

Inserting this value into the first two equations of (29) we obtain 

(30) 


\y-V4 


I '2 m ^ 

► 

— — 1 

1 

j 

L I'w "i 



Now drjdz = fjzy therefore 

d^r _zr — rz r — r'z 

^<^2 <v 3 <^2 ' 


and 


2cr„ 

m 


Therefore the equation of motion becomes 

dz^ 2l^[r/r\ 2 m 7 t^zCz\ 2 m ^}\ 

We can now insert (12) for V and (28) for to obtain 


( 31 ) 


dz2 
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or for the paraxial case (all terms in r* negligible), 


Fo'dr 

dz^ ^ 2Vf^dz^ 




(32) 


This equation is very similar to eqn. (14) which gave the 
paraxial equation for the case of zero magnetic field. Eqn. (32) 
clearly reduces to (14) when B(z) == 0. When only a magnetic 
field is present we have 


d^r 1 e 
d32 + 8FoTO 


BV = (). 


(33) 


In ni.k.s. units the constant has the value 2-2 x 10'®. 

We can see from the form of the equation that, as in the 
electrostatic case, if we plot the trajectories of two electrons 
the trajectory of any other electron may be determined. How- 
ever, the treatment has obscured one rather important physical 
fact. The result was obtained by the eliminations of the term 
rd, so the final equation of motion represents the trajectory 
plotted on a plane which is rotating about the axis at the same 
rate as the electron d 90 s. In other words, the motion is helical, 
as it was in the case of the solenoid. The rotation of the image 
can be calculated as follows. We have 


id = /L. 


m 


Then 



r Aq 
m r 


e 

m \ 2 


a* 




(34) 


Restricting ourselves to a paraxial electron and inserting the 
yMucofiwcgot l/fyj. 

dz 


or 


='/ 

2V 27W 


(35) 


where 21,22 represent the bounding coordinates of the field. 
Since eqn. (35) is true for any paraxial electron the image is 
rotated as a whole, without distortion. This rotation is of no 
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importance in most applications of magnetic focusing, but if it 
is objectionable in a particular instance, it can be removed by 
a simple device. Eqn. (32) shows that the focusing properties 
of the lens depend on while eqn. (35) shows that the rotation 
depends on B. Thus if we divide the focusing coil in half and 
connect it so that the current 
is in opposite directions in 
each half, the focal properties 
will be unaltered but the 
rotation will be eliminated. 

This arrangement is shown 
in fig. 5.14. 

We have now indicated 
the main features of mag- 
netic lens action and can pro- 
ceed to discuss the various 
types of magnetic lens and 
their application. The mam 
fields of application of shoit 
magnetic lenses are in electron 
microscopy and in cathode- 
ray tubes. Axial magnetic 
fields are used for focusing 
high-density electron beams 
and in one species of mass 
spectrometer. 

Fig. 5.14. Magnetic lens 
produeing zero iinwge rotation. 

5.6. Types of magnetic lens 

By far the most important magnetic lens is the short coil 
with magnetic screening used to restrict the axial spread of the 
field and to increase the maximum value of B. Fig. 5.15 
illustrates the effect of building a soft iron shield round a coil. 
This process is taken to the limit in the magnetic immersion 
objectives of Marton and Hutter.t It should, perhaps, be 
mentioned here that the magnetic field is measured by 

t Marton and Hutter, Proc. Inst. Radio Engti., N.Y. 32 (1044), 8, 546, 
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oscillating or rotating a very small search coil in the field and 
measuring the voltage produced. 

Many other types of magnetic field, or superposition of mag- 
netic field and electric field, are used for special purposes such 
as mass spectroscopy, picture convertor tubes and so on. It is 
generally true that in apparatus designed for mass production 
there are good engineering grounds for avoiding the use of 
magnetic fields, for they increase the size and weight of the 




Fig. 5.15. Effect of magnetic* shielding on a short magnetic lens. 

equipment, and sometimes introduce unwanted effects on other 
parts of the system. For these reasons there is always a 
tendency to eliminate magnetic fields even when the equivalent 
electrostatic system is more complicated to design. 

5,7. Ray tracing 

In earlier sections we have derived the equations of motion 
for electrons in axially symmetric fields. We now have to 
consider the problem of how best to use these expressions to 
determine the trajectories, given the fields, and we have already 
indicated the simplest method of all, that of ray tracing using 
Snell’s law. There is a large literature devoted to the problem 
of ray tracing in light optics, and most of this can be transferred 
to electron optics, but the central problem is rather different 
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in the two cases. In light optics the shape of the refracting 
surfaces is given, i.e. one is dealing with glass lenses which can 
be figured to any desired degree of accuracy, to any shape the 
designer wishes. In electron optics the equipotentials have to 
be determined empirically given the electrode shapes. The 
electrode shapes can be modified to influence the curvature of 
the equipotentials in a given manner, but it is not, in general, 
possible to find electrodes which will produce exactly the 
desired shape. Another difficulty is the obvious one that in 
electron optics one is always dealing with media in which the 
refractive index varies continuously from point to point. 
For these reasons the electron optical pi'oblem is more com- 
plicated. 

We consider first ray plotting in electric fields. The first 
possibility that comes to mind is the use of analytical methods 
to obtain a solution to the potential problem giving the values 
of VQ(z),VQ(z),Vii"(z) for insertion in eqn. (14). In some cases 
this can be done; for instance, tJohanuson and Hcherzert have 
found that the field in a symmetrical Einzellinse is given by 
V„= A while PlassJ has used 1^ = lo(l~ 2 ^ S'^d 
Bertram§ has shown that the axial potential in the equal 
diameter cylinder field is 

V. = + ^ tanh 1-322. 


Here z is incasuriHi in units of the cylinder radius. In making 
use of these forrnuUc eqn. (14) is usually con\erted 1o an expres- 
sion for the focal length. The self-adjoint form of eqn. (14) was 


Integrating 


dz 


(Fir') 


F"r 

4VF‘ 



1 prF 

ijav'l 


ft 

,-dz, 


(36) 


where a = axial coordinate at entry. Tf the path is initially 
parallel to the axis this electron will pass through the focus. 


t Johannson and Schcraer, Z. Phyt. 80 (1938), 188. 
t Plass, J. Appl. Phyt. 13 (19t2), 49. 

§ Bertram, f^oc. Inst. Radio Engrs., N.Y, 28 (1940), 418, 
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So, to determine the focal length, we use the further condition 
r'(a) = 0. 

Then (37) 


We now solve eqn. (37) by successive approximation. Put 
r' = ri + ri-hr' + ..., 

^0 = = 0, and y-Q = 


with 

Then 


therefore 






r r 


dz 


dz; 


~ 4VFJ_«,^F' 

(fep 7" 

' 4J_„vfJ_=o>/f ’ 


1 r*>-iF'' _ _r„ r* V"dzC‘ dz]r^ V"dz 

"*~4V7j„ VF 16 VfJ_co VF J-ooVfJ-cc y/V ’ 


and so on. 

Now let r'{b) = total deviation produced by the beam and 
= potential of the image space. Then the focal length is 


1 ^ _r'(6) 
Jz fa 



therefore 

1 _ 1 f+=°V"dz 1 p* V'dz p* dz p* V"dz 

h ~ 4VFj_ao VF ISVfJ-co J-a.VF J-CO VF ’ 

(38) 

/i can be determined from eqn. (18). 

In early work the first term of this expression was often used 
as an approximation. The work of the investigators already 
mentioned has shown that it is not a good approximation but 
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that two terms usually yield a value sufficiently good for 
practical purposes. Plass gives these results: 

Equal cylinders, 
Einzellime 3:1 decelerating 

First term / 21 *32 cm. 15-85 cm. 

First and second /= 12-97 cm. 10-75 cm. 

First, second, third /= 12 42 cm. 10-85 cm. 

Graphical / = 13-35 cm. 10-81 cm. 

From this we see that it is fairly easy to obtain good values 
for the focal length if a sufficiently accurate expression for the 
axial field can be obtained. This method leads naturally to 
another in which the axial field is obtained graphically and is 
approximated by the dotted straight lines so that the potential 
is given by 

F = i; + - (s - z„) and F" = 0. 



Zn Zn^ \ 

Fig. 5.10. Linear approximations to an electrostatic potential 
distribution. 


Eqn. (36) then gives 

[Fir']* = const. 

or Tf == r^+ 


( 39 ) 
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If the gradient is zero 

r, = r^+r'(z„+i- 2 j. (40) 

At the boundary between two regions V" is infinite, V and r 
are constant and F' and r' are finite and continuous. Then we 
have, integrating across the boundary, 


or 





V'(z„)-V'{z„^,) 


(41) 


Using the three eqns. (JiO), (40) and (41) we can plot the 
electron path through the field. 

Another obvious method of solution is by numerical integra- 
tion of the paraxial ray equation, which can be done by the 
standard methods given in texts on numerical calculations. 

More important than these are the graphical methods, for 
they can be applied to any system for which anVquipotential 
plot has been made, and are not restricted to the paraxial case. 
Many methods of carrying out the plot have been described 
and a very complete Yev iew is given by Musson-Uenon.t It is 
not possible to say that there is a graphical technique which is 
best for all purposes. In some cases, such as microscopy and 
cathode-ray tube design, the paramount requirement is accur- 
acy, whereas in others, e.g. the study of electron guns for high 
currents, the ray plot is only a first approximation whi(‘h has 
to be corrected for space charge and the initial accuracy is leas 
important, so one wishes for a method which is not too time- 
consuming. A simple method which has yielded good results 
in practice is that described by Jacob. J In fig. 5.17 we show 
an equipotential on which a ray AP^ is incident to angle a. 

A scale is marked out so that 

BC sin 

and is so orientated that DP^ is the perpendicular bisector of 
AC. If CPi is then produced it forms the refracted ray. This 

t Musson-Genon, R., Ann. Telecmnmun. 2 (1947), 254. 

X Jacob, L., Phil. Mag. 26 (1938), 570. 


? = |[x = -^(voltage ratio). 
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ray is then carried on to the next equipotential and the process 
repeated. 

Other methods depending on the approximation of the equi- 
potential by a spherical cap are also commonly used. The 
main difficulty in graphical methods lies in drawing the equi- 
potentials so that they are sufficiently smoolh and in locating 
the position of the normal. 

In the case of magnetic lenses similar but not identical 
methods can be used. For instance, an equipotential plot can 
be obtained by plotting the function V — (c/2m) and the path 
plotted. This lea\es out the effect of rotation. Aiiother method 
is to replace the field by step functions. Further methods will 
be found in the works cited at the end of the chapter. 



Fij». 5.17. A praphical const motion for the refraction at an 
equipotential. 


5.8. Aberrations 

Up till now we have restricted oui selves to the consideration 
of paraxial rays or, what is the same thing, rays making only 
small angles with the axis, and we have also implicitly assumed 
that the electrons entering the lens all have the same initial 
velocity. In fact, actual electron optical systems depart from 
these assumptions more or less widely, and we must examine 
the effects produced by this departure. A detailed examination 
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of aberration phenomena would take us too far away from our 
main subject, so we shall content ourselves by stating the 
general efiFeots produced by the different types of aberration. 
The effects discussed here are of great importance in electron 
microscopy and of some importance in cathode-ray tube and 
picture convertor design, but in most instances they are not 
important in valve design. Here we are speaking only of 
distortions which are aberrations in the optical sense and not 
of space-charge effects which have no geometrical analogues. 

In earlier sections we have assumed that cos a = 1, sin a = 0; 
these assumptions arc good for angles of less than 10°. For 

bigger angles we must use sina = a— which is correct to 

1 per cent for angles up to slightly over 50°. If we use the 
third-order correction it is found that in electrostatic lenses the 
following types of distortion occur. 

5.8.1. Spherical aberration. The electrons coming from a 
single object point on the axis do not cross the a^ris in a single 
point after refraction. This is the most important type of 
aberration, 

r 

5.8.2. Coma. If the object point lies off the axis the image 
forms a comet -like shape, instead of a point. 

5.8.3. Astigmatism. Electrons coming from a point displaced 
from the axis are focused to two lines at right angles. 

5.8.4. Field cvrvature. Plane objects are imaged on to a 
curved surface rather than on to a plane. 

5.8.5. Distortion. The image of points on the axis is shifted 
off the axis giving a square object the shape of a barrel or a 
pin-cushion. 

In addition to these forms of aberration we have to consider 
chromatic aberration which is due to the fact that the electrons 
are distributed in velocity and not all of the same velocity. 
Chromatic aberration only produces large effects in lens systems 
where the electrons are travelling with low velocities. 
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In the case of magnetic focusing three extra distortions 
result from the rotation of the image. These are called aniso- 
tropic astigmatism, anisotropic coma and anisotropic distortion 
as they result from the anisotropic nature of the magnetic field. 
(This anisotropy is demonstrated at once by the fact that if an 
electron rotates to the right in going from u to v, say, it rotates 
to the left in going from v to u.) 

The main importance of aberration lies, as has been said, in 
the design of microscope objectives. It is found that all the 
aberrations can be made small with the exception of spherical 
aberration. In light optics spherical abeiration can be com- 
pensated by the use of negative lenses, but these do not exist 
in electron optics, at least in the static case. Spherical aberra- 
tion limits the resolving power of microscopes using magnetic 
focusing to about 7 A. in a 50 kV. instrument. Electrostatic 
lenses have resolving powers 1-3 times to twice as big. Practical 
figures are about four times as large as the theoretical values, 
mainly because it is extremely difficult to reach the desired 
degree of accuracy in alinement and centring. If there were 
lenses of zero spherical aberration, the limit imposed by the 
de Broglie wave-length (c. 0*05 A. for 50 kV. electrons) could 
be approached much more closely. The figure of 7 A. is, how- 
ever, better than the best light microscopes by a factor of 
about 100. 

Good general accounts of aberration and the explicit formulae 
giving the value of each aberration in terms of the object 
diameter, aperture and lens constants are given in the books 
by Cosslett and by Zworykin et ah 

5.9. Limitations on current density in electron optics 

We now consider for a moment the limitations on current 
density which operate in electron optical systems. As we have 
explicitly placed space-charge effects out of the range of our 
present considerations, there is only the effect of thermal 
distribution in velocity (chromatic aberration) to be considered. 
From a physical point of view it is clear that the current 
density at the image plane will depend on the current density 
at the object plane, the magnification of the system and the 
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distribution in angle of the electrons emitted from the object 
relative to the aperture of the lens. The calculation of the 
maximum current has been carried out from purely optical 
laws by D. B, Langmuir.f J. R. PierceJ has, however, deduced 
the same expression in a much more general form by statistical 
methods, and it is his treatment that we reproduce here. The 
reader should also refer to an important article by (}abor.§ 

The point of departure is Liouvdle’s theorem. This theorem, 
which is fundamental in statistical mechanics, states that the 
total rate of change with respect to time of the density of 
representative points in phase space is zero. The expression 
'phase space’ refers to a ^w-aimensional space in which each 
particle is represented by the point whose coordinates are the 
n generalized coordinates of the physical particle and the n 
momenta of the physical particle. Thus for mass points in 
ordinary space, the equivalent phase space is six-dimensional. 
As time passes the representative point traces out a path m 
phase space depending on its physical motion. Liouville’s 
theorem then says that the density of points aroundia given point 
remains constant if the variation along the path is considered. 
Electrons obey the Liouville theorem even in magnetic and 
space-charge fields. Now wo know from C^hapter 1 that the 
electrons just outside the cathode have a Maxwellian \elocity 
distribution. The Ijiouville theorem tells us that, apart from 
the action of the potential, the distribution elsewhere is the 
same. In general terms the Maxwell distribution is 

dN = (2//iA*T)^ jBexp{ -\lJ^-vJ^^-^U^-<\>\}dT\dUydV„djLdydz, 

( 42 ) 

where U = generalized velocity, 



d) = e F jkT = generalized potential , 

t Langmuir, Pro(. Imt. Radio JSngrv., N,Y, 25 (1937), 977. 
t Pierce, J. R., J. AppL Phys. 10 (1939), 715. 

§ Gabor, ‘Dynamics of electron beams’, Proc. hist. Radio Engrs., N, Y, 
33 (1945), 792. 
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and J5 is a constant to be fixed by the electron density at the 
cathode. 

If we now use eqii. (42) to write the expression for the x 
directed current density we obtain 

dJ = p,u,= ^ 4em(kT)^ BU.oxp { - [I7J 4- - O |} 

xdU^dU^dU,. (43) 

At the cathode surface we get, by integration, 

Jq = — 2'TTemB(kT)^\ 

therefore dJ = J^TT^e dU^U^dll. (44) 

Eqn. (44) allows us to calculate the current density at any 
other point in an electron beam. 


5.9.1. Point focvfi. Here we use spherical coordinates L\ 0, 
where + 

U, = rcos0. 

The volume element is 27rf/28in 0d0df/^. 

If (X is the maximum angle with the axis made by electrons 
reaching the focus the limits of 0 are 0, a. The minimum 
velocity is LI = <t>* and the maximum oo. Then 


J =4J„r fVe «»bin0cos0rf0dr 


= Jq\ \ +0)sin2«. 


(45) 


Eqn. (45) gives the limiting current and does not show how 
the current depends on the magnification. This can be intro- 
duced by considering that all the eimssion from a small area 
AA^ reaches an area AA^, and that AA^ = M^AA^ Tho result is 


II 

, /, lUi ■ 2 X \1 

(46) 

For large M 


(47) 
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for small M 


J -> Jj(l + O) sin® a. 


(48) 


5.9.2. Line focus. Similar expressions can be obtained for 
the line-focus case. These are 

+ ®®( * - )| “• (‘*®) 


where 


erfO* = 


2 

Jo 


e““* du, 


where jS = M sin 
For small M 

J i.e. (50)->(49), as before; 
for large M r 


We can plot curves of J I Jqj the current ratio, against V with 
the half-angle a as parameter, as has been done by Langmuir 
and also of the fraction of current used against the current 
efficiency as has been done by Pierce. This is done for the 
point focus in figs. 5.18 and 5.19, where O is taken very large. 
(This means that V is greater than about 10 V.) 

These relations are useful in making calculations on devices 
where the space-charge forces are very low over most of the 
length of the electron paths, e.g. cathode-ray tubes and electron 
microscopes. Clearly, in the immediate region of the focus 
there will be appreciable space-charge forces in any electron 
beam, but these will not produce gioss departures from the 
above formulae unless high-current, nearly parallel beams are 
being considered. These circumstances are dealt with in 
Chapter 6. The application of the ideas discussed above in 
deriving an expression for the figure of merit for cathode-ray 
tubes is discussed by Pierce. f 

t Pierce, Proc. Inst Radio Engrs., N.Y, 33 (1945), 47(5. 
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5.10. Bibliography of books on electron optics 

The works below contain extensive bibliopn^aphies of the original papers, 
especially those by Briiche and Scherzer and by Myers. 

(1) Introduction to Electron Optics, V. E. Cosslett, Oxford University Press, 

194G. 

This is a useful introduction, with good theoretical treatment and material on 
aberration. 

(2) Electron Optics in Television, MaiofT and Epstein, McGraw Hill, 1938. 
It gives good treatment from first principles with many data on lenses, 
especially for cathode ray tulies. 

(3) Geometrische Elekironenoptik, BriU'he and Seherzer, .J. Springer, 1934. 
It contains excellent bibliographies of original papers even though it is now 
a little out of date. The numerous beautiful illustrations make this a very 
useful book for obtaining a good physical idea of electron optical phenomena. 

(4) Electron Optics and the Electron Microscope, Zworykin et al., Wiley, 1945. 
This is the most full and comprehensive book on the subject. Part II (over 
400 pages) is devoted to electron optics and deals very thoroughly with 
almost the whole field. 

(5) Electron Optics, Ij. M. Myers, CImpman and Hall, 1939. 

It has an excellent bibliography, but the text should be used with care as 
there are a large number of inisjirinls and other errors. 

(6) Electron Optics, O. Klemperer, Cambridge University Press, 1939. 

A concise introduction for those with a good knowledge of the fundamental 
physics. I'^seful data on lenses are included. 

(7) Vacuum Tubes, K. Spangenberg, McGraw Hill, 1948.^ 

It contains cfiapters on electron optics, but its main importance lies in a 
collection of data on electrostatic lenses. 

(8) Theory and Desifin of Electron Beams, ,1. K. Pierce, Van Nostrand, 1949. 
This recent book pays far^morc attention to problems met in heavy current 
devices thari does any earlier work. It contains many examples of practical 
designs. 

(9) Grundlagen der Elcktroncnoptik, W. Glaser, .1. Springer, 1952. 

A very full and rigorous treatment of theoretical electron o]>tics especially 
aberration problems. The wave mechanical aspccds of elcc'tron optics are fully 
treated. (Added in jiroof.) 
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Chapter 6 

SPACE-CHARGE FLOW AND THE DIODE 

In the last chapter the analysis was concerned with situations 
in which the presence of tlie electrons was assumed not to 
modify the fields xn’oduced by the electrodes. We now turn to 
the question of how the space-charge forces due to large cur- 
rents alter the situation. It is clear that in practice we are 
nearly always unable to neglect space charge in valves because 
a valve is fundamentally a mechanism devised so that a weak 
signal can control a circuit with much more available power, 
i.e. a device of high- input impedance and low-outpiit impedance. 
It is difficult to give criteria which allow an estimate of the 
probable importance of space-charge effects to be made, but a 
perusal of the cases to be considered should make it reasonably 
clear when space charge is likely to be of paramount importance. 

In the presence of space charge the potential is no longer 
given by the solution of Laplace’s equation, V = 0, but by 
the Poisson equation: 

( 1 ) 

€ 

where p = space-charge density per unit volume, e = permit- 
tivity of the medium. In a vacuum e is naturally replaced by 
Eqn. (1) can be derived trom Maxwell’s equations, one of 
which states that V.D = p. But 

D = 6.E and E = -V.r, 

therefore e . F + Ve . V P - - p. (2) 

Since Vc ~ 0 in a homogeneous medium eqn. (1) results. The 
charge density p is related to the current density as follows. 
Consider a beam of electrons of uniform cross-sectional area A 
and uniform velocity u, current 7. In 1 sec. the charge passing 
through any given plane is nc = If = I , The whole of this 
charge is contained between two planes u metros apart, i.e. 
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in a volume uA cubic metres. Then, by definition, 

__ ne ^ I 
^ uA ~ uA * 


( 3 ) 


In some of our work it will be useful to have a special symbol 
for the current density. We shall use J for this quantity, and 
since J = IjA we see that 

p = - Jly- (4) 


It is sometimes useful to use Gauss’s law instead of eqn. 
(1). To obtain this we substitute E for — VF and integrate 


to obtain 



where = normal outward component of field at ds and the 
integrals are over the surface and the volume respectively. 


6.1. Space-charge flow between plane electrodes 

As a first example of space- ^ 
charge flow consider fig. 6.1, where 
G represents a plane from which 
electrons are copiously emitted with 
zero initial velocities, A being an 
anode at a fairly high positive 
potential. In the absence of emission 
the potential varies linearly from 
0 to across the distance s separ- 
ating the two planes. 

For the one-dimensional case we 
have, from eqn. (1) 

dz^ “ €n 





But 




Fjg. 6.1. Space-chuTge 
limited diode. 
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dz^ 


th»rfot6 = ,6, 

Multiplying both sides by 2(d V Jdz) and integrating, we have 

Fl + X,. 


//m\ 

\dzj ~ €oV\2ej 


Now dVjdz = 0 at c = 0 (where V = 0), when the equilibrium 
flow has been established, since any gradient at C would increase 
the number of electrons pulled away from it. Therefore — 0. 
A second integration yields 


4F* 

3 



z + K^. 


But F = 
therefore 


0 at 3 = 0, therefore Ag = 0; and 


J = 


4c„ 


) 

V 2e 


r‘ 

lamp./8q.m. 


F = 1^ at z = s, 


Vi 

= 2-336 X 10“®-“ amp./sq.m. (6) 


It is obvious that if s is measured in cm., eqn. ((>) gives the 
current density in amp./sq. cm. The potential, when space- 
charge flow has been established, is given by 

r = 5-08xl()V5-t. (7) 

This potential is indicated by the dotted line in fig. 6.1. Eqn. 
(6) was originally derived by Childf in 1 91 1 and is often referred 
to as Child’s law. Tt is sometimes used in the discussion of 
real, plane-parallel diodes, but we shall see in later sections 
that considerable modifications have to be made to obtain 
good agreement with experiment. However, one important 
feature is brought out, which is that the current varies as the 
three halves power of the voltage. We shall find that this is 
true for all types of space-charge limited current flow. 


t Child, Phy&. Rev. 32 (1911). 492. 
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6.2. Cylindrical electrodes 

In the case of cylindrical symmetry we have 


8r 




( 8 ) 


where I = cathode length. The solution of this equation was 
derived by Langmuir.t 


Put 


I _KVl 
I ~ ’ 


(9) 


where is a function of r only, which is tabulated at the end 
of the book. 

Then, putting (9) into (8) we obtain 


3/3 r® 



+ 7i3/-^f+/3^-l = 0. 


( 10 ) 


If wc put o) = ln(^/ro), suggested by the eharge-free potential 
variation, we get 




and a series solution (Rm be found. This is 


(II) 




„ 2w2 1]^3 47t^4 




^ f) 120 ~3,.300''' ^ 

(12) 


] 

I4-6()X 10 *!'■' , , , 


and 

1 " 

= " amp. /unit cathode length, 

^ aP 

(13) 



2-336x 10 , 


or 

Jr 

= - 02 amp./unit cathode area. 

aP 

(13 «) 


Eqns. (12) and (13) are valid iiTespectivc of whether the 
anode or the cathode is the inner eylinder. 

In the next section we leave the simple types of space-cliarge 
flow for a while to consider the way in which space charge 
limits the maximum current that can be passed through a 
system. 

t Langmuir, Phys, Rev, 2 (1913), 450; 22 (1923), 347. 
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6.3. The maximum current which can traverse a tube 
of rectangular cross-section 

In fig. 6.2 wc show an electron-producing system or gun 
which directs a beam of electrons towards a metal block A 
which is held at V volts above cathode potential and is pierced 
by a hole of rectangular ci'«)ss-section. The dimensions of the 



Fifi. 6.2. Slri]) I'caiii loniiation. 


hole are I metres long, breadth t and height perpendicular to 
the pay)er h. Jireadth / is assumed to be small compared with 
I and h, so that, except for a small region at entrance and exit 
of tunnel, the beam travels in space which is initially field-free. 
We further assume that the electrons w'hieh enter the tunnel 
are all travelling towards a comraou point, i.e. the vertical 
component of their motion is directly proportional to the 
distance from the axis. As the beam progresses inside the 
tunnel the vertical component of \elocity is gradually des- 
troyed by the increasing space-charge forces as the individual 
electrons come closer together. Eventually the electrons will 
travel parallel to the axis and then diverge from it as they 
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move beyond the point at which the inward motion is reduced 
to zero. It is easily proved that motion in a space-charge field 
is symmetrical, and, this being so, the maximum current con- 
dition occurs when the minimum beam breadth is at the tunnel 
centre. If the current is increased beyond this value, the 
minimum will move towards the entrance and current will be 
intercepted near the exit as indicated by the dotted lines. 

To calculate the maximum current we consider conditions at 
the throat. Here the electrons, bj definition, all travel parallel 
to the axis. If the beam breadth is 2y we have = b) 

^ I 
^ n2yK 


We first calculate the space-charge field on the outermost 
electron. There is no longitudinal component, so we have at 
plane Z (fig, 6.2) 




d^V 

Pz 


II 

9 

^0 


) - 

^Pzlz 

+ c. 

' 1 /. Vz 



on the 

axis. 

at 


(14) 


exactly as many electrons above the axis as below. No net 
force acts on an electron actually on the axis so c = 0. 

The equation of motion of an electron diverging from the 
throat is 

my = cAy. 


But 

therefore 


t = z\u. 


dy 

dz^ 


eHy 

m 


1 KI 

dy _ KIz 
dz ~ 

KIz^ 


(15) 


150 



MAXIMUM CUBBENT WHICH CAN TBAVEBSE A TUBE 


Now 

therefore 


= 0 at z = 0 
dz 


(plane of throat), 


Cl = 0. 


Cj is determined by the requirements that y = U at z = and 
that / be a maximum. 

We have then that I is to be as large as possible for a constant 
y. Thus we must have = 0 (and 26 = 0). 

Then 


2 


Kh\ 

8F„»6’ 


or 


Kl^ ' 


Numerically, 


1 

h 


83*3 X 10“^^I^*amp./m. 

t 


(16) 


The fact that 26 = 0 makes it appear that p becomes infinite 
at the throat. This is not correct, as an investigation of the 
density round the throat plane shows. A line focus is thus 
formed at the centre of the tunnel and the paths are parabolic. 

Further remarks on the limitations imposed by space charge 
on attainable current density are given by Beck,t where refer- 
ences to the original papers may also be found. Later examples 
are given by KlempererJ and Wax.§ In view of the practical 
importance we quote the expression for the maximum current 
which can be passed through a circular tunnel, diameter d and 
length 1: ^ 2 

7 = 38-9X 10-«M T5,*amp. (17) 

In this case the beam diameter is reduced to (Z/2-4 at the throat. 
In practice currents of about 70 per cent|| of the value given 
by eqn. (17) have been obtained. Ita the case of cylindrical 
lens systems, agreement is not nearly so good, as only about 
35 per cent of the theoretical value has been obtained. For the 

t Beck, Velocity-M adulated Thermionic TubeSy Cambndge University Press, 
1048 ch. 4. 

t Klemperer, Proe. Phys. Sor. 59 (1947). 302. 

§ Wax, J. Appl. Phya. 20 (1940), 242. 

11 Beck, J. Jnstn. EUrt. Engrs. 94, pt. in (1947 1 , 860. 
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same length and voltage eqn. (16) gives a current density about 
70 per cent greater than eqn. (17), but the theoretical advantage 
is more than offset by this practical failure to reach the desired 
figures. 

In the above work the space-charge forces cause the electrons, 
which are initially converging to a point, to travel parallel to 
the axis and then diverge so that the space-charge forces are 
reduced by increasing the volume occupied by the beam. 
Another type of space-charge limitation in beam density is 


V 



Fig. 6.«*L Notation for magnetu colliination. 


found when the electrons are prevented from (M verging by a 
strong magnetic field parallel to their paths. In this ease the 
space charge lowers the potential inside the beam. If the cur- 
rent is increased from zero the ptitential falls steadily until a 
point is reached at which it drops suddenly to zero with the 
formation of a virtual cathode and subsequent reflexion of 
electrons from the tunnel. 

The arrangement to be studiedf is shown in fig. 6.3. A 
cathode C in combination with a grid G produces a beam 
width 2a, confined within a tunnel width 26 at potential T^. 
The tunnel is 1 metres long, and the whole apparatus is in a 
strong field H parallel to the 2 : axis. We again suppose that 
/>6, so that end-effects are negligible. The current density J 
is uniform across the beam. 

Now, since we can assume that there is no longitudinal 
potential gradient, we can write for the region Q<x<a, 



t Haeff, Proc, Inst. Radio Engrs., N,Y, 27 (1939), 586. 
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This integrates as eqn. (5) did, but since the potential is sym- 
metrical about the centre line, the initial condit ion is d F jdx = 0, 
therefore , , 

(19) 


where 


CnV 2e 


and Vq = j)otential on the centre line. Integrating a second time 
±(A-d)i3- = t(Fi - !'»)»( F‘ + 2 F„‘). (20) 

If we put V = K, at X = n (edge of beam), and (F,/F,)* = p, 
weobtain + 2(A-,/)IT; »a = (1 - 7 ))i(l -h 2p). (21) 

Outside the beam there muM Im* a constant jjotential gradient, 
and the potential gradient must l)e continuous at the edge of 
the beam: /rfi ''\2 /1I-F\2 

Eqiis. (21) and (22) can bo rewritten 

9Uab^ hla{l-p)(l + 2pf 

16 i;» [l + 4/3(6/a-l)(l-i*)(H-2p)J* ' ’ 

= F{p,bla). 


\^=l + 4 3(bla-l){}-p)[l+2p) (24) 

= mp,bla). 

These functions can be plotted as functions of p for several 
values of the parameter b/a, but we are mainly interested in 
the value F corresponding with the biggest value of J, Putting 
dFjdp = 0 for a maximum, we have 

3 2p-l 

a ~ 2 {\-p)(\^2py 

( 1 - P) ( 1 + 2?))2 f 3/2(2p - 1 ) ( 1 + 2p) 

(4j,-l)l ’ 

{G)p = 4p-l. (26) 
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and from eqn. (23) we have 


Q k ab 


= 2-336 X lO-®!* (28) 

ab 

For 6/o —1,^—2 and 

* 4-672 xlO-*„. 

J = - TJ*amp./8q. m. (29) 

(Jv 

For this value p = I and there- y^ 

fore VJVf, = 0*25. The potential 
on the axis is thus only 25 per 
cent of the potential of the walls 

when the virtual cathode forms. ^ N. 

For many purposes this beam ^ 

would have much too wide a spread 

in velocities, e.g. in velocity modu- < J 

lation tubes. In this case the ^ 

potential depression should be y 

kept to about 10 pey cent and F ^ 

equal to about 0-41 ; so the current I a ^ ^ 6 

must be divided by approximately ^ x 

five if this limit is not to be ^ ^ Effect of 

exceeded. Similar results are found radial velocities, 

for other values of 5/a. 

Having deduced the expressions for the current in terms of 
the potential depression, we must next consider the strength 
of magnetic field required to prevent electrons from reaching 
the side walls. Fig. 6.4 shows an end-view of the beam. If 
initial velocities *n the or direction are ignored we can make 
the analysis as follows. The electrons move out from the edge 
of the beam in an electric field 




The magnetic induction is £. Eqns. (6) of Chapter 5 can be 
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slightly rearranged to give 


E 

X= — ^(COSOiT- 1), 

E 

y= - j^(sintoT-a>T), 


(30) 


The maximum distance the electron can reach is then 

"• oiB (b-a)elm£^‘ 

If no current flows to the side walls 

rm<(b-a), 


(31) 


therefore 




= 3-36 X 10-2 


(32) 


e / Ato(^> - a) 

6 (l-a/6) ‘ 

Eqn. (32) shows that infinite field is required to prevent flow 
of electrons to the walls when a — b. If the beam is initially 
divergent similar expressions can be derived. If the angle of 
divergence is y, i.c. (Wj)o = 




sin2y y 

%-l)/ ’ 


(m 


(33) 


where is given by eqn. (32). 

As an example of the use of tliese formulae let us calculate 
the maximum current that can be carried by a beam 1 mm. 
wide in a 2-mm. tunnel at 100 V., the tunnel height being 1 cm. 
and the allowed potential depression 10 per cent. 

For this case F = 0-28. 

The total current in the beam is givi n by eqn. (28) multiplied 
by 2a/f, i.e. ^ 

h 


I = 4-672 X l0--» ? A F. 


But h = 10-2 m., b = 10“®, Vi} = 10®, therefore 

i = 13-1 niA. 

= 212 oersteds. 
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It is interesting to note that the current maximum does not 
depend on the length of the tunnel Z, very different from the 
inverse proportionality to /* observed in the electrostatic case. 
The current density for constant beam width is inversely pro- 
portional to tunnel width. This is easily understandable, since 
the farther away the walls are from the beam the smaller the 
electron density required to lower the potential by a given 
amount. 

To conclude this section we quote the corresponding results 
for a circular tunnel. If the beam fills the tunnel 

I - 32-5x 10-«]^«. 

If the potential depression is kept to 10 per cent 
I = 0*25 X 10 

The derivation of this result will be found in Smith and Hart- 
mant or Beck.J 

Space-charge effects usually limit the current available in 
valves, particularly in the long-beam devices used at high fre- 
quencies. The thermal limits discussed in th# last chapter 
apply mainly to cathode-ray tubes and electron microscopes, 
although they may be important in very short beams used in 
extremely high frequency \alves. 

6.4. Space-charge corrections in electron optics 

We next ha\e to consider the effects produced by space 
charge in electron optical de\ices. In the last chapter we 
studied methods of determming electron trajectories in arbitrary 
fields. These trajectories depended only on the field and there- 
fore only on the potentials applied to the boundaries and not 
on the beam current. In fact, as we have already said, this is 
not strictly true even for low-current high-voltage devices, and 
is grossly untrue for high-current low-voltage devices. In the 
event of space-charge limitation, however, the trajectories 
remain the same if all the potentials arc multiplied by a constant. 
In this section we start off by assuming that the field has been 
determined and the trajectories deduced therefrom, and we 

t Smith and Hartman, J, Appl. Phys, 11 (1940), 220. 

X Berk, op. cit. 
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desire to calculate the trajectories in the presence of space 
charge. The problem divides itself into two parts: 

(1) the determination of the current, 

(2) the determination of a corrected potential. 

In the interests of simplicity we consider the second problem 
first, assuming that the current has been determined experi- 
mentally and that the corrected trajectories are the interesting 
feature. 

The general problem is to solve 

V2.F = -/)/eo, (34) 

with V = Vjj on the lioundaries vhich are fixed. Let 

where is the solution of = 0, with the boundary con- 

dition V = Vji, i.e. Vi is the potential in the absence of space 
charge. Then eqn. (34) reduces to 

V^r2 = -p/eo, (35) 

with = 0 on the boundaries. This shows us that in general 
the correcting potential will be that due to the beam plus the 
effect of the charges induced in the electrodes. Physically this 
is equivalent to saying that the potential due to the beam 
would extend to infinity if the boundaries vere absent. When 
they are present, positive charges are induced on them which 
reduce the potential outside the boundaries to zero. Eqn. (3o) 
can be solved by approximation metliods. Consider the electron 
gun sketched in fig. 6.5 a. The full lines show the boundaries 
of the beam determined by ray plotting, the dotted lines being 
the equipotentials. The beam is divided up into a large number 
of thin disks, m each of ^hieh the space charge and velocity 
may be considered constant and equal to the values evaluated 
at the centre of gravity of the disk. This is easily done, as 
/ is given and the velocity at any point is taken from the plot. 
Fig. 6.5 b shows one of the disks on a large scale. The potential 
due to such a disk is well knoA^Ti.f 

t Maloff and Epstein, Electrical Optics and the Caihode-ray Tube, McGraw 
Hill, 1038, ]). 140. 


157 



SPACB-CHABOB BLOW AND THB DIODB 


The axial potential outside the disk is 


Vi(z, 0) = /- [(a + Z ) V{(z + 1)* + o*} - (2 - Z) V{(« - Z)* + o«} 

4:€oL 


— 4:lz + aHn 


,V{(z + Z)® + a*} + ( 2 -Z) 



»'o 



r 



H2/h* 

(t) 


Fig. 6.5. Tlie effects of space charge can be approximate# by representing 
the beam by a senes of disks of charge. 


while inside the disk 

1^2(2. 0) = [(c + Z)V{(z + Z)2 + a2}-(2-Z)V{(z-Z)‘*+a2} 

- 2 ( 2 * + P) + a* In (V{(z + If + a*} + (z + Z)) 

+ a* In (^{(2 + If + a®} — (2 — Z)) — 20 * In a. 

(37) 

When the potential on the axis is known, the potential at all 
other points outside the disk can be determined from the 
expansion given in eqn. (12) of Chapter 5. The oflF-axis potential 
inside the disk is given by 

F( 2 ,r) = V(z,0) + i[p/e„- F''(2,0)]r2 + 0(r*). etc. 

Using these results the potential due to each disk at any 
point inside the electrodes can be determined. The total poten- 
tial is then the sum of the potentials due to each elementary 
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disk. Fig. 6.6 shows the sort of result which might be obtained 
for the axial potential SF. The potentials PJ and are 
compensated by line charges which produce mirror-image 
potentials and Vai. The potential due to space charge is then 
(^ + K<)> which is naturally zero at the boundaries. This 
potential can be evaluated for several current values and the 





Fig. 6.ff. Results of approximate space-charge correction. 


• • • 

^ V4* •Vo •V3 1 

" I 

^ . •V2 • I 

4-a-> I 

i t 

Fig. 6.7. Notation for a relaxation net used for space charge correction. 

results used to correct the charge-free potential plot. The 
electron trajectories are then replotted, and if necessary the 
process can be repeated. 

It will be seen that this is a very laborious business. Charlesf 
discusses a technique which lightens the labour somewhat for 
cases where the initial beam is not very convergent. A better 
method is to apply the relaxation technique described briefly 
in Chapter 4. This has been described by Freddy in unpublished 
work. The analysis makes use of eqns. (34) and (35). A net of 
varying mesh size is used with fine mesh inside the beam and 
coarse mesh outside where the potential variation is nearly 
linear* In fig. 6.7 we indicate a square mesh of side a. Vq 

Charleo, Ann. Radioilect. 4 (1949), 88. 
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corresponds to the potential of a ring element of charge width a 
Ijing between (? + Ja) and (r— |a) (The mesh is small enough 
for p to be constant throughout the area ) 

The element of chaige is then 27Ta^rp for an element off the 
axis and ^tto^p foi an element on the axis 
(lausb’s theorem states that 


or 


D n ~ , 

j ^ jt 

<fc E n - ^ I P rf? 
Js ^oJi 


The total noimal induction is 


27'I*[1i 4 T I — j -f 7rrtf(Ij — f^) axis, 

(7rr//4)[T'^4 l 4 ~-lol +^«(Ti-^o) on axis 

therefoie l- T, f + «{K- V^), {3S) 

^0 

and for elements on the axis 

W; + l4-f>lo (39) 

^0 

ulth lo = 0 at the boundaiies (40) 

These three equations suffice foi a relaxation calculation of 
the space charge potential Once the coirection has been deter 
mined the original plot can be adjusted as befoie the trajec 
tones redete*rmined and the process repeated if necessary It is 
fairlj rapid since the space charge potential is only a conection 
factoi and need not be determined to a \ery high degiee of 
accuracy 

The question of determining the current density given an 
equipotential plot can be done either by approximation or by 
the method due to Charles In the approximation method the 
cathode surface is divided up into a number of regions ovei 
which simple current relations might be expected to apply 
e g a disk with one oi more surrounding iings ovei which the 
held IS uniform so that plane parallel diode foimulae apply, or 
the formulae foi sphencal caps 
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The method of Charles consists in determining the space- 
charge potential for unit current and then calculating a 
multiplying factor so that 





i.e. there is zero field at the cathode surface, which is the 
equilibrium condition. This is done for several values of r and 
the total beam current determined hy integration. 



6.S. Pierce guns and general trajectories in space-charge 
fields 

By tackling the problem discussed in the last section from 
the opposite end Piercef was able to jj^repare designs for a 
whole species of guns with extremely valuable properties. 
Instead of considering what trajeetoiies lesult from a given 
field he asked the question what are the requirements to be 
satisfied by the field given that the trajectories are rectilinear? 

Fig. 6.8 shows a half-section thiough a cathode which pro- 
duces a rectangular beam, together with the equipotentials 
required to produce it. The equipotentials satisfy the following 
conditions: 

(1) Inside the beam the potential obeys ("‘hild’s law. 

(2) The potential at the edge of the beam is continuous. 


t J. R. Pierce,,/. Appl, P%s. 11, (19U)), 518. 
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(3) There is no field in the direction normal to the axis at 
the edge of the beam, as if such a field were present the beam 
would not be rectilinear. 

In the case of the parallel beam in a cylindrical field the 
potential problem can be solved by analytical means, but in 
general this is not possible. In particular, the solution for the 
case of spherical electrodes producing a point focus, which is 
of great practical importance, is not soluble, and another 
method must be found to deal with this problem. Pierce 



Axis of 
beam 


Fi^y. b.J). Mtthod of scttin^f up an electrolytic troufjh for rectilinear 
(low ^111. 


realized that this could he done by using an electrolytic trough 
^ith insulating strips inserted to delineate the beam. Since no 
current enters or leaves the electrolyte at the insulator, there 
can be no normal potential gradient, and the electrodes can be 
adjusted until the [lotential variation along the strip follows 
the desired space-cliarge law. In practice the tilted trough, des- 
cribed in Chapter 4, is most suited to this work. Fig. 6.9 shows 
a plan view of the trough arranged for this work. The insulating 
strip representing the desired beam profile has several contacts 
of small area on it, each contact being taken to a valve volt- 
meter. The water-line represents the axis of the conical beam 
as usual, but in this case we are only concerned with fields out- 
side the insulating strip. The cathode and anode are strips of 
metal curved to reasonable shapes to begin with. The adjust- 
ment consists in bending the anode and cathode until the valve 
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voltmeters read the desired potentials. A plot of the field out- 
side the strip can then be made and the remaining equipotentials 
determined. 

In the spherical case the potential variation can be obtained 
from the formula for current flow between concentric spheres 
by Langmuir and Blodgett. f This is 

10 6 Ft 

I = 29-30 X — (sin^ \<f>) amp., (41) 


where = semi-angle of cone in which current flows, 

a = a function of and 

_ 1051 n a* 

(sin 


(42) 


Values of are given in the tables at the end of the book. 
Electrode shapes for beams of several values of convergence 
have been determined in this wfiy hy SpangenbergJ and his 
collaborators. 

When it is desired to w'ork with very high values of current, 
necessitating close spacings between anode and cathode, the 
hole in the anode through w hich the beam passes has a disturb- 
ing effect on the ]jerformance. Fig. 6.10 shows an example. 
Owing to the hole in A the field on the cathode at its centre is 
not as strong as it would be if there were no hole. This effect 
is important for close sj)acings as the theoretical current may 
be reduced by a large factor, 3 or more. The effect may be 
overcome by putting an op.'n-mesh grid over the hole (if the 
power dissipation can be kept sufficiently low^ tliat the grid does 
not burn out), or by modifying the electrode shapes somewhat 
to allow for the hole. The hole in the anode also introduces 
another effect of practical importance as it acts as a diveiging 
lens (sec ('ha])ter 5). This is indicated by the dotted lines in 
fig. 6.10. The beam initially » onverges along the solid lines, but 
inside the anode hole the diverging lens causes it to follow the 
dotted lines. This must be allowed for in designing the gun to 

t Langmuir and Blodgett, Phys Rev, 24 (31)21), 49. 

j Spangenberg et /i/., Electr, Cominun, 24 (194-7), 101 ; Spangenberg, Vacuum 
Tubes, McGraw Hill, 3948. 


163 



SPACE-CHARGE FLOW AND THE DIODE 


give the maximum current through a tunnel, a topic which we 
now discuss. 

Eqn. (17) gives the maximum current which can be passed 
through the tunnel. The tangent to the beam profile at the 
point of entry must pass through the centre of the tunnel so 
that, after the beam has been diverged by the anode aperture 
it must be travelling along the tangent,! i.e. 

tany = djl, (43) 



The lens cal the aijerture has the focal length 


/= 


E' 


where = field strength at the anode, i.e. r Vjdr evaluated at 
the anode. Since is tabulated it is convenient to work in 
terms of this quantity instead of in terms of a* 

dV d[x^)\ 
d{o?) dr„ 
dV d{<x^) 
d{(x^)rld{rjr^) ,, 

2 Fo r/ d(a^) 

3o£*r* d{rjr„) 




( 44 ) 


t Ilubcr, Ann. RadKAkct. 4 (1040), 2(i. 
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The lens laws give . . 

** sin S _ 1 

siny “ 

and sin y = tan y. 

Then, using (17), (43) and (44), 


( 46 ) 


sin S = 


From (41) 


161V(//F)« 

(46) 

_ 1 

d(a*)_| • 

6a® 

d(rjrj 1 ,, 


7a* 

(47) 

" 29-36 X 10-«F<’ 

this gives 


1 

d{rjrj 

1 IS 

1 = 0-19. 

ra. 

(48) 


Eqn. (48) can be solved graphically by plotting the left-hand 
side as a function of rjr^. 

The solution is r^lr^ = 2*15. 

Since we have already approximated by using tany = 8iny, 
the replacement of sin S by S does not restrict the analysis any 
further. 

Solving for S we get 

S 2 1 X \0* J degrees. (49) 


We have now determined ill the values necessary for design- 
ing a gun to pass the ma:.iinum current through the given 
tunnel, and all that remains to be done is to determine the 
electrode shapes in the electrolytic trough which give the value 
of 8 prescribed by cqn, (49). 

It is interesting to note that is practically constant. 
This means that the ratio cathode area to anode entrance 
hole area is (2* 1 5)^ = 4-62. We stated in § 6.3 that the minimum 
beam diameter in the tunnel was d/2-4. Thus the ratio of 
cathode area to throat area is 4-62 x (2-4)2i= 26, and the current 
density at the throat is 26 times the current density at the 
cathode. We shall later see that current density is an important 


165 



SPACE-CHARGE FLOW AND THE DIODE 

limiting factor in u.h.f. tubes, and it will be found that the 
possibility of obtaining high -beam densities is one of the 
important practical reasons for the use of electrostatic focusing. 

It will be obvious that similar results can be obtained for 
other geometrical arrangements. The calculation has been per- 
formed for the cylindrical case by Klemperer.t 

Of course, the rectilinear trajectory ia not the only one which 
will produce a focused beam of electrons. Bunemann, Condon 
and Latter J have considered this question. After generalizing 
the results of Pierce they consider the properties of fields which 
produce hyperbolic trajectories. Here we shall only indicate 


y 


Cathode 


Fig. 0.11 




Electron paths ussuincel by Condon et al. 


the general nature of their analysis \\hieh is of very considerable 
interest. 

Fig. 6. 11 shows a cathode producing a beam of electrons 
whose motion is such that (di/jdz)^<^ 1 for all points. Y(z) is the 
trajectory of the outer electron, the beam is sjmiraetrical about 
the centre-line and the trajectories inside the beam are of the 
form kY{z), /: = 0 is a particular trajectory and the current 
density is uniform. 

V(y,z) is the potential when the space charge is present. 
F( 0 , 2 ) = L;. Then 

d^z _ e ciV ^ 
dt^ m c>z I 


d^y _ ^ \ 

dfi mi^yj 


( 50 ) 


t Klemperer, lo<*. cit. 

j Bunemann et al., U.S. Atomic Energy Commission Papers, MDDC 517 
and 586. 


166 


PIEBCE GUNS AND GENERAL TRAJECTORIES 


The system is symmetrical, so 0F/% = 0 at y = 0. Since the 
spreading is assumed small, we can put 

V(y,z)=^U(z)+\y^W(z), 

therefore = — -5- for the axial ray, 

dt^ m dz ^ 


or 



= 2- 14. 
m 


(51) 


It is assumed that eqn. (.51) holds for the paraxial rays. Again, 


di^ 


e 

m 


y W"(=); 


(52) 


eliminating t between eqns. (51) and (52), we get 


Now let the beam current be I per unit length perpendicular 
to the paper, then j 

"2y(z)V[2(r/.«)F]’ 

and Poisson’s equation becomes 


F F I 

=2eoI»vr2(c/w)ri 


But with our assumed potential 

V f)2 V 

Therefore eqn, (54) becomes 

Eqn. (55) can be used to eliminate W(z) from (53) to obtain 

Now, by hypothesis y = y( 2 ) is a solution of eqn. (56) if this 
is regarded as a diCFerential equation for Y(z). Hence if we 
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insert the desired form of trajectory y = Y(z) we obtain a 
differential equation which must be satisfied by the potential 
along the axis of the beam. The result is 

together with the boundary conditions lJ(z) = 0, V^(z) = 0 at 
z = 0, When Y{z) = 1, rectilinear flaw, eqn. (57) reduces to 

d^V ^ / _ 

dz^ 

which has already been discussed. 

Eqn. (57) is an equation which has obvious analogies with 
the paraxial ray equations of Chapter 5. 

The original papers referred to carry the discussion much 
further and give the necessary special functions for calculating 
the axial and boundary potentials for the hyperbolic family of 
trajectories. The question of setting up electrodes to give the 
required potential distribution is then discussed, butVe cannot 
include the rather lengthy development here. 

We have now carried the discussion of space-charge effects 
about as far as can useftflly be done without further considera- 
tion of the effect of initial velocities. In the next section we 
reconsider the topics of §§ 6.1 and 6.2 including the effect of 
initial velocities. 

6.6. The parallel plane electrode system with initial 
velocities 

In § 6.1 we integrated the space-charge equation with the 
boundary condition dVjdz — 0 at the cathode surface. In 
Chapter I, however, we found that the electrons from a 
thermionic emitter are emitted with initial velocities, the 
distribution in velocity being Maxwellian, i.e. the number of 
electrons emitted per unit time per unit area with normal 
velocities between and -f- du-^ is 

dN^ = N”l^oxp[- mvlI'ZIcT] du^. (58) 

where N = total number of electrons emitted = JJe. 
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Eqn. (58) is of the form shown in fig. 6.12, i.e. all the electrons 
have some initial velocity. Therefore if dVjdz were zero on the 
cathode surface all the electrons would just be able to leave 
the cathode and the saturation emission would fiow. We know 
that the space-charge limited emission is very much less than 



K A 



Fig. 6.13. Potential energy distribution in a diode. 

the saturated emission and so we see that the true state of 
affairs is that there is a potei/^tl minimum just outside the 
cathode. All the electrons arc emitted but only those with 
initial velocities sufficient to overcome the potential minimum 
can reach the anode. As the anode voltage increases, the depth 
of the potential miniiiiuin decreases and it nioves nearer to the 
cathode until dVjdz 0 at the cathode surface and the satura- 
tion emission is drawn. Fig. 6.13 shows the potential diagram. 
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is the cathode work function and the anode work function. 

is the diflFerence between the surface potential of the cathode 
and the space-charge minimum. The battery voltage Vf, meas- 
ures the difference in potential between the Fermi levels of the 
anode and cathode. 

From the results of Chapter 1 (eqn. 11) we have 

j = j^e^n.ikT^ ( 59 ) 

Vfn being itself negative. Thus is known if JJ, is given and J 
can be determined. 

Turning again to fig. 6.13, it is clear that to the right of 
there are only electrons travelling to the anode, but to the left 
of electrons are moving in both directions. Also, to the right 
of all electrons have initial velocities above 1^,, while to the 
left of the electrons returning to the cathode have velocities 
below These conclusions fix the limits of integration and 
we can write the expression for p. 


6.6.1. 0^z<,z^. 


p{z)^ ^c\r r 




[2(f/?w)r]» ^ 


(60) 


where V is the potential at c. The velocity ?/ is given in terms 
of by ?/“ = wf-f and therefore 7idu == 


6 . 6 . 2 . 2 „< 2 < 2 „. 


p{z) = 

Poisson’s equation is 


dK 


d^V 

dl^ 


P(z) 


as before, 


and we can integrate once, between limits, to get 


idV\^ 




dzj \dz 


2 

= p{z)dV. 


(61) 
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Now dF/dz = 0 at z = z„, and F = at z — Z;„, therefore 




(62) 


To carry out the integration Langmuirf introduced tlie nota- 
tions e(V-VJ 11,605(F-K„) 


V = 


IcT 


T 


2L= = 9186x1052’ «J*metre-i, 

(l/cl )* \€q / 

f = 2L(z-z,„). 

Then for 0 < z ^ z„^ 

r^r=n’[— 

and for Zq 

2 

where erf (t^*) == . e ^*du. 

V^jo 


(63) 


(64 


This is tlie ordinary error function of j)robability theory which 
we have used before Inserting the expression for f and integ- 
rating we get 


drj 

0 [e’ - 1 ± e^erf (r]^) T 2 ( 77 / 77 )*]’ 


(65) 


Here the top signs apply to the left of and the bottom to 
the right. Eqn. (65) is not an analytic function, but tables of 
values have been prepared, the latest and most complete being 
those of Kleynen. J 

For negative ^ and when 17 greater than 3 
^ = -2-56389-hV2e-t’-0-0123e-»-)-^^y^-t- (66) 


■f Langmuir, Phys Ktv. 21 (1923), 419. 

j Kleynen, Philips Bes. Rep. 1 (1946), 81. Van der Ziel, Philips Res. 
Rep. 1 (1946), 91. 


171 



SPAOB-CHAROB FLOW AND THE DIODE 

For positive and when r) is greater than 8 

^ = l-25620rj*+ l-6685r}i- 0-60880 -0-1677 tj-* + 0-1441tj-» 


- 0-01461J-* - 0-069r?-* -f O-OSOij-J + 0-083»j-‘*. (67) 

Using only the first term of (67) we obtain from the definitions 
of T) and f 

^ ^ ^ 2-336X ]0-«(F-T^J* 

= I, \2 arap./sq. m. (68) 


Eqn. (68) is very similar to eqn. (6). Using the first two terms 
of eqn. (67) 




2-336 X 10-»(F- KJ* 


2-661 
I VfJ- 


(69) 


In the last two expressions V is the effective voltage on the 
tube, i.e. V = 1^ + 'I'hus V is the algebraic sum of the 

battery voltage and the contact difference of potential. Since 
is negative and positive the accurate formulae lead to 
higher currents than are given by eqn. (6). This ^s, of course, 
to be expected. 

The method of using the results is the following. Suppose 
first that the saturation current, cathode temperature, anode 
voltage and current are given and it is required to calculate 
and the separation. The steps are: 

(1) Determine from eqn. (59). 

(2) Calculate rj at the cathode, i.e. r)^= 1] ,(6{)5V,JT. 


(3) Look up fc in the tables, opposite rj^. 


(4) Calculate 2L from the knowm current. 


(5) Calculate z-z„^ troin -- 2L{z^-z„^) = 


(6) Repeat stepc (2), (3) and (5) for the anode, or repeat 
steps (2) and (3). The sjiacing can then be calculated from 

In most eases it will be accurate enough to apply eqn. (69) 
instead of using the tables. 

When Jq, T, V and z^ — Za — d are given and J is required, the 
best procedure is to use eqn. (68) as a trial solution from which 
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the correct current can be computed by successive approxima- 
tion. f 

To summarize this work we collect the formulae: 

therefore 7?^ = In^. (70) 




= 2L . therefore 2,,, = 


9-186 X 


(^a 

= 9-186x (73) 

As an example, consider a diode with a cathode area of 
0-2 sq, cm., at temperature 1100° K., saturation emission 
5 amp./sq. cm. and anode current 1-0 mA. The spacing equals 
0*1 mm. What is the anode voltage and the distance to the 
minimum ? 1 1 

Tjj = 6-909, therefore = 2-509 (from tables), 
n-iu™ . _ 2-509 (1100)* = 0-068 mm. 1st result. 


Then z, 


9-186 X 105 X (-005)* 


Therefore z„ = O-Oj. — (;-0068 = 0-00.32 cm. 

3-2 X 9-186 X 10® X (-005)* 

"" (li00)> 


= 8-29. 


Therefore 


= 8-137. 


therefore V„ = x 1-228 ^ 0-1 lb V. 2nd result. 

ll,60o 

t When iisinfT oxide-coated cathodes J is olten Jq- 1^' case we can 
assume that takes its asymptotic value as Jq «/->■'»■ ^his value is (c = 2-544. 

Since is given wc can lind Then L can be calculated from L -- 

If the resulting value of J is so large that the new is different from 2-544 
by an amount appreciable in comparison with (c *^ 1^6 the calculation can 
be repeated. 
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It is instructive to compare the result obtained by neglecting 
initial velocities. 

Here 0-2 x 2-336 x 10-® x (-IIG)* 

( 0 - 01)2 

= 0-187 mA. 

This is much less than the correct value of 1-0 mA. The 
figures in the example might apply to a u.h.f. diode with an 
oxide cathode. In the case of diodes with bigger spacings and 
smaller anode-current/saturation-current ratios the difference 
will be smaller, but considerable errors can result from the use 
of the simplified formula. 


6.7. Cylindrical system with initial velocities 

The exact solution to the problem for cylindrical systems 
seems never to ha\ e been found. Langmuir! gives the following 
expression. 


/ 

I 


14-66 X 10 


V-V 


+ 



2 - 1 * 


(74) 


Here V = effective voltage, 

Vq = average r/idial kinetic energy of electrons in volts 


3 ^ 
2 e 


T 

V 

7733 


/ = anode radius, 

A = a numeric between 1 and 2. 


In discussing this equation Langmuir gives leasons for stating 
that the correction due to initial velocities is only 20-25 per 
cent as great for cylindeis as it is for planes Another treatment, 
not leading to closed formula, is given by Wheatcroft.J 


6.8. The diode 

We have already discussed the separate features of diode 
characteristics in Chapter 1 and in the preceding sections. 
Here we colle(*t the necessary results together, in view of the 
basic importance of the diode, and also derive some new results 

t I-iari^rnunr, loc cit. 

t Wlieatcroft, J Elect, Kngrs 86 (1940), 478. 
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on the effect of emission variations, values of the conductance, 
etc. 

Fig. 6.14 shows the characteristic of a diode plotted on 
linear and semi-log scales. At the most negative end of the 
characteristic the shape is an exponential curve given by eqn. 




Fig. 0.1 /fl, Va obaractrnstics for a diode. 


(12) of C’hapter 1, or the similar expression for the cylindrical 
diode. This part of the charac ^ nstic gives a straight line on the 
log/~ F plot. As the current increases space-charge limitation 
sets in and the characteristic becomes an approximate 3/2 
power law, as determined from the formula of the last two 
sections. Finally, tlie current reaches the saturation value and, 
in the case of pure metals, increases beyond it, according to 
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, i.e. eqn. (15), Chapter 1. In the case of 

oxide cathodes it is found empirically that In I ocE or jEJ*, either 
expression being a reasonably good fit at low temperatures. 
It is usually simpler to take hi I ocE. 

If we call the current in the retarding field region and the 
current beyond saturation Ig we have, for the planar diode, 

, 1 1,605 r 

T ’ 

— diode spacing), 

Adhere if is a constant, i.e. when F = 0, /, = 7^ — 7^. Therefore, 
if the straight-hne parts of the log characteristic are produced 
until they meet they cut at the point whose coordinates are 
(0,ln7o). In fact, they usually cut to one side or other of the 
In 7 axis. The displacement between this point of^intersection 
and the In 7 axis is the negative of the contact potential, since 
F = H- c.p. in our formulae, and we have determined the value 
of 1^ for which V = 0. This is the commonly used experimental 
technique for the determination of c.p.d. in tubes. The result 
holds also for cylindrical diodes. 

The next point of interest is the location of the coordinates 
at which the retarding field characteristic changes over to the 
space-charge characteristic. If the tube is working in the space- 
charge regime and the anode voltage is steadily decreased the 
potential minimum becomes deeper and moves away from the 
cathode. When the minimum is located at the anode surface 
the potential between cathode and anode is monotonically 
decreasing, and this anode potential and current represents 
the lower boundary of space-charge operation. This condition 
can be calculated, owing to the fortunate fact that tends 
asymptotically to 2-554 as For = 10, has already 

reached 2-544 or within 0-4 per cent of the final value. Now in 
any practical valve the ratio between 1q and 1^. is certain to be 
10® at least, i.e. so the error in using = 2-554 to deter- 

mine will be small. Also for this case = s. 



T T 
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As Ig = 2L.8, therefore 

= 0-246 X 10-0 (i amp. (76) 


is a little more than I per cent greater than the true 
boundary current for a saturation current /retarding-field cur- 
rent ratio of 10^ : 1. For a ratio of 10® : i the error is about 
3-5 per cent. It is simple to determine the correction, since 


I 4 / 2 ^ 4\2 

\ Io\ 4 / ■ 


(76) 


is correctly thc‘ value obtained using and /„, but it will 
usually be sufficient to determine from eqn. (75) and then 
use this to obtain from which eqn. (7f>) enables 4 fo be 
determined. Il and 7^ are sufficiently different, a n^petition 
of the process using may be necessary. The corresponding 
anode voltage is given by eqn. (70). Ferris, i in an interesting 
paper, has built up universal diode characteiistics from these 
relations, together with Langmuii's analysis of the space-charge 
region. 

Unfortunately, it is not possible to locate the point at which 
the potential minimum reaches the cathode surface by any 
similar means. The methods which can be used are familiar 
because they are used for the determination of saturation 
emission. In addition to producing the Iog/~ V plot to cut the 
7 axis, Z* is sometimes plotted against V. In the space-charge 
region this is linear, but when saturation sets in the curve falls 
below the extrapolated line The break point is often very 
poorly defined. 

We must now discuss the conductance of the diode. Con- 
ductance is defined by the relation dljc V and is often spoken 
of as the slope of the tube. 

In fhe retarding field region therefore 


G 

I kT 


11^605 


amp./V./amp. 


( 77 ) 


t Ferris, K.C,A- liev. 10 (1919), 184. 
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But 11,605/7 is the slope of the retarding field characteristic 
on the log/ F plot, so the conductance is the slope of the 
characterisic multiplied by the current at the working point. 
Moreover, it is obvious by inspection of fig. 6.14(6) that the 
slope of the retarding field characteristic is greater than the 
slope of any other part of the characteristic, so that cqn. (77) 
represents the maximum slope per unit current that can be 
obtained from a diode or, in fad, from any electronic device 
depending on space-charge control. The value is 1 1 ,605/7 amp./ 
V./amp. or inA./V./mA., and the only way in which the value 
can be modified is to use the coldest possible emitting surface. 

In the space-charge limited region, differentiating eqn. (69) 
gives 

/ = ( 78 ) 

This shows that the highest relative conductance is obtained 
with small values of T\ i.e. the conductance per unit current 
steadily decreases from the value given by eqti. (77) as the 
current and anode voltage increase. 

In the saturated current region the conductance is zero to a 
first approximation/ This region is of no practi(‘al importance. 
Ferrist gives a full treatment and universal curves for the 
conductance. 

The last topic we shall discuss in this section is the influence 
of the anode and cathode work functions and temperature on 
the characteristics. First consider the retarding field condition 
shown in fig. 6.14. In Chapter 1 we deduced that 


and clearly V = + — 

This makes it appear that the characteristic depends on 
This is incorrect as the following reasoning shows. Fig. 6.15 
shows that io reach the anode an electron must have the total 
energy eV. at least. Now, if the work function of the 


t Kerns, loc. eit. 
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cathode changes, the number of electrons with energies greater 
than + remains the same, all that happens is that the 
critical energy for leaving the cathode surface alters. Thus, 
even if changes, / remains constant. What has happened is 
that although V has changed to F ± A<^^, has also changed 
to /^exp ( ± and therefore / remains constant. / de}>ends 
only on the negative battery \oltage, the anode work function 
and the temperature. 



Fig. Ooiitact potential diflerenee in u diode. 


Now consider the space-charge limited case. Hero the voltage 
which appears is V — and is a negati\c quantity. From 

hT J 

fig. 6.13 V = <l>n a-i^d we ha\e — In . . 

e e/Q 

If <f>c changes to A<^^, V changes to F — A<^^, J^^ changes to 


Jo exp 



changes to i.e. the potential 


minimum gets deeper. The algebraic sum F — therefore 
remains constant, and the current docs not change in the 
approximations given by eqns. (68) and (69). What has been 
neglected is the effect of variations in on z^,^, It can be 
proved, by prejiaring a curve of against J^node Jq para- 
meter, that the change in is very small as long as Jo> 10J„, 
a condition that is obeyed in nearly all real valves. The 1^, 
characteiistic is thus indepenoent of e\ en in the space-charge 
regime. 

Finally, we consider the effect of temperature change. It 
is clear, on physical grounds, that increasing the temperature 
must increase the anode current in the retarding field case, 
since more electrons will be able to reach the anode. In the 
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less trivial case of space-charge limitation we obtain from the 
considerations of the last paragraph 


, kT, AT^ 

= ^6-^a+ p 1“ J • 


(79) 


Differentiating with respect to T we get 

8(V-VJ\ _k AT^ 2k 
ST e 


AT^ 

= 8-618x10 Mn -j +1*73x10 4. (80) 


For oxide cathodes, ^ = 0-1 amp./cm./scc., r=1000°K., 
J = 0-1 amp./sq. cm., so eqn, (80) gives changes of a few parts 
in one thousand in the voltage for a given current. If the 
voltage remains constant the change in current is given by 
eqn. (80) multiplied by the diode conductance per unit cathode 
surface. 

The expressions in^his section relate explicitly to the planar 
diode. Similar ones may be obtained for the cylindrical diode, 
but these usually invohe some approximation. The questions 
considered here are mainly important in u.h.f. diodes which 
are usually built in the planar form. Cylindrical diodes with 
anode/cathode diameter ratios loss than 1-6:1 may be considered 
as planar diodes. All the necessary expressions for the design of 
the fairly widely spaced cylindrical diodes used at ordinary 
frequencies have been given. It is interesting to note that 
Hahnt has been able to give a fairly thorough discussion of the 
diode from the standpoint of kinetic theory. 


6.9. Injection at high velocities 

To complete our work on space charge we have to consider 
the case in which a high-velocity beam is injected into a space 
in which there is an electric field parallel to the direction of 

t Hahn, Proc, Inst. Radio Engrs., N.Y. 36 (1948), 1115. 
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motion of the electron beam. A practical example of this 
situation is the screen-anodo space of a beam tetrode. When 
the current is at its maximum the anode potential is low, well 
below the screen potential, and the relatively heavy current is 
injected into a region in which a strong decelerating field exists. 
This situation has been the subject of several analyses, 1 the 
earliest being that of Gill, usually assuming that the current 
injected into the system is constant. Let us first discuss this 
assumption. Fig. 6.16 shows a simple electron optical system 
consisting of a cathode and grid, screen and cup-shaped anode. 



Fi(?. C.IO. Ueflexion effects. 


When the anode is held at a potential slightly above the screen 
potential, say T^4-2()V., all the electrons passing through the 
aperture will be collected anti no secondaries will pass from A 
to iS. It is, in principle, possible to make the gun efficiency 
equal to 100 per cent, we suppose that this is so. 
Then, if the voltage of A is made strongly negative to the 
cathode, becomes zero and Ig inci eases from zero to some 
positive value. What is this value of IJ In general Ig depends 
on the foeusing properties of t*ie reflecting field; if the hole in 
8 is very small and the reflecting field is correctly arranged 
(path 1), Ig may be nearly equal to 4, but, if the hole in s is 

t Plato, Kleen aiul Uothe, Z. Phyn, 101 (1936), 509. Gill, Phil, Mag, 
45l» (1925), 993; 104 (1937), 711. Salzberg and Hacff, R.C.A, JUv, 2 (1038), 
886. Fay, Samuel and Shockley, Bell Syst. Tech, %J, 17 (1988), 49. 
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fairly large and the reflector is arranged so that most of 
the current is focused back through the hole (path 2), 

This last value may seem surprising, but it can be justified. 
The current drawn from the cathode depends on the space 
charge in the cathode-screen space. When A is positive the 
space charge in this region is due only to electrons going from 
right to left and the current is 7^. When electrons are reflected 
from A , now at a negative potential, there are two components 
of current in the cathode-screen space, and 1^, say. The 
space charge in this region is therefore proportional to -f 
and if all the emitted current is returned through & we have 
7^ = 7^. Therefore the space charge is proportional to 27^. Thus 
27g = 7„ and the current taken by the screen will be If the 
screen S is an ordinary mesh grid and the screen-anode field is 
more or less uniform as it is in most tetrodes, it is natural to 
assume that the screen intercepts a proportion of the reflected 
current ecpial to its geometrical interception rat^, i.e. the ratio 
of the area filled by wires to the total area of the screen elec- 


trode. Since this ratio is normally only 10-20 per cent, the 
tetrode valve will correspond much more nearly to the case of 
total reflexion into the cathode region than to the first case 
mentioned. In general, therefore, we cannot consider that the 
injected current is constant in calculations on real valves. We 
tlicrelorc follow the analysis of Bullf which does not make this 
assumption. 

Consider the plane parallel tetrode of fig. 6.17, and assume 
that the screen current is zero, the anode being held at a low 
positive potential. Then the charge density in the regions 
CS, SM depends on + while that in MA dejiends on 7„ only 
and 7„ = 7^-7,.. 


Then, clearly, r j. 7 - 

a2 ^ 


(81) 


where 


1) = diode constant 


= 2*336 X 10-6. 


t Bull, J, Itutln. Elect. Engr»., 95, pt. iii (1948), 17. 
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Also for the space 8M, 


(82) 

and in MA 

J DVa* 

" rf* ■ 

(83) 


For this case a — b, but in the more general case where there 
is a control grid, and a in eqn. (SI) are replaced by the 


C S M A 



Fig. 6.17. Potential profile in tetrode with virtual cathode. 


equivalent grid-plane voltage and the cathode-grid spacing 
respectively, while Vg in eqn. (82) is replaced by the equivalent 
screen-plane voltage. Now eqn. (82) shows that the distance 
from S to the minimum depends onl / on the sum of and 
This is a constant value /„, >dv. is e\aluated by increasing 
V„ until no electrons are returned, i.e. until the 7^, V^^ character- 
istic has flattened out. Thus 6 is a constant and the location of 
the minimum does not depend on but only on 7 q and Vg, 
When Vfj is increased it eventually reaches the critical value 
Va at which 7^ and the virtual cathode disappears to be 
replaced by a potential minimum in the beam. The 7„, 
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characteristic is therefore as sketched in fig. 6.18, where the 
injected current is varied by varying the grid voltage. The anode 
characteristic rises slightly beyond the ‘knee’ because the anode 
is not, in general, completely shielded from the cathode so that 
the current Iq shows a slow increase with I^. 

When the anode voltage is above the highest value corre- 
sponding with a virtual cathode all the electrons reach the anode. 



Fig. 6.18. Beam tetrode characteristic. 


but there is a potential minimum in the anode-screen space. 
When the anode potential is only just above the virtual cathode 
value the minimum is actually at the anode. When 1^ = the 
minimum is half-way between anode and screen, and when 
VapVs minimum is on the screen. Fig. 6.19 demonstrates 
the variation of potential for six values of 

In the beam tetrode the depression of potential by the space 
charge is used to prevent secondary electrons from the anode 
reaching the screen. If the anode potential lies between 0 and 
V 2 in fig. 6.19, secondary electrons emitted from the anode 
emerge into a strong retarding field and are turned back. In 
the immediate vicinity of Vs, secondaries can go from anode 
to screen but at a somewhat higher voltage, between V, and ^ 
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the minimum will have moved back from the anode and the 
secondaries will be prevented completely from reaching the 
screen when the potential depression is greater than about 
12 V. For all potentials above this critical value secondaries 
are again prevented from reaching the screen. 

The potential distribution is easily calculated by assuming a 
variation which is symmetrical about the minimum. This has 
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Distance 

Fig. 6.19. Po wntial profiles for different values of T"a. 

been carried through in the references cited and will not be 
repeated here. 

The matters discussed in this section are practically important 
in the theory of ihe beam tetrode. We discuss tetrodes later 
on, but we should here emphasize that the theory of these 
devices is necessarily very much more complicated than has 
been indicated above, because rhey are not simple parallel beam 
devices but usually have a complex geometry. In addition, 
extra electrodes at cathode potential are often inserted into 
the screen-anode space which depress the charge-free potential 
below the values corresponding to the potentials of & and A 
alone. A particulaily good agreement between simple theory 
and practice is not, therefore, to be expected. 
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6.10. Space charge and transit time 

In the next chapter we shall study the effects of raising the 
operating frequency of valves so much that the electronic 
velocity is insufficient to allow the time interval between the 
instant of leaving the cathode and the instant of reaching the 
anode to be assumed short in comparison with the period of 
the impressed h.f. fields. 

As a preparation for this work let us calculate the transit 
times in diodes with and without space charge. With no space 
charge the potential variation between parallel planes is linear 
and 



(84) 


where = velocity corresponding to the anode voltage, 

-A-iy-'- 


When space charge 
thirds power law, 


IS present the potential follows a four- 



or 



Then 


^ p dz r 

” Jo^(2) ” «« Jc 


z~^dz = - . 

0 


(85) 


Eqn. (85) shows that space charge increases the transit time 
by 50 per cent. The derivation of eqn. (85) takes no account 
of the potential minimum. By suitable re-definition of 8 and 
Ufj, eqn. (85) can be adjusted to give the time from the virtual 
cathode to the anode, and another calculation can be made to 
give the time from the cathode to the virtual cathode. Since 
the electrons are moving with their lowest velocity in this part 
of the tube the correction is by no means negligible. The 
magnitude can be assessed by determining the depth and posi- 
tion of the potential minimum by the methods of § 6.6. The 
retarding field between cathode and minimum can be assumed 
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linear, and the transit time to the minimum of an electron 
which just passes the barrier is then 


where = initial velocity of electron just able to sur- 
mount the barrier, 

= 5-93 X 105 

The total transit time is then 

T= ( 87 ) 

«« 

The second term can be very important in closely spaced 
diodes, such as are used tor microwave work. 

The calculations in the case of the cylindrical diode are not 
quite so simple. With no space charge the potential variation 
is logarithmic, and it is easily shown that 

_ ‘1‘c V{In rjr^] dw 


V{In rjr,} p ^ 

«« Jo >/“» 

where oj = ln(r/r^). In tlic space-charge limited case 

therefore t = J* {r^r^~^dr 

Ferrist has given cui*ves which give these transit times in the 
form 


V Vf' 


t Ferns, Pwc, Inst. Radio Engrs., N.Y. 24 (1936), 82. 
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The increase in transit time due to space charge is smaller 
in the case of the cylinder diode than it is in parallel plane 
diodes, but for closely spaced diodes which are actually used 
at u.h.f. the difference is small. This is to be expected, since 
the close-spaced cylinder diode must approximate to the 
parallel-plane diode. 

In general, the effect of space charge is to increase the transit 
time in a given region, but, unles'j a virtual cathode is formed, 
the increase is not very great and in most cases it will be well 
below 50 per cent. 
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TRANSIT TIME EFFECTS 


Up to this point we have been concerned only with the d.c. 
and low-frequency behaviour of electrons moving in electro- 
magnetic fields. We have now to consider some of the phen- 
omena which take place when the time taken by the electrons 
to move from one electrode to another is comparable with the 
period of the alternating voltages applied to the electrodes. 
Before we can do this we must get a more precise idea of the 
nature of electric current, which has so far been defined as the 
rate of arrival of electrons at the electrode surface. Maxwell 
introduced the idea of the total current into electromagnetic 
theory. The total current is defined as the sum of conduction 
and displacement current, or in symbols 

- dE ... 

the first term b<‘ing the conduction current and the second the 
displacement current. The displacement current is stored in 
forming the electric field and, averaged over a cycle, the value 
is zero. Clearly, the higher the frequency the greater the magni- 
tude of the displacement current. Now, although the time 
average of the displacement cuireiit is zero, this does not mean 
that it produces no measurable effects. In fact we can show that 

V.I = 0, (2) 

so that if we imagine a region in which is suddenly changed 
eqn. (1) sliows us that the fidd must change in such a way 
that the total divergence is zero. 

7.1. Ramo’s theorem 

It is possible to deduce more useful expressions for the total 
current from eqn. (2), but a simpler physical picture results 

m 
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from following the work of Jen.f Before doing this it is worth 
while discussing the case of a single electron traversing the 
space between two plane-parallel electrodes (fig. 7.1 a). Imme- 


(b) (c) 



Fig. 7.1. Fields and currents induced by a moving electron. 


diately the electron leaves the cathode plane it induces 
positive charges on the cathode and anode. The magnitudes of 
the charges are such that 

</* + ?« = <’• ( 3 ) 

When the electron has moved a distance t froitl the cathode 
the anode charge has changed from 0 to ga(s)> balance 

this the field has done work on the electron of amount Eez^ 
therefore Edq^^^) = E^z or 

ez 

<7«U)= 


and the charge on the anode is directly proportional to the z 
displacement. It is obAious that — ((l—zjd). The charges 
therefore vary as in fig. 7 16. 

Now, 

( 4 ) 


dt 




ez 

~d 


eu 


where u = velocity. Eqn, (4) can be written in a more informa- 
tive way. Let = velocity at anode and t = transit time. 

Then t = 2dlu,, and ^ , or, since the acceleration is 

« tu 

uniform. " 


= 


2et 


(4 a) 


t Jen, Proc. Imt. Radio Engrs,, N.Y. 29 (1941), 345. 
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and ?« = “2 • (4 b) 

These are shown in fig. 7.1 c. A stream of electrons in a planar 
diode without space charge is therefore equivalent to a series 
of triangular current pulses. 

Eqn. (4), or rather a generalization of it, is often called 
Ramo’st theorem. The general form is 

i = E„eu, (5) 

where E„ = field component m the v direction of the field 
which would exist in the space considered if the electron were 
removed, the given electrode raised to unit potential and all 
other electrodes grounded. The above expression assumes that 
all h.f. magnetic fields are negligible, and that the frequency 
is not so high that field propagation times ha\e to be con- 
sidered, i.e. the retarded potentials are approximated by the 
electrostatic potential. 

The development of eqn. (4) is, of course, merely illustrative 
of the fact that immediately electrons enter a space surrounded 
by conductors, currents start to flow in the said conductors 
quite independently of whether the electron finally reaches the 
conductor or not. (The electron of fig. 7.1 or could escape 
through a minute hole in A without altering the behaviour 
during the transit K-A, though a current would be induced in 
A during any subsequent movement.) A particular case of 
practical importance is the fact that currents are induced in 
the negative grids of triodes when these are operated at high 
frequencies, and in some circumstances heavy damping of the 
input circuit is the outcome of such induction. This effect can 
only be overcome by making the transit time K-G very small, 
which usually has to be done by reducing the spacing, as the 
alternative, increasing the effective grid voltage, is usually not 
permissible. 

As an example of the application of Ramo’s theorem, con- 
sider the valve of fig. 7.2, where we assume that the electron 
beam from the gun has a density variation so that the current 

t Ramo, Proc. Imt, Radio Kngrs,, N,Y. 27 (1939), 584. 
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entering the space between the grids is of the form i = 

(1 +asinw<). Since = l/d for this case, the current induced 
in O 2 by each electron in the gap is A/ = eu/d. If the area of 
the grids is Ay the volume of the gap is Ad and there are 
Ad 

p— electrons in the gap at any instant. The total induced 

current at any instant is thus 

_ Adev 

^ — P -j- 
^ e d 



Fig. 7 2. A reflex klystron. 


But 


Therefore 


pu = conduction current densily, 
= ilA. 

/ = ^, 

= to(l -f asmoi^). 


The amplitude of the h f current circulating in the external 
circuit IS thus ^ 

ijjf — a?Q. 

We can look at this result in a slightly different way. Fig. 
7.2 6 shows an equivalent circuit for the gap and external 
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circuit. If the gap alone is considered, it is equivalent to 
putting an open circuit site,/. The open-circuit voltage is then 
Vq = —jilojC. When the inductance and capacitance are con- 
nected at c, /, the voltage and current are Vf^, so that the 
driving current must equal plus the current in C, Therefore 

i = 4+jcoOF^. 

The equivalent circuit of the gap alone is thus the circuit 
seen looking back into the terminals of p, y, i.e. a capacitance 
across a constant current generator of infinite internal imped- 
ance and the current is equal lo the h.f. component of the beam 
current. We shall see later on that the impedance of the 
generator is not, in general, infinite, but depends on the transit 
angle across the gap. Practical \alves usually operate with 
dimensions such that the impedance falls as the transit angle 
increases, but this need not invariably be the case. When the 
generator impedance is not infinite, an extra admittance Yn is 
connected across and the driving current must maintain the 
voltage Vj^ across this. In this case the current in the external 
circuit is 

where ^ gap admittance, 

— 

The problem of calculating Yj^ is discussed in § 7.11. 

These relations are \ery inqiortant, and will be used con- 
tinuously in the chapters on \elocity modulated valves and 
ultra-high frequency triodes. 

1.2. Current flow at very high frequencies 

Let us now" put these ideas on a firmer theoreti(‘al basis, as 
is done by Jen, I and, with e\^n greatei generality, by (hibor.;]. 
We consider a closed region of space bounded by a number of 
electrodes r? held at potentials Og and w ith charges 

t .Icn, lo(*. cit. 

{ Oabor, JmUi, Elect, Engis. 91, pt. in (1914), 128. 
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Iiiside the volume there is a space charge whose 
density at any point is p(x, y, 2 , t) and the electrons travel with 
velocities u{x, y, z,t), u refers to the normal vector in the out- 
ward direction as usual. Green’s first identity! can be used to 
find the relation between the field and the charges. The vector 
identity is 

f {VJ,)HV+ f <l>V^(f>dV = r <f>^dA. (6) 

Jv Jr Js 

Now E = - 


= - V.E = “p/cq, 


therefore 


Jv Jt k-l 


The right-hand side results from the application of Gauss’s 
theorem over the electrode surfaces. Eqn. (7) is an energy 
equation, and we are inteTcsted in power relations, so we 
differentiate to obtain 

i{^kq„ + ^kq^)+ r (p<f, + <f>p)dV = 2eJ E.tdV. (8) 
k 1 Jp Jv 

We can find oxpresisions foi as follows. 

The equatjon of continuity is 


therefore 


p + V pu =- 0, 
p«^-f^V.pu = 0. 

V . c/»pu = pu . + <^V . pu, 


therefore J p(f)dV = “J (V.^pu- pugrad^) dF, 

= - J <^pud>l — J pu.EdF, 

= — f pu.EdF. 

Js Jv 


t Stratton, Electromagnetic J'heory, McGiaw Hill, 1941, p. 165. 
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= eojj>V.EdV, 

= CoJ^(V.^E-E.V^)rfr. 

= €(,j* ^Erftf + e„J E.1S.dV , 

= -X‘t>*<7]fe + «ofE.ferfF. (10) 

k=\ JV 

Using these results in eqn. (8) we obtain 

f (pu)„d^fc] = f (pu + CoE)Erfr. (11) 
k^l JS Jv 

If = conduction current to the Itli electrode from the 
external connexion, we can apply the equation ol continuity 
to the i*th electrode and obtain 


Js 

or, in words, the time rate of change ot surface charge ecjuals 
the conduction current plus the incident space current. 

Using eqn. (12) in (1 1) we finally obtain 


f (pU-r€ofe)Er/F. (13) 

k=i Jr 

It will be seen that Maxwell’s total current has reappeared 
in eqn. (13). 

Eqn. (13) can be given a more signiticant form by inserting 
the expressions lor the kinetic energy of the electrons and the 
energy stored in the electrostatic field, viz. 


Then 



(14) 
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Thus w© see (a) that the rate of change of the total energy is 
equal to the sum of the instantaneous powers on all the elec- 
trodes; (b) that the electrodes are all coupled together by means 
of the field and the space current; (c) that the current to an 
electrode depends only on the total current, and not on either 
the conduction current or the displacement current alone. 

Let us now use eqn. (14) to derive Raino’s theorem. We 
divide the potential into two parts, one depending on the 
electrode potentials, and the other on the space charge, i.e. 
if) = with 

= 0 , 

(^•= 1 , 2 .. .., 72 ). 

Then f (pu + €oE)Eirfr, 

/l- 1 Ji 

J (pu-|-€oE)E.,riF. 

For the qiiasi-statiouaiy case wheie E -= 0, we have 

, r puE.dV. ( 15 ) 

k 1 JJ 

We now apply this to a parallel-plane diode with the cathode 
at zero })olential and the anode at unit potential. For a single 
electron we can integrate over a small sphere containing the 
electron to obtain 

( 10 ) 

Eqn. (16) is identical with eqn. (15) and therefore Kamo’s 
equation is proved. 

Another useful relation which can be derived is an equation 
for the power balance. Let p equal the period of the oscillation, 
then the average of a function over a single cycle is 

i>Jo 

and the average of a periodic quantity is zero. 
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Now E is periodic, and tlierefore E and duldt are zero. From 
eqn. (14) we have . 

2^- (17) 

We note that, if is a periodic fnnction r)f ^ the product 
need not be zero even if - 0, and so there may b(‘ an 
interchange of energy between the field aiul the electrons, even 
if the electrons are not collected by the elect rofles. 

In the above development ve have not takrm account of 
radiation effects, and we also as^intie that h.f. magnetic fields 
are negligibly small. In a later pa]K‘r Jent rimioves the first 
restriction while the work of ClaborJ eliminates the second. 

7.3. Power relations in gaps 

As a first application of these relations to a practical problem, 
let us consider the simplest ])roblem of ultra-high-Ircqiiency 
electronics, the power intei-change bctv\(T'n an initially uniform 
beam and a ga]) aeross whi(*h a small h.l. \ ollage I j is developed. 
In this context a small h.f. voltage is defined as one for which 
the ratio 1] usuall\ (h^noted by llii^ symbv)l x and ealled the 
‘depth of modulation’, (»))e;vs the condition Fig. 7.2 

show\s the arrangement , the gaj) is to Ix' considered as bounded 
by ideal grids which constrain tlie Held without nitereepting 
any electrons. By Banio's theoiem e.uh eJeetron induce\s a 
current jiuKe into the i*ircuit, acioss v^llieh a voltage 

IJsiiuof is maintaiiK'd by an external gemuator. The eurrent 
at entry i» / 

A) - fo- ■ V (" 

Again u^ing Hamo’s theorem, the eurrent at the time t due 
to the charge entering the gap in the interval betwx^en times 

and i- dt^^ is . 

di - ^ ^^0- 

The total current at time ( is the integicd of this over all the 
electrons in the gap, i.e. over (q — t — r to f^^ -- t when r is the 

t Jen, rjo(. Inst. Hatlio Knt'is.. X.Y. 29 (1041), KiL 
j Gabor, loc. cil . 
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transit time of those electrons which reach 




We must now determine u and t by dynamical methods. 
The equation of motion is 

eV 

mz = — p sin oi/. 
a 

Carrying out two integrations and inserting the initial con- 
ditions that z = ^0 at ^ = ^0 and 2 = 0 at ^ we obtain 

eK 

+ (cos 0 )^ 0 ” cos coi), (19) 

" = + (f-fo)+„^l2(^incota-sma,t). (20) 

Let us now introduce some notation. We put ViIVq = a. and 
cDfl/vQ = (f>Q. <f>Q is the transit angle in the gap if the b f. field is 

removed. Remembering that = 2^-1^, we have 

mdix) 

and z = uA\ + ^ ^ cos oj/q ) | ^ — I + « ^0- 
\ /\ / 

First we determine r by using the condition that Iq = t — r for 
the electrons reaching at any instant. To obtain an explicit 
relationship we put g 

T= + , (21) 

Uq (D 

where S is a small correction factor. We approximate by 
putting sin, cos {cot — — S) equal to sin, cos (cot — (/>) and neglect- 
ing terms involving the product aS. Then 

, , Ocd , ^ . aWn , . y ^ IV • 

d = d-f-- --f-^.-7-cos(a><-^o)4-,, . \Hm((ot-(l}Q)-iAma}t], 

oj *- 9 o 200 w ^ 22 ) 

whence 

S = ^ [sin cot( 1 — cos 00 — <f>o) + cos (sin 0o — 0ocos 0^)] 

( 23 ) 


198 



POWER RELATIONS IN GAPS 


From eqns. (18) and (19) 


/sinco^n 


— tgCOStut 


_ /(, r oif — sin a>(^ — t) 

d [ ® ^ 2(f)Q \ w 


1 


— T COS cot, 


)]■ 


Using the value of t from eqns. (21) and (23) we have 
» r, f/1— cos^o sin^o\ • . l-fCOS(in\ 

/d *lr ^8 ■ 2^7)®'"“'+! 4 >l - 2^0 jcosco/jj. 


= ^if’ 

2R,[ 


lol 

fro J’ 


(25) 


(24) 

The h.f. current therefore lias components both in phase and in 
quadrature with the driving voltage l^sincuf. The power given 
up to the beam by the field is clearly 

cos<^o 

<f>l ■ ^7 

where i?o = d.e. beam impedance, 

as can be proved by evaluating the average of iV^ sin cot over a 
single cycle. In later parts of the book we shall refer to a 
quantity rjj^, the diode efficiency of the gap. is defined as 
Pf, divided by IqVq, i.e. it is the ratio of the h.f. power gained by 
the beam to the d.c. power carried by the beam. For this case 

oc^\\ —coh<f>Q sin<^o] 

^ Ho 


Vp 






'] 


(26) 

(27) 


Another useful way of looking at the system consisting of 
the beam and the gap is to consider that the beam is repre- 
sented by an admittance across the terminals of the gap. 


where 


O = 

5 = G'„( 


1— cos^o 

<f>l ~'H7r 

sin <f>„ 1 + cos 

~W ~ Ho r 



(28) 

(29) 

(30) 
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In fig. 7.3, the conductance and susceptance are shown as 
junctions of <I>q. 

The case of the parallel -plane diode can be handled in exactly 
the same way. This has been done by many authors, among 



others by BenliainJ Mullei,^ IJewellvniJ and North!,. The 
deriv.ition by Noith use^ exactly the metliod used above. The 
result, subject to certain assumptions whicli we shall discuss 
in a moment, is 

12r 

ro 

-Moi^ f (‘O.s^„)-2sin<^o.j]. (31) 

Kqn. (31) riqiresenls the beam alone. The ordinary low- 
frequency capacity of the gap ciu lie included m this case, 
because the capacity and the current bear an obvious i elation- 
ship in the planar diodix The free-space capacity can easily 
be shown to contribute an extra ^2rJ(f>^^ to the reactive part. 

t Bcnham, PhiL Ma^. 5 (1028), 641 aiul 11 (1931), 457. 

t Muller, IlochjiequenzUch. u. KleUroalntsl. 41 (1933), 156. 

§ Llewell>n, Election Inertia Ejject^ Cambridge Tniversity Press, 1041. 

II North, ProL. ImU Radio Engts,, N.Y. 24 (1036), 108. 
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Including this and expanding the trigonometric functions, we 


In these exj)ressions is the static slope resistance of the 
diode 

_ X _ 378 X 1 OSrft 

“Hlz ~3/„- ~ rj • 

(33) 

Tp is measured in ohms/unit area. (I>q — cut as usual. For the 
spaee-eharge limited diode, eqn. (85) of (liapter 6 gi\es 


T = 


5()7rf 

ion;,*' 


(34) 


The assumptions made in deriving the diode expressions are 
the following; 

(fi) The electrons in the cathode-anode space only trav^el in 
one direelioij, i.e. towards the amxle. This means that the 
analysis only applies sirictly under Ihose tield conditions for 
which the y)()tential gradient is zero at the cathode surface. 
The loading effects of electrons going to the space-charge mini- 
mum and returning are not considered and, in ffict , the necessary 
mathematical eipiipment for doing this has not be^en developed. 

(b) In spite of (r?) it is assumed that space charge is com- 
plete and that as swings up the cathode current increases 
according to the space-charge law. 

(r) Initial velocities are neglected except that a correction 
term may be a])plied to to take the mean initial velocity 
into account. 

The agreement between experimemt and theory is fairly good 
in spite of the approximations, as is shown by the performance 
of the diode oscillator of Llewellyn and Bowen. f 

Eqn. (31) can be inverted to obtain the value of the admit- 
tance; the low frequency value is 







t Tile welly n and Ho wen. Bell Syst, Tech. J. 18 (1989), 280. 
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Eqn. (36) is the admittance of a resistance shunted by a 
condenser. It is easy to show that the condenser has six -tenths 
of the capacitance of the diode electrodes when the cathode is 
cold, i.e. the presence of the electrons reduces the cold capacit- 
ance to 60 per cent of the original value. 

Fig. 7.4 shows the values of and as a function of as 
tabulated by Llewellyn.f 



Fig 7 4 Internal impedanc c of diode as a function of transit angle, B 


The above results, besides being applicable to the diode, can 
also be used to discuss the cathode-grid, grid scieen, screen- 
anode, etc., spaces in parallel-plane multi-electrode valves. 
Before we discuss these applications vve shall briefly indicate 
some further methods of handling the transit time problem 

7.4. Further methods of treating transit time phen- 
omena 

The method which was used by Llewellyn to derive the 
results given in the last section, is based on the following 
reasoning. 

The total current per unit area is 

I = pu + 6„^p (36) 

t Llewellyn, Electron Inertta EffetU, Cambndge University Press, 1941. 
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mz = eE. 


(37) 


The divergence relation is 

V .€qE = p, 

which for parallel planes is 

«o - />• (38) 

Putting (38) into (36) we obtain 

Now 

so 

therefore 

Eqn. (41) is to bo interpreted as meaning that the rate of 
change of field must be evaluated at each instant on the path 
of a reference eleotron. If now we use (37) to substitute for E 
we obtain as the final result 


iSE dE\ 

E 0, 


dE _ dE dz dE 
dt dz dt"^ dl’ 


1 = 


dE 


(39) 

(40) 

(41) 


oi, in words, tlw total current is directly proportional to the 
rate of change of acceleration evaluated at each instant on the 
path of the reference electron. I is not a function of s but, m 
general, is a function of t. 

To make use of eqn. (42) Llewellyn writes 

2 = /T + K = const. 

Integrating, we obtain successively 

z = K(t- <o) + - f '(«o) + «o + <^(<o). (43) 
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where 

®o + “(^o) = acceleration at the plane of origin, 

+ (t- fo) [“o + “(<o)] + «o -f ^'(^o) (-t^) 

where Wo + ^(^o) velocity at the plane of origin, and finally 

z = mt- + m - m -{t- /„) -i(t- w'{to) 

+ H^“^o)^L®o + a(^o)l + ^o) f^o + ^(^o)]» 

as z is assumed zero at the origin, time = /q. 

This theory is only applicable to single-\ eloeity streams. If 
the a.c. velocity distribution is such that electrons ean OAer- 
take one another it is inapplicable. This follows because the 
total current is defined as a single-valued funeiion of z and /. 
In cases where a large d.e. component of v(*loeily or accelera- 
tion exists, this condition is almost automatically fulfilled. 

Llewellyn makes use of eqn. (45) by inserting the value of 
the transit time when theie are no a.e. fields present, i.e. 

= ^AVh- w„T. (Hi) 

When the a.e. fields are jiresenl a correction factor is applied 
by writing / — /g = r f S. 

Functions of (/ — ^o) expanded in series, i.e. 

JV-t,) ^f(r)+J\r)8 t (l/2f)y-(T)5^ etc. 

m = f(t - T«) +/'(t - T) 8 + ( 1 /2! )/"(/ - r) 8^ et e. J 

Now let 8 = 8j -f- Sg-f 8j-l- ..., etc. (4S) 

Eqns. (46), (47) and (4S) ean be substituted back into eqn. 
(45) to give expressions lor the deltas. This enables solutions 
for the alternating quantities to be found. 

Another method, due to Benhain,t may be called the current 
compression method. A derivation is givcm by Llewellyn, J but 
here we use a simple physical argument to make the relation 
plausible. 

t Benhain, NaiurCy Lotid.y 139 (April 1937). 
t lilewellyn, op. cit. 
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Consider an electron beam passing between four planes 
A, B, C, D (see fig. 7.6). f’onsider the motion of those elec- 
trons which passed between the planes A and £ in a time 
interval {A and B are considered to be very close together, 
but may be widely separated from C and />), Those electrons 
arrive in the space CD during a time interval A^g, then, since 
current is conserved, 





A B C /) 

Fi|». 7 5. The basis of the klvstroii. 


and in the limit 


In particular, if the current density is constant at tlie plane A 

( 61 ) 


where is the d.c. beam current. The application of this 
relation to the evaluation of the input admittance of a parallel- 
plane gap, as given l)y eqns (24) and (25), is given in detail by 
Beck.f This method of cahmlaling radio-fretpieiiey current is 
of great importance, because it leads to the simj)lest method of 
treating velocity modulation tubes and travelling wave tubes. 

The last method of calculating the interchange of energy 
between a beam and a field applies in the case of electron 
devices where the h.f. fields are confined to the inside of 
resonators. The radio-frequency currents flow only on the 
inside surfaces of the resonators, and the power input to the 
device is therefore constant in time. Eqn. (14) therefore shows 


t Beck, Velocity-modulated Thermiomc Tubes, Cambridge University Press, 
1948. 
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that the change of kinetic energy of the electrons is the negative 
of the change in field energy. It is usually fairly simple to 
evaluate the gain or loss in kinetic energy by kinetic methods. 
The total gain or loss of kinetic energy is then obtained by 
averaging over all phases of entry to the system. The decrease 
or increase in the field energy is then known. This method can 
be used for graphical determinations of efficiency as well as for 
analytical work. 

7.5. The Llewellyn electronic equations 

In two important papers Llewellyn t and his collaborators 
have studied the correct methods of representing parallel-plane 
vacuum tubes by active networks, when the frequencies are 
sufficiently high that the ordinary representation in terms of 
dynamic impedance and constant input and output capacitances 
breaks down. This work is done by taking the first-order 
solution of the method described at the beginning of the last 
section, i.e. putting j 

where p = a-l-jco 

The equations of the last section are then sohed for This 
gives the first-order component of the acceleration which in 
turn allows an expression for the voltage difference between 
the two planes to be derived. J The result is 

V^-V,, = AI + Bq, + Cv,,-\ 

Dl-^Eq^ + FvA ( 52 ) 

Vft = GI + Ilq„ + Kva,] 

where = alternating voltage at plane -B, 

Va = alternating voltage at plane A, 

I = alternating current, 
q = alternating conduction current, 

V = alternating velocity, 

t Llewellyn and Peterson, Proc, Imt. Radio Efigrs., N.Y. 32 (1044), 144. 
Peterson, Proc, Inst. Radio Engrs., N.Y. 35 (1947), 1264. 

X For the details, see Llewellyn, Electronic Inertia Effects, chaps. 2 and 4. 
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A-K = electronic coefficients, depending on the extent of 
the space charge between the planes. 

The necessary relations for making use of this system of 
equations are given in Table 2. 

As an example of the use of these equations, we apply them 
to a space-charge limited diode. Since we are not considering 
the effect of initial velocities, but only the velocity vanations 
due to applied fields, both and v„ can be put equal to zero. 


0 1 2 3 

1 i i I 
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Fig. 7.6. Notation for the Llc^clI^n electronics equations. 


= 0 means that i? = 0, so the first of eqns. (52) reads 

Vt,-V„^AL (53) 

Thus A is the h.f. impedance of the diode. 

Now («„ + v^f = 27j(^Vo„ ^ (5*) 


and 




-K + «h) 


( 66 ) 


the last equation being Child’s law rewritten in terms of t. 
Using these equations A, the impedance, can be reduced to 




+ US 


\2 12.91 


r2 125' 


(56) 


In the last ecjuation we have put Vva = « which is the case 
for an emitting cathode, and which is necessary for u„ = 0. 
It is easily shown that cqn. (56) reduces to the value of imped- 
ance, in terms of the transit angle, which was given in § 7.2. 
Let us now consider a multi-electrode tube, fig. 7.6. We 
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TABLE 2 CONSTANTS FOR LLEWELLYN’S 
ELECTRONIC EQUATIONS 
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a49sume that electrons are emitted from O which is at zero 
potential. Now, for region (1), 

= Di/i, Vi = 

all the other terms having disappeared because of the initial 
conditions. 

For region (2) 


9^2 — I 


(67) 




where = the proportion of current intercepted by the grid. 
Substituting for r/i and we get 
1 V 

-72 = (^2- A 

^2 ^1^2 l5i 

— (?2 (-^ 1 0^1 + ^1 ^ 2 )]*^ 

The process can be repeated for regions (3) and (4). 

We can then write 


A ” A)j/22'"^yi2» ^ 

A == (^3”" ^2)2/33”"(^~ A)y23“^^/l3». 

and so on, the admittances being defined by 

_ 1 1 _ 1 . 

2/11 — J ' 2/22 “ A ’ ^33 J » etc., 

^1 -^*12 -^3 

2/21 ~ ^ ^ 

2 / 23 “ J "j (- 63 ^ 2^2 ®2^3)» 

-^2-^3 

2/13 ~ j j j [-421^2^3 (-^1 ^2 -^2) "h OLi 

^ ® xH, + O^K,)}^{oc,B,D,{D,cc,B, 

+ GiCa) + C 3 G 2 (A «1 A + A A)}].^ 
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THE LLEWELLYN ELECTRONIC EQUATIONS 

It should be remembered that direct voltages used in evaluating 
the necessary quantities are the equivalent voltages at the 
planes of the grids. 

Llewellyn and Petersonf give many examples of the use of 
these equations to derive networks for the representation of 
tube performance. Fig. 7.7 shows a typical example, that of a 



Fig. 7.7. A network for the negative grid triode. 


triode. Here is the input admittance and j /22 ^he output 
admittance, mainly the plate-grid capacitance, and 

yi 2 is the transadmittance, shown plotted m Chapter 8. It 
should, perhaps, be emphasized that fig. 7.7 is only intended 
to represent the electron stream and the active part of the 
electrodes. Lead inductance and capacitances are not included. 
These quantities are, naturally, of importance to the circuit 
engineer, but to us they represent effects which are not funda- 
mental in the operation of the tube. Moreover, modern con- 
structional techniques tend to eliminate unwanted reactances. 

It is worth noting that the Llewellyn analysis for the input 
admittance of a diode, applied to the cathode-grid region of the 
triode, yields a value having the same frequency dependance as 
that due to Ferris, J whose result was 

= (61) 

where k = constant, = mutual conductance. This agrees 
with the Llewellyn analysis for small transit angles. 

The use of Llewellyn’s equations is not, of course, confined 
to conventional gridded valves. The equations are applicable 

t Llewellyn and Peterson, loc. cit, 

J Ferris, loc. cit. 
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to velocity-modulated tubes, as long as the electrode system 
can be considered as plane parallel, and LleweUyn, in the 
paper cited above, gives a derivation of the transconductance 
of a two-resonator klystron which agrees with the value calcu- 
lated by other methods. However, dynamical methods are 
generally used instead, because they are not limited so much 
by geometrical considerations. The methods historically asso- 
ciated with the development of transit-time devices will be 
described in the appropriate section. 

7.6. Remarks on the inadequacy of single stream elec- 
tronics 

Eqn. (42) is only true for a single -velocity stream of electrons, 
since, if electrons of several velocities or with a significant 
range of velocities are under consideration, it is not possible to 
pass from the partial differential to the total differential as was 
done in eqns. (39) and (40). If a range of velocities must be 
considered 

i — puduiy 

Ju, 

and eqn. (36) has to be replaced by 

rv, , 

^ 7 = pudu V ^ z. (62) 

Jw, ^ 

Now a practical way in which such a situation could arise is 
that a cross-section of the beam at the plane of observation 
contains groups of electrons accelerated by different h.f. fields, 
as could happen in a magnetron. Then the velocity limits will 
depend on the acceleration of the elections. But this is pre- 
cisely what we wish to calculate, so eqn. (62) is an integral 
equation. In small-signal theory the difficulty can be overcome, 
but in large-signal theory, such as is required to give an ade- 
quate picture of magnetron operation where the output effici- 
ency may be as high as 70 per cent, this is not the case. Ade- 
quate mathematical techniques for attacking this problem have 
not been devised, and as a result a satisfactory magnetron 
theory is lacking. Another instance of the failure of single- 
stream techniques is in the analysis of transit-time effects in 
the cathode-potential minimum space of the triode, where the 
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range of velocities is big in comparison with the mean velocity. 

Some progress in these matters has been made by the use of 
semi-graphical, semi -analytical methods by Wangf and by 
Gundlach.J The American General Electric Company have 
made studies by the differential analyser, which give some 
insight into the problems of triodes. 


7.7. Scaling 

A technique which is of the utmost importance in practice 
is that in which tube designs which are successful in one fre- 
quency band are scaled so that a similar performance is obtained 
in a higher frequency band. It should be clear from the earlier 
sections of this chapter that the requirements for similarity are 
twofold. First, the transit angles must be the same in the two 
tubes, and secondly, the space-charge conditions must be 
identical. 

(V)nsider two tubes, one with linear dimensions expressed in 
units of working at a frecjuency /j, and the other with 
dimensions /g frequency f^. Let = ri, / 2//1 = i-e. 
n and will usually be > 1. 

The generalized transit angle is coZ/m, so for similarity 


therefore 

therefore 


Zj ^2^2 

Ui ^ U 2 

^^2 1^2 ^ 2^2 

Wj li ^ 

V, ^ (my 

Iw ■ 


(63) 


The fields scale as F//, i.e. as m^ln. Then, using eqn. (11) and 
the relation di^ = mdL^, the current density scales as 

J, _ dEJilt^ tjf 

~ dEJdt^ ' n' ^ ' 

Scale factors for other quantities are easily deduced, and 
their values are tabulated in Table 3. If the linear dimensions 
are scaled in direct proportion to the wave-length scale factor, 

t Wang, Proc. hut. Rtidio Engr't., N.Y, 29 (1941), 200. 
t Gundlach, Futik. u Ton, no. 8 (.Vug. 1948), 40T; no. 9 (Sept. 1948), 454; 
no. 10 (Oct. 1948), 516. 
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TABLE 3 SCALE FACTORS 


Quantity 

Scale factor 

Complete scaling 
m = n 

Voltage 

(m/n)« 

1 

Field 

(mV«) 

m 

Current density 

(j»*/n) 

m* 

Current 

(w*/w®) 

1 

Inductance 


m ^ 

Capacitance 

n ^ 

m 1 

Power 

{mjnY 

1 

Power density 

m^jn^ 

m* 

Conductance 

min 

1 


the values of the second column applj From the practical 
point of \ie\^ the current density and powei density columns 
are very interesting The cunent density and power density 
in complete scaling go up as the square oi the frequency ratio 
Since theie are definite physical limits to theivalues of these 
quantities \ihich can be obtained with present day materials, 
the clear indication is that the frequency of operation cannot be 
increased without li^it We shall discuss scaling again when we 
consider specific ultra high frequency tube types More com 
plete and elaborate discussions are given by Lehmann, f 
Raymond,! and Martinot Lagaide § 

tLehmami Froc Inst Radio Engrs ^ NY 33 (1945), 6(>8, Onde ilect 
26 (1946), 175 

t Raymond, Onde ilett 27 (1947), 209 

^ Martinot I^agarde, Onde elect 23 (1948), 440 
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Chapter 8 

FLUCTUATION NOISE IN VALVES 

To complete our survey of the general mathematical theory of 
valves wc must consider the production of unwanted signals. 
The basic experimental fact is that if one applies a small 
signal through a variable attenuator to the input of a high- 
gain amplifier and listens to the output on telephones or 
observes it on a cathode-ray tube, it is found that the wanted 
signal is eventually lost in a high-pitched crackling hiss cr, in 
the second case, in a thick mass of signals of random amplitude 
and position. If the input of the amplifier is short-circuited 
the unwanted signals persist though they are usually much 
reduced in amplitude. The origin of the signals is therefore 
partially in the amplifier and partially in the input circuit. 
The noise in the input circuit is known as thermal, Johnson or 
resistance noise, while the noise in the amplifier, which, as we 
shall see, is mostly due to the current in the first valve, is called 
shot noise. In radar slang the noise signal as seen on a cathode- 
ray tube screen is called ‘grass’, a graphic and useful word. 

Although we are here mainly concerned with the phenomena 
inside valves, it is perhaps somewhat easier to understand the 
reasons for thermal noise in resistors, so we shall discuss these 
first. In Chapter 1 we pointed out that the electric current in 
a metallic conductor is due to the diiference between the num- 
ber of electrons drifting to the right through a fixed plane and 
the number drifting to the left. When no current flows enor- 
mous numbers of electrons drift with thermal energies in each 
direction every second, but, taken over a long time such as a 
second, the numbers moving in each direction are equal. Taken 
over a very short time, so short that only a few electrons can 
drift in each direction, the numbers may be far from equal. 
Thus each microscopic instant of time contributes a minute 
current pulse in one direction or the other. On the average the 
current is zero, but it is always fluctuating by a small amount 
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around the mean value. This fluctuation in current manifests 
itself as a voltage across the terminals of the resistance, and it 
is this voltage which is amplified to produce ‘grass’. The value 
of the noise voltage can be deduced from thermodynamics or 
from quantum statistics. The original derivation by Johnsonf 
and NyquistJ used the first discipline. The result is 

( 1 ) 

where — mean square t-oise voltage, 

T = temperature of resistor, 

R = resistance, 

k - Boltzmann’s constant, (e.v.) 

Af== band-width of amplifier (cycles). 

Numerically 

(r,n.-h2a^{R^f)xU) 10 volts, (2) 

if the resistor is at room temperature. 

We now introduce the concept of 'available noise power’. § 
The resistor ^ is a noise generator of internal resistance R and 
open-circuit e.m.f. The maximum power is taken from it 
when the load resistance is also if. The open -circuit e.m.f is 
then halved and the power output is eljR. But eg = Thus 
the available noise power is 

- kTAf. (3) 

This concept is of great importance as it sets up a standard 
of merit. If the amplifier has a power gain S and the noise 
power in the output with matched input is SkTAf, then the 
amplifier is perfect, since all the noise comes from the input 
circuit. Normally the noise output will be nSkTAf, i.e. the 
amplifier contributes (w ~ 1) times the noise of the input circuit. 
This amplifier is then said to have a noise figure of n, which is 

t .Johnson, Uev. 32 (1928), 07. 

t Nyquist, Rev, 32 (1928), 110. 

g Fnis, Proc, Inst, Radw Engrs,^ N,Y. 32 (1914), 419. 
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frequently expressed in decibels. The noise figure can be 
measured by matching a signal generator to the input and 
measuring the output with the signal generator switched off. 
The generator is then switched on and the generator output 
adjusted until the amplifier output power is doubled. The 
signal generator output is then nkTAf, so that if T and A/ are 
also measured n can be calculated. The theory of the measure- 
ment is therefore very simple. The practical technique is 
elaborate if accurate results arc to be obtained. The design of 
the final detector to give a linear power indication demands 
careful consideration. 

Jnside the valve essentially the same phenomenon takes 
place. The number of electrons incident on the emitting sur- 
face from the interior of the emitter constant when averaged 
over a macroscopic time interval, but on a microscopic time 
scale the number fluctuates violently. The energy distribution 
of these electrons is determined by the appropriate statistics, 
Fermi-Dirac or Maxwell-Boltzmann, but the times of arrival 
at the emitting surface are random. The emission therefore 
shows the same random structure if sampled in very short time 
intervals. The current through the valve therefore shows the 
same sort of fluctuation as the resistor e.m.f. If the emission 
is temperature limited, 

^2 = 2c/A/, (4) 

where = mean square noise current, c = electronic charge, 
7 = electron current. 

Other types of vah^e noise are met with in practice, but we 
shall have little to say about them since they are evitable, at 
least theoretically. An exception is flicker noise, which we 
describe later. These types of noise are. 

(1) noise due to the pressure of g«is, 

(2) noise due to vibration of the electrodes (microphonicity), 

(3) noise due to poor contacts. 

Returning now to the question of shot noise it is interesting 
to note that eqn. (4) can be established to within a constant 
multiplier by very simple reasoning. Suppose we count the 
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number of electrons passing into the anode in short equal 
intervals The number can be written as If N is the 

number in a long time T, the expected number in At is 
The fluctuation is then 

u = N^-N^. ( 6 ) 


The probability of a particular electron crossing in the time 
At is simply At/T = p, and of not crossing is 1 — Ai/T = q. 

Now the standard deviation of a normal distribution is 

Thus the average fluctuation 



The mean current fluctuation is then 


or 



^ ^ AtT 


£/ 

Af‘ 


(6) 


We can now ascribe a meaning to At by the following reasoning. 
If a pulse of length At is to pass through a low-pass filter 
without much distortion, the filter band- width must equal IjAt 
at least. Therefore an amplifier of band-width A/ will analyse 
the fluctuations over the time At = 1/A/. Eqn. (6) can there- 
fore be rewritten ^ _ efA/ (7) 

which agrees with eqn. (4) apart from the factor 2. Naturally 
this only indicates the general correctness of eqn. (4). 

To conclude these introductory remarks, let us discuss briefly 
two questions which have caused a great deal of trouble in the 
theory of noise. First, is there any physical distinction between 
thermal noise ajid shot noise? Secondly, is it correct to use 
Fourier series to calculate noise spectra, since the use of Fourier 
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series presupposes that the phenomenon to be analysed is 
repetitive ? 

The answer to the first question is that fundamentally thermal 
noise and shot noise are due to the same thing, the fact that 
electron motions in solids are not regular but random, if the 
interval of observation is taken to be short enough. Thermal 
noise is essentially the noise observed from a system in thermal 
equilibrium, while shot noise is the noise from a dynamic 
system to which the concepts of thermal equilibrium cannot 
be applied. It is usually obvious which theoretical technique 
will be most directly applicable, but there is no real physical 
difference between the two ‘sorts* of noise. The correctness of 
this attitude is shown by the fact that Johnson's thermal noise 
formula can be derived in the following different vays: 

(1) by classical statistical mechanics (thermodynamics), 

(2) by quantum statistical mechanics, 

(3) by a detailed application of the Lorentz theory of 
metallic conduction, 

(4) by the quantum theory of metallic conduction. 

The last two methods are the only ones bringing the actual 
motions into the picture, and many authors state that they 
lack generality as compared with the statistical methods. This 
is true in a way, but it does not mean that the approach from 
electron theory is loss correct. Conversely, there have been 
many attemptsf to show directly that shot noise is the thermal 
noise in the valve conducta.ice and, from what has been said 
above, it is obvious that this is logically possible; though it is 
doubtful whether any practical advantages result, as some of 
the steps of the argument are very obscure. 

The second question can also now be answered with some 
confidence. The argument that, since noise is non-repetitive, 
Fourier scries cannot be used to describe noise spectra is correct 
but irrelevant. Since all measuring instruments have only a 
limited pass band, one is only concerned with investigating 
spectra in this band, and it turns out that it is immaterial 

t Particularly by D. A. Bell, J. Imtn, Elect Engrs, 93, pt. 3 (1946), 87, 
and earlier papers. 
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whether one associates a spectrum with the noise impulses or 
with the effect they produce in the circuit. The difficulty that, 
if the noise from a resistance or a valve is integrated over the 
whole range of frequencies from zero to infinity, it would have 
an infinite value is eliminated by quantum-mechanical and 
transit-time treatments. These show that eqn. (1) and eqn. (4), 
respectively, are only low-frequency approximations to the 
correct results; the difficulty is not therefore introduced by any 
question about the validity of Fourier representations.*!* 


8.1. Thermal noise in resistors 

We first give the derivration of eqn. (1) due to Nyquist. 
Referring to fig. S.l we consider a long, lossless transmission 



line (which we have drawn as a coaxial to emphasize the fact 
that it does not radiate), terminated at botli ends in resistors 
R so that the energy reaching either end is absorbed or leflected 
back down the line. The line is in thermal equilibrium. The 
length of the line is 1. A short-circuited line forms a resonator 
of gravest frequency ^ 


and in addition all the harmonics of are possible resonances 
of the system. Moreover, there is an electric and a magnetic 
field to be considered, so the system has two degrees of freedom 
for each resonance. Thus the number of degrees of freedom 
in the frequency interval /,/-f- A/is 


dNf 


2Af 

h 



(9) 


t A btimuUting discussion uf the basis of noise calculations which takes a 
viewpoint opposed to that ^iven here, is N. H. Cainpbeirs Momgraph on 
Ntnsf, G.K.C. Research l^abs., 1042. 
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Now it is a well-known result of classical statistical mechanics 
that energy equal to \kT must be associated with each degree 
of freedom. The average electromagnetic energy in the range 
A/ is then 


dUf^ 


2 / 


hT^f. 


(10) 


Now, if the resistances R are equal to the characteristic 
impedance of the line, i.e. R = ^{LjC), there will be no reflexion 
from them and the line will act exactly like an infinite line 
short-circuited at the ends. Thus eqn. (10) will also apply to 
the line with matched terminations. Since the system is in 
equilibrium each resistor must be responsible for \dUf. Also it 
takes Ijc seconds for the wave to traverse the line, so the power 
produced by each resistor is 
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= ifcTA/. 


( 11 ) 


But eqn. (11) is just the noise power available from the resistor 
R, and therefore eqns. (1) and (3) have been verified. 

Bernamontf gives several other methods of deriving these 
equations, the most important of which are those based on 
electron theory, of which there are three, two based on quantum 
theory and one on the classical theory. 


8.2. Some circuit aspects of thermal noise 

Although circuit considerations arc not strictly within the 
bounds of this work, it would be unrealistic not to say any- 
thing about methods of handling the thermal noise in circuit 
calculations. A resistor can be represented from the noise view- 
point by either of the equivalents shown in fig. 8.2, where 
G = 1/JK is the conductance. 

The next question which arises i*^ what happens when two 
resistors are connected in pSiTallel? It is clear that the noise 
currents in the two resistors are quite uncorrelated, i.e. mole- 
cular phenomena in one resistor produce no correlated effect in 
the other. In these circumstances the r.m.s. noise currents 
simply add. If the resistors are Ri and R 2 , conductances 0^ and 

t Bernamont, Ann, Phys,, Parh, Heme s6rie, 7 (1937), 71. 
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the r.m.s. noise current is 

- <■*> 

Eqn. (12) is exactly the value obtained for the noise from a 
resistance equal to R^, in parallel, as it should be. 

When the noise-producing resistor forms part of a reactive 
network it is usual to resort to formulae given by Johnson, I i.e. 



Fig. 8.2. Equivalent noise represcn- Fig. 8 8 Noise producing 

tations for a resistor. circuit. 


»2 = r R{w)Y\w)dw, 

^ Jo 

'‘XhT 

t;2= i?{co)6?2(ai)da>. 

^ Jo 


R{a>)Y\u})da), 


Here is the real part of the impedance of the noisy net- 
work and Y{cu) is the transfer admittance of the amplifier in 
which the noise is measured. 6r(co) is the gam. As an applica- 
tion of eqn. (13), consider fig. 8.3: 


R(oj) = 3R, 




R 


t Johniion, loc. cit. 
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Then 




2kT r^R 

'V Jo l + 

JcT 

C ’ 


or ICv^ = \1cT. (15) 

It is interesting to note that, since \Gv^ is the energy stored 
in the condenser, eqn. (15) is another way of stating the 
‘equipartition of energy’ theorem of statistical mechanics which 
was used in Nyquist’s derivation of eqn. (1). Furthermore, it is 
interesting to note that, though the integration is carried to 
infinity, the result is finite. This is because the high-frequency 
^components of the noise are short-circuited by the condenser 
so that the result is independent of their values. Since all 
electrical measuring apparatus can be represented as a capaci- 
tative reactance if the frequency is made high enough, this 
means that in practice electrical measurements are not capable 
of observing the quantum phenomena of resistor noise which 
only become measurable at optical frequencies. 

To conclude this section we note that it has been shown 
theoretically and experimentally by Omsteinf and his col- 
laborators that, if the various resistances of a circuit are at 
different temperatures, the noise can be computed by using 
the foregoing formulae with an effective temperature. This 
effective temperature is given by 

(16) 


8.3. The shot noise in temperature-limited diodes 

The possible effects of the random emission of electrons in 
the production of noise in amplifiers were first discussed by 
Schottky,^ although similar fluctuations in the rate of emission 
of a-particles had been studied much earlier by Schweidler§ and 
Campbell||. The mathematical methods introduced by the latter 

t Ormtein, Z. Phys. 41 (1927), 848; Proc. Roy. Soc. A, 115 (1927), 391. 

J Schottky, Ann. Phys., Lpz. 57 (1918), 541. 

§ Schweidler, Phys. Z. 11 (1910), 225 and 614. 

II Campbell, Proe. Comb. Phil. Soe. IS (1909), 117. 
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author are nowadays almost universally used for shot-noise 
calculations. 

The problem of this section is to calculate the current fluc- 
tuation in the resistance R in fig. 8.4 when a known mean cur- 
rent /q flows through the temperature-limited diode. The fre- 
quency characteristic of the measuring amplifier is assumed to 
be known. Now, the mean current is due to the passage of 


/ 



a very large number of electrons. If = number of electrons 
flowing from cathode to anode in 1 sec.. 

Iq = 

Owing to the fact that the electron emission is random in time, 
the number of electrons in equal time intervals A/q, Af^ 

at different times is not equal to the average number in A/, i.e. 

although A/q = A^i . . = Af„. 

We have to make some assumption about the probability that 
an event, in this case the traversal of the cathode-anode space 
by an electron, will occur in a given time interval. The natural 
assumption is that of equal probabilities, i.e. that if the average 
number of electrons flowing is the probability is where 
hi is chosen so that 1. It is also assumed that the events 
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are independent of one another. It is shown in text-books on 
statistics that these assumptions lead to Poisson’s law of small 
probabilities, which states that if the number of electrons 
flowing in equal intervals t is measured for very many such 
intervals and p(M) is defined as the number of trials giving M 
electrons divided by the total number of trials, evaluated in 
the limit as the number of trials ->oo, 


i.e. 


p(M) = Lt 

N— ►oo 


No. of trials yielding M electrons 
N = no. of trials (total) 


then 


(n tW 

P(^) = exp(-n,0. 


Il7) 


We shall only need one property of the Poisson distribution, 
that it is indii^tinguishable from the normal distribution when 
nj is large. For a normal distribution it is well know that 
the standard deviation is equal to the square root of the mean 
rate or ^ 

=r — — z= \ (18) 

Eqn. (18) tells us the expected fluctuation from the mean value 
w.; we now have to convert this into a voltage or current 
fluctuation in the resistance R, 

This is done by applying Campbeirst theorem which states 
that if the arrival of each particle produces an effect F{t) in 
the output circuit the average value of the output will be 



and the mean square fluctuation will be 

= «ej mf. (20) 

The next step which must be taken to make eqn. (20) useful 
in circuit analysis is to convert it from a time function to a 

t Proofs of Campbell’s theorem are given (a) m his Monograph on Noise; 
(6) by Whittaker, Proc. Camb. Phil. Soc. 33 (1937). 451; 34 (1988), 158; 
(r) by Rice, Bell Syst. Tech. J. 23 (1944), 282; (d) by Rowland, Proc. Camb. 
Phil. Soc. 32 (1936), 580; 34 (1938), 829. 
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frequency function, since our ordinary methods of circuit theory 
are based on frequency and not on time. This is done in the 
usual manner by forming the Fourier transform. We know 
that if a current pulse is given in the form i = F(t)y we can 
write the Fourier transform pair: 



•+00 

G((jo)e^^da}f 

— 00 

(21) 

1 

/•4-00 


■ 7(2"). 

j F(t)e-i<^dt. 

'-00 

(22) 


To interpret eqn. (20) we need the F transform of F^(t), This 
can be obtained by the use of Parse val’s theorem.! The result is 

/•+OC r+€c 

F^(i)dt= G(cj)0*(w)dio, 

J—ao J 00 

where G*(o}) = complex conjugate of 6r(a>). 

We note that f7(a>)6r*(a)) must be an even function, so we can 
now write, using eqn. (20), 


(23) 

^ Jo 

We next have to determine F{t) which in turn allows us to 
evaluate 6r(ai). For tlie temperature-limited planar diode jP(^) 

2tt 

is given by eqn. (4 a) of the last chapter, it is F{t) = ^ . 


Therefore G{oj) = i\ x f 
V(2->7) t*Jo 

2e I r« 

— j(sin0--0cos0)J, 


where 


6 = COT = transit angle. 


t See Titchraarsh, Introduction to Theory of Fourier Integrals^ Oxford 
ITniversity Press, 1987, rhaps. ii and in. 
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Then 

2e* 1 

0(oi)0*{w) = — 0 + CO8 0— 1)® + (sin d — dcos 0)®], 

TT U* 

2^2 1 

= - -^[6^ + 2(1 — coH 6 — d Still d)]. 

Let us now consider that the amplifier shown in fig, 8.4 has 
a very small band-width, small enough for 0(oj)0*(a}) to be 
considered constant in the band. Eqn. (23) can then be re- 



Fig. 8.5. Transit time funetion for shot noise. 

placed by 

®|0® + 2(l-co80-08ine)lAa> 

7TU* 

= [0® + 2( 1 - cos 0 - 0 sin 0)] A/. (24) 

Eqn. (24) gives the fluctuation current which would be observed 
in the range of frequencies /,/-f-A/ when 6 is given the value 
27r/T. Eqn. (24) can be written 

^ 2eIAfF(e), (25) 

1(0* +2(1- cos 0- Osin 0)J. (26) 

As 0-^0, ^’(0)->l so that eqn. (26) shows the behaviour we 
should expect at the low frequencies as it then reduces to 
eqn. (4). Eqn. (26) is plotted in fig. 6.5. 
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If the noise current in the resistor is to be measured in an 
amplifier with a very wide band-width, so that it is impossible 
to consider it constant over the whole band, it is easy to inte- 
grate eqn. (23) graphically between the upper and lower cut-off 
frequencies of the amplifier. In general, the amplifier gain will 
be represented by some function of w, A{u}) say. If this is the 
case, the fluctuation current read on a true square-law instru- 
ment, thermocouple or thermistor in the amplifier output will 
be given by _ T". 

i* = 0{ta)0*iw)Alui)A*(tj)dw, (27) 

e J«.. 

which again will usually have to be integrated graphically. 

The case of the cylinder diode has been treated by an approxi- 
mation method by Fraser. t He derives an approximate analytic 
expression for the current pulse for each value of rjr^j e.g. for 
rjr^ = 4 he finds i = 2(»/t2(0-8^ — 0-43^2). G{a)) is then calculated 
and the rest of the calculation proceeds as above. When 6 <2 
and the difference in F{d) < 5 per cent, the noise from 

the cylinder diode being less than from the planar diode. 

The noise behaviour of saturated diodes at high frequencies 
is of practical importance because they are used as standard 
sources of noise for measurements on amplifiers, etc. It is 
impossible to make the spacings close enough for the low- 
frequency analysis to apply, and therefore accurate theoretical 
knowledge of the behaviour for large-transit angles is necessary. 

The analysis of shot noise has been carried out using a 
different mathematical technique by Blanc-Lapierre,J who 
bases his work on the use of correlation functions. A similar 
method is used by Schremp in his interesting chapter on noise 
in Vacuum Tube Amplifiers,^ 

8.4. The reduction of shot noise by space charge 

If a diode is set up in the circuit of fig. 8.4 and the anode 
current held constant while the heater power is reduced, the 

t Fraser, Wireless Engr, 26 (April 1949), 129-32. 

t Blanc-Lapierre, Rev, set,, Paris, 84 (1946), 75. 

§ Vol. 18 of M.I.T. series on radar, ed. Valley and Wallman, McGraw 
Hill, 1948. 
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noise output increases until the point is reached at which the 
valve is temperature-limited. The noise then remains constant. 
We require to give a theoretical analysis of the effect of space 
charge in reducing shot noise and to deduce some quantitative 
results for the magnitude of the effect. 

It was at first thought that the reduction in shot noise when 
a diode becomes space -charge limited was simply due to the 
reduced effect of a given fluctuation in the saturation current. 
It is an obvious experimental fact that the anode current in a 
space-charge limited diode is practically independent of when 
In fact, IJI^>3 is a condition sufficient to ensure 
that only varies very slowly with 4 . Using the results of 
§ 6.7 and § 6.8, it is easy to show that 



and the term in the bracket, very approximately 81^, is in all 
normal circumstances a large number. 

If we write the following expression for the noise current in 
the space-charge limited case 

=:2c4nA/, (29) 

where = space-charge noise reduction factor, then by using 
eqn. (28) with eqn. (29) we can obtain an expression for 



This expression for F^ is in complete disagreement with experi- 
ment, as it forecasts values of F^ much smaller than those 
which are observed. Eqn. (28) is correct to a high degree of 
approximation and cannot be the source of the error. Clearly, 
we must re-examine the physics of the problem. 

In fig. 8.6 we show a plot of the number of electrons with 
energies in the interval V, F-l- AF for a Maxwellian distribution. 
The lower line represents the number when the saturation cur- 
rent is equal to 4 f^he upper the case when the saturation 
current changes to a higher value, 4 + A 4 . Initially, when the 
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saturation current is 4 , the potential minimum in the space- 
charge limited diode is at in fig. 8.7 and = /,exp(P^/A;T). 
In fig. 8.6, therefore, the area under the lower curve to the 
right of the line AB represents the anode current. When 4 



Vm V/KT — 


Fig. 8,0. Rlfcct of change of emission on 



Fig. 8 7 Potential profiles as emission changes. 

increases to /,-l-A/^, a new equilibrium is established with a 
deeper potential minimum and a practically unchanged anode 
current. The new anode current is the area under the upper 
curve to the right of CD. Since the anode-current is nearly 
constant the two cross-hatched areas must be approximately 
equal, and, in fact, the fluctuation in is just sufficient to 


230 



BEDUCTION OF SHOT NOISE BY SPACE GHABQE 

maintain this near equality. It is clear that if were held 
constant as increased, as is the case in the diode under 
retarding field conditions, the fiuctuation in the anode current 
would be equal to the anode current times the relative change 
in and no smoothing by the space charge can result. This 
can be verified experimentally. In the case of space-charge 
limitation another effect must be looked for. Fig. 8.7 gjves the 
clue. To the right of the potential minimum, the potential is 
of the form — 1^,)* when flows, and when 

Ig + Afg flows, the constants being the same because the shift 
of the minimum position is negligible. Thus when 7, 4* A/, 
flows all the electrons at any point in the space to the right of 
the minimum are moving faster than were the electrons at the 
same point when 7^ alone flowed. The currents induced in the 
anode are therefore greater and, although the number of elec- 
trons decreases, a larger anode current is produced when the 
emission fluctuates positively. In addition, there is a small 
effect due to the currents induced by the electrons \^hich only 
move to the minimum and back. Their effect is known to be 
only about 10 per cent of that due to the electrons reaching 
the anode. The noise in space-charge limited diodes is therefore 
primarily due to \ elocity variations in the potential minimum- 
anode space. 

Several authors have gi\ en the detailed calculations necessary 
to evaluate the space-charge smoothing factor, the analyses of 
North, Schottky and Spenke, and Rackf being the beat known. 
These analyses are veiy f laborate. and we shall only indicate 
the basic ideas of Spenke and North’s calcuhition here. They 
start from the Maxwell distribution in the form 

rf^, = /^,expl-i:/ATldi:, (31) 

where V, equals the volt ecpfivalent of the electrons’ normal 
velocity component, together with the relation 

4/4 = cxi>(F„/A;7’). 

t North, H.C..1. Itev. 4 (1940), 41.1. Sohottky and Spenke, Wiss. VerOff. 
Siemens-Kom. 16 (1937), 1 and 19. Rack, Bell Syst. Tech. J. 17 (1988), 592. 
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Introducing the notation 

A 


V + V 
kT ’ 


(32) 


we obtain the following expression for the current due to 
electrons with velocities between A and A + dA, 

dl, = I^e-^dX. (33) 

This current exhibits true shot-noise fluctuations 


(d7,)2 = 2e4e ^dAA/. (34) 

They next consider that every variation in the emission is 
linearly reduced at the anode by a factor y(A) depending on the 
emission velocity. Therefore 

= 2c7„A/[y2(A)c AdA], 

and y*(A)e-'^dA, (35) 

Jv„/kT 

Therefore r2 = r* + r* 

= f y*(A)e-'dA+ (36) 

JVv./kX Jo 

For the electrons which reach the anode (j8 group), 

y(A)= 1 +^ 7 .^" (O^A^oo) 

J,(A) 

For the ct group, y(A) = ^ A ^ 0. 

Here ?,(A) = an increase in the emission with velocity A, 
= mean anode current, I = anode current when i^(A) flows 
in addition to /„ but not including Thus y(A) measures 

the change in anode current for a change in the number of 

emitted electrons in a specified velocity class. e~^ is a weighting 
factor belonging to the distribution. The evaluation of the 
integrals in eqn. (36) depends on the use of Langmuir’s develop- 
ment for the effect of initial velocities, and it has to be carried 
out by numerical methods. 
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Backt gives two methods for the calculation, the first of 
which is a detailed application of the Langmuir theory assuming 
that there is an instantaneous deviation from the mean rate of 
emission. His second method uses the Llewellyn analysis of 
transit time electronics and is therefore much closer to the 
spirit of this book. The analysis consists of the application of 
the Llewellyn electronics equations to the space between 
potential minimum and anode. The origin is taken very 
slightly beyond the potential minimum so that the electron 
motion is in one direction only, but the d.c. acceleration can 
still be taken as zero. 

Eqn. (52) of Chapter 7 gives us the relation 

Vi = AI •tBqfj -f (37) 

where = a.c. voltage between the minimum and the anode 
and the other symbols have their earlier meaning. 

Now we have already shown that the fluctuating conduc- 
tion current density at the minimum, is negligibly small (see 
eqn. (28)). Also, we already know from the example in Chap- 
ter 7 that A IS simply the h.f. impedance of the diode. The 
term Ov^^, where it will be remembered that is the fluctuating 
component of velocity at the minimum, is new. 

Thus V^ = Al-^rv^, 

and CVfj = — ^ -f e"^'^ ~ J ). (38) 


We can look on eqn. (38) as a generator of e.m.f. equal to 
Cv^ located inside the diode. The mean-square noise voltage 
is then 


p2 


/ 2^2 




(39) 


We must next evaluate v\ for those electrons which cross 
the minimum, remembering that is the fluctuation velocity, 
which the electron stream passing the minimum must have in 
order to behave as does the real stream with fluctuating mean 
velocity. 


'{' Hack, loc. rit. 
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By definition the mean velocity for the jS electrons is 

f oo 


where 




= velocity after passing the minimum 
of an electron which initially had 
an energy with volt equivalent F. 
Now, the number of electrons m each group A/(^.) is subject 
to shot fiuctuations, and not only changes but also the 

lower limit of the integration. Carrying out the variation, 

/-oo /^rv 


v + 8u 


j ^„,</Ae> + ^Ae) ”* 

8F 

jTpt 

JV„ ^ 

\0/tj } 


)VM 


Therefore 


r 


+ K. - «) 

i JUj 


Ae) + ^Ae) 




We now approximate by neglecting the variations in the 
denominator, which amounts to aKSsuming that the number of 
electrons does not change. Then, using eqn. (40), the first two 
terms cancel and . , 




8u^ = vl = 




and since is a pure shot effect, we can put 

= 2c7oA/, 


therefore 


^ A/- 
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The square of the mean velocity and the mean square velocity 
are readily evaluated from the properties of the Maxwellian 
distributionf to be 


and 


therefore 


>>1 = 


_* ttIcT 
“ 2m ’ 

(45) 

-5 21-T 

(46) 

m 

4kTe /. n\, , 

(47) 

7.-» ('->• 


A/, 


Inserting eqn. (47) into eqn. (39) we have 

" m \ 4/ r 

but using eqns. (53) and (54) of Chapter 7 we ean show that the 
slope resistance of the diode (r^) is given by 


mef. 




Therefore 

= 4A-r r, - |jA/[(cos 0 + 08m 0- 1)® + (sin 0 

= 4kTr,^l - ^)a/ ^4 1 0* + 2(1 - cos 0- 0sm 0)]. 
At low frequencies 

3^4 

0-^0, 02-1-2(1 — cos 0 — 0 sin 0) , 

i ^ 


0 cos 0)*] 
(48) 


and the low-frequcucy value of the noise voltage is 

= 4kT(0■6Ur^)^f. 

t The integrals to be evaluated are 


and 


rnu^lilcT)du ^ 

f u exp ( — m«®/2A:T)dM 
Jo 

|Jtt®exp(-mMV2Arr)dM 

** r® m 

u exp ( —mu^l2kT)du 
J u 


(49) 
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At high frequencies we can use F{d) as defined by eqn. (26) 
and write 


= 4ifcT(0-644rJ J(0)A/. (50) 


It will at once be observed that eqns. (49) and (50) are in the 
form of thermal noise equations, and they are often interpreted 
by saying that the space-charge limited diode behaves as a 
resistance equal to the slope resistance at a temperature equal to 
0*644 times the cathode temporal ure. The noise-voltage formu- 
lation is much more convenient in circuit calculations than the 
current formulation of eqns. (29) and (35)t because the voltage 
is independent of the space-charge conditions in the valve. We 
may look on the potential minimum as a region where density 
modulation is converted to velocity modulation. It should also 
be noted that the frequency dependence of eqn. (50) is that of 
shot noise and not of thermal noise. It is, however, correct to 
say that the action of the space-charge minimum in a diode 
is to convert current modulation of the emission current into 
velocity modulation of the anode current. This leads us to the 
interesting question of whether the smoothing auction of space 
charge persists even when the beam is made very long, i.e. 
when the distance from minimum to anode is \ery great. This 
may happen in, for* example, a klystron amplifier where the 
distance from the cathode to the first gap (buncher) may be 
quite large and the distance from cathode to second gap 
(catcher) will be very large. This question has not been defin- 
itely decided experimentally; but, theoretically, it seems that 
the velocity modulation must produce current modulation, so 
that noise currents depending on the transit angle from the 
observation plane to the minimum will be found. A theoretical 
paper by MacDonaldJ may be consulted, and the elements of 
another approach are given later in the book. Recent work is 
listed on pp. 559-65. 


t This can be used to show that = 9 — where «« is the eta para- 

Va 

meter of Lan^^uir's diode theory, evaluated for the anode side of the mini- 
mum, i.e, _ 

Va- eO a-ym)lliT. 


t MacDonald, Phil. Mag. 40 (1049), 561. Ibid. 41 (1950), 868. 
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8.5. Partition noise 

The last question on shot noise which we shall answer in this 
chapter is the determination of noise currents and voltages 
when the electron current from a cathode is divided between a 
plurality of collecting electrodes. The behaviour to be expected 
depends very much on the circumstances of the current division, 
e.g. if the valve consists of a cathode and two large anodes 

G s 


K 

n- 


D- 

A 

LI- 


0+ J 'Z 

Mean position of beam 

B 


Fig. 8.8. A deflexion tube. 


disposed symmetrically with respect to it, the noise in the 

anode currents will be ^ 7 tip a i. 

< = 2c4,r*A/, 

^ = 2e/„.r|A/, 


just as would be expected. If, however, there is any mechanism 
by which the compensating effect of space charge can be 
partially annulled, we speak of the extra noise introduced as 
partition noise. Examples of annulment of the smoothing are 
the following. If the current to the collectors is determined by 
velocity sorting, for instance, in a deflexion valve or in a diode 
in the retarding field regime, then if the extra noise current in 
a microscopic time interval ^las an energy such that it goes to 
collector A, the compensating current which is returned to the 
cathode will be taken from collector B (fig. 8.8). Thus, although 
the total beam current remains constant, the sum of the noise 
currents in the collector leads is greater than the space-charge 
smoothed shot noise in this current. In the simplest case, the 
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retarding field diode, only electrons with energies greater than 
that equivalent to the anode voltage can reach the anode. The 
smoothing effect of space charge is therefore entirely absent, 
since the distribution of the electrons is fixed once and for all 
and the noise is pure shot noise, i.e. 

72 = 

With these ideas we can now calculate the partition noise in 
general terms.f If the cathode supplies a current 1 divided 
between n collectors we have 

7 = 24. (51) 

1 

We suppose that there is a unit fluctuation of initial current 
to the nth electrode. The compensating current will be divided 
up between the collectors according to the steady-state current 
distribution Then the compensating current flow is 1 — y(^) of 
which is effective at the nth eollector. Thus the 

fluctuation in the current to the nth collector is reduced from 
unity to j 

If pure shot variations in /„ are considered and the result is 
averaged over the emission velocities which are greater than ^l„^, 

Next we consider the effect of unit fluctuation in the current 
to all the other electrodes, i.e. in 7 — 7,^. The compensating 

current to n is —^(1 and the corresponding noise is 

+ ( 53 ) 

The last contribution is that due to the ol electrons, i.e. to 
shot noise in (7^ — 7). This contributes 

(64) 

t North, Rev. 4 (1940), 244. 
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The sum of eqns. (52), (53) and (54) is then the 
7^, therefore __ r / i 

[i-;(i-nj7,2M/. 

The fluctuation current in the cathode lead is 

= 2cZnA/, 

? ['-fO-H, 

therefore JL = ^ =5 i " , (56) 

™ I 

instead of /„// as would be expected from straightforward 
current dnision. It will be observed that the factor is fairly 
small when 7„ is a large proportion of I but is large for small 7^. 

ThuHif = n = 0-], '1='’^^", 

f2 / 

7 ^ I 

but if ;-0-2, ^= 8 - 27 . 

7 ^2 / 

Eqn. (55), however, shows that the noise is always less than 
pure shot noise in the current. 

To conclude our study of partition noise we wish to empha- 
size that, when high-frequency effects are considered, it is not 
enough simply to consider variations in the number of electrons 
reaching an electrode. The induced current has also to be 
considered, so that if, for instance, a high initial-velocity 
electron takes a different path through a grid or through a 
resonator from that taken by a lower initial-energy particle, 
partition noise arises from this effect even if no electrons reach 
either grid or resonator. In this case partition noise can occur 
in a negative grid triode and some calculations have been 
made by Bell.t The effect is clearly important in velocity- 
modulation tubes of the gridless type, i.e. when the current 
induced by an axial electron is much less than the current 
induced by an electron at the edge of the gap. 

8.6. Flicker noise 

To conclude this chapter we shall say a little about a third 
type of noise which is only evident at low frequencies, i.e. 

t Bell, Wireless Engr, 25 (1948), 294. 
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below a few thousand cycles. If the noise output per unit- 
frequency interval be measured for a temperature-limited diode 
it is found to increase when the mean frequency is below 
3000-5000 cycles per second. Below this frequency the mean- 
square noise varies approximately as (Johnson). f The 



8 0. Behaviour of fluker noise with increasinf; fpequeiie>. 

effect is much larger in oxide cathode valves than in tubes with 
thoriated tungsten emitters, which in turn are more noisy than 
pure tungsten. In fact, some investigators say that pure tungsten 
(and presumably other pure metal) emitters do not show the 
effect at all. This noise, in excess of temperature-limited shot 
noise, is called flicker noise. It is of great practical importance 
because it sets a limit to the signal/noise ratio of low-frequency 
amplifiers, for the effect persists under space-charge limited 
conditions though it is much reduced. To give an idea of the 
magnitude of the effect, modern amplifying valves worked 
under normal (space-charge) conditions produce flicker noise 
which is equivalent to a grid signal of between 0-05 and 0-20 /xV., 
when the noise is measured in a 4-^ band (Gleneral Radio 
Harmonic Analyser) centred at 30 Fig. 8.9 illustrates the 
form of the curve of noise versus frequency and indicates the 
boundaries between which most valves fall. 

t Johnson, Phys, Rev, 26 (1925), 71. 
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Schottkyt gave the first theory of the eflfect. He put forward 
the hypothesis that the flicker noise was due to changes in the 
emission from relatively large patches of the surface. Using 
the older picture of emission from oxide cathodes this would 
mean that barium would diffuse on to the surface of the 
cathode from the interior, and would lower the work function 
of a patch of the surface. Since each adsorbed barium ion only 
has a restricted life-time on the surface, the patch would 
gradually evaporate, but in this time other patches would 
have become active so that the average emission over a very 
long time would remain constant. This picture is immediately 
applicable to thoriated tungsten, for which it was originally 
developed. Schottky found theoretically 

ju r2 

^ (57) 

where A/* = mean square flicker current, k = constant, J = cur- 
rent density, w = 27r/; whereas the empirical data were of the 

h r2*3 

form = m 

The theory therefore is not in good agreement with the measure- 
ments. More recently MacFarlane J has given a treatment based 
on a diffusion-conduction process bringing barium to the sur- 
face and calculating the life-limes of whole patches rather than 
of single ions, following Spouir&§ work on emission decay. 

MacFarlane’s result is 

A/2 = — (l<a:<2). (69) 

Since the theory of emission decay put forward by Spoull is 
almost certainly incorrect (although it can be rewritten in 
terms of poisoning of the cathode by oxygen — a much more 
acceptable picture), the vali^ty of eqn. (59) is debatable, and 
our knowledge, both theoretical and experimental, of the flicker 
effect leaves much to be desired. 

t Schottky, Phys. Rev. 28 (1026), 74. 
i Proc. Phys. Soc. 59 (1047), 366. 

I SpouU, Phys. Rev. 67(1045) 166. 
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Chapter 9 


TRIODES FOR LOW AND MEDIUM 
FREQUENCIES 

In the third part of this book we seek to apply the physical 
and mathematical theories of the first and second parts to the 
study of specific valve types actually used in modem electronic 
engineering. As usual we start from the simplest types and 
work towards the more complicated. The simplest type of 
valve which is capable of the function of amplification is the 
triode or three-electrode valve in which a grid is inserted 
between the anode and cathode. The grid may be a mesh or a 
helix or a number of parallel rods or in general any metallic 
structure which is permeable by electrons, and it is used to 
control the potential of the cathode-anode space which in turn 
controls the current from the cathode to the anode. Let us 
first consider the experimental characteristics of such a valve. 
(Characteristics with constant cathode temperature can be taken 
(a) with constant grid voltage, (6) with constant anode voltage. 
These characteristics are shown in figs. 9.1 and 9.2. Early 
studies by van der Bijlf showed that, in the operating regions, 
there is a relation of the form 

+ = + ( 1 ) 

between the currents and voltages. Here Zy = total space cur- 
rent, Z^, Va = anode current and voltage, Ig, Vg = grid current 
and voltage, 0, n, fi = constants whose significance will be 
discussed. For receiving valves and lineai amplification in 
general Vg is negative so that Ig = ^ and the relation reduces to 

Ia = G{fiV„+V„)\ ( 2 ) 

We shall later give theoretical explanations of these empirical 
formulae which allow us to calculate the constants from the 
geometrical form of the valve. Before we proceed to the 

t Van der Bijl, Thermimic Vacuum Tubes, McGraw Hill, 1920. 
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theoretical development we shall give a brief discussion of the 
way in which the valve is reduced to an active network for use 
in circuit calculations. The following parameters are introduced: 

(1) The amplification factorf = (^)’ const, (symbol /x). 



(2) The mutual conductance or slope = (^^1, Va const. 

(symbol 7, J. 

icV\ 

(3) The dynamic resistance = ^ const, (symbol r„). 

Cleaily these are related by the cxpiession 


H' Om^a’ 


(3) 


fill Continental ^voiks, particularly in German, use is made ol 
This (piantit> is ^iven the symbol D from the German Dmchgnff. 


SKa M 
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In circuit theory the triode is represented either as a series 
(constant voltage) generator or as a parallel (constant current) 



Fig, 9.2. /fl, T'f, rharact eristics for a triode. 



Fig. 9.3. Triode connected as amplifier and equivalent circuits. 


generator. Fig. 9.3 shows an amplifying stage together with 
the constant-voltage and constant-current equivalents. If 
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= a.c. voltage across Rj^ we have for (6) 


and for (c) 


-jie^Rjr^ 

'ra^Rz ’ 


60= rp » 


(4) 

(5) 


and eqn. (6) is reduced to eqn. (4) by use of eqn. (3). The 
negative sign appears because as fhe grid voltage increases, the 
anode current increases and anode voltage decreases. The 
validity of the equivalent circuit follows since eqns. (4) and (5) 
agree with the results obtained by the use of the definitions of 
^ single amplifying stage therefore produces 180° 
phase change at low frequencies. The stage amplification eje^ 

is, from eqn. (4), - , which -> ft as Ur ->cx). The parameters 

from point to point on the valve characteristic 
surface, but in certain regions of the characteristic the varia- 
tion is sufficiently small to allow them to be assmmed constant. 
Within this region the valve can be used as a linear amplifier, 
but if the input is made verj^ large so that the excursion in 
anode voltage goes beyond the linear part of the characteristic, 
or if the working point is incorrectly set by the d.c. bias 
voltages, the valve cannot be represented by Ihe equivalent 
circuits above. The resulting distortion is usually calculated 
by power-series expansions which can be made to represent 
the valve characteristic over any desired region. The resulting 
complication is considerable. 

From vrhat has been said above it should be clear that the 


main purpose of a triode theory is to provide theoretical 
expressions for ft, and r^. This is done by finding a theoretical 
expression for the anode current as f(V„, Vg) and performing the 
indicated differentiations. To find an expression for the plate 
current we have to find out how the grid and anode potentials 
control the potential and field inside the valve. Once this has 
been done the anode current can be calculated in a fairly 
simple manner. 
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9.1. The electrostatic problem in a planar triode 

We first make a few qualitative points. Consider the cathode- 
grid space when no current flows. The potential of a point in 
this space depends on the grid potential, taking = 0, and, to 
a lesser extent, on the anode potential. The anode potential 
plays less part because (a) it is farther away and (6) it is 
partially screened by the grid. This can be put in another 
way: the potential at a point in the valve is the potential due 
to superposing the potentials due to grid filone and anode 



(l,r) 



(1 - r) 


(f) Enlarged view 
of grid 


Fig. 9.4. Section through planar triode and transfonncd section. 


alone minus the effect due to the image of the grid charge in 
the anode. The closer the mesh of the grid, the more com- 
pletely it will determine the potential of the cathode-grid 
region. The electrostatic problem thus posed can be solved in 
several different ways, but it is most commonly solved by the 
use of conformal transformations whicli are used to convert 
the real shape of the valve or part of the valv^e into another 
shape in which the potential can be deduced by simple means. 

As a first example let us consider the parallel -plane triode of 
fig. 9.4, where the dimensions are marked. If we now restrict 
ourselves to the region between the dotted lines with a grid 
wire on Ihe centre line, we find that it can be transformed into 
a circular grid-wire at (1, 0) by the following transformation, 
with the centre of the grid wire as origin: 

w = M+jw = ^InZ = " Inpe^". (6) 


249 



TRIOBBS FOB LOW AND MEDIUM FREQUENCIES 


Solving for the real and imaginary parts we have 


® 1 

aO 

(7) 

p = 

0 = 27rvla, 

(8) 


At the grid wire centre {u^v) = (0, 0), so the Z plane coordinates 
are (1,0) as stated. The cathode is at — i.e. 


Pk = exp 




and if dj^g^a the cathode can be represented by a point. Thus 
this approximation is good for close-meshed grids spaced well 
away from the cathode. Now let us evaluate the potential at 
point D in the Z plane when the cathode charge is qj^ and the 
grid charge the anode being assumed at zero potential for 
the moment. The anode charge is then —(qjc + Qg) hy the 
induction law. Then 






(9) 


by the application of Laplace’s equation in cylindrical co- 
ordinates. 

But / ^ 1 _ 2p cos 6, 

therefore 

^--lnp2- -^£-ln(p24.i__2/)Cos0)-fC'. (10) 

47r€o ^^^0 


We next have to evaluate the constant C, At the anode 
Vn = Vj^ and u = dg^; also if d^^ ^ a, 

In (/)*+!- 2p cos d) == In 


therefore 




acn 


( 11 ) 


At the cathode and u — — dj^] also, from the assumption 

made about du „, , , . „ , 

* In (p* + 1 — 2p cos 0) = In 1 = 0. 


Therefore 


Ta-^i^+C. 


ata 


( 12 ) 
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At the grid surface « = r and p =- exp j which is of 

the form 1 + S where 8 is a small number, when practical values 
of r are inserted. When this is the case 

p^+ 1 — 2pcoH 0 = 2(1 + S) (1 — cos 0), 

= (1+S)(2ami«)*, 

therefore hi (p® + 1 — 2p cos ^) = 2 In (2 sin J 6), 

and lnp* = 21n(l + 8) = 0, 

P^„= 7‘^‘'ln(2bin"'’'| + 6'. (13) 

" 27reo \ a) 

II we now take P^ to be the zero potential we find tiom (12) 


C7= - 


% 


‘kg- 


Then 


F. = 


«Co 

-(ak + <la)dga-%<lko 


Hgl'^oa 


-aqg\n(2fAa.nrln)-'2nq^d^^ 

® 'lira^Q 

Solving these for the unknown charges we get 

dg„vd,g{\ + my 
^a€am{dg^^d^){Vg-d^gV„) 

dg,{dg,+ d^g(\^ m)) ^ 


where 


_ _ - 2 TTdg^ 

aln(2sin9Tr/«)’ 


(14) 


(15) 


(16) 


From tl»e first of eqns. (15) we see that ^ if 
But if qj. = 0 the field at the cathode suiface is also zero by 
Causs’s theorem, so the condition is the condition 

that the field due to the anode evaluated at th(‘ cathode surface 
is equal and opposite to the field due to the grid. Thus the 
grid potential is m times as eflFective as the anode in determining 
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the off-cathode field, or 



Eqn. (16) therefore gives us a theoretical expression for the 
amplification factor of the parallel-plane triode. This p, is 
usually called the electrostatic /x because it is evaluated from 
the geometry of the cold tube making no allowance for the 
existence of the potential minimum, variations in field along 
the cathode surface and other departures from the assumed 
conditions. In addition, it should be remembered that some 
fairly vigorous approximations have been made in deriving 
eqn. (16). 

Let us discuss eqn. (16) for a moment, /x increases as 
increases, it is inversely proportional to a, and it increases as 
r increases up to the maximum value of r (approx, a/10), for 
which the analysis is valid. It may seem strange that di^g does 
not appear in the expression for /x, but a little thought shows 
that /LX really depends on the relative field strengths and not 
on the actual potentials, so that dj^g need not bb present. It is 
also interesting to note that, if all the dimensions, including 
the grid-wire radius, are scaled by the same factor, fi remains 
unchanged, which *is, of course, a general property of the 
electrostatic field. 

We have now given a first approximation to the solution of 
the potential problem in a planar triode, for the potential at 
any point can be calculated from eqn. (10) together with eqn. 
(15) and the value of C, In fact, however, we are not inter- 
ested in the potential except for the values in the immediate 
vicinity of the cathode which determines the emission current. 
Fig. 9.5 is a sketch of the equipotentials with a slightly negative 
grid and highly positive anode. No allowance has been made 
for space charge. 

9.2. The electrostatic field in a cylindrical triode 

Until recently most small receiver triodes have approximated 
fairly closely to cylindrical form rather than to the planar 
structure discussed above, and we shall now indicate the deriva- 
tion of the relations corresponding to eqns. (14), (15) and (16). 
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The appropriate transformation is (see fig. 9.6) 

W = Rg.Z^iN, (18) 

where Rg = the mean radius of the grid wire, N — number of 



Fig. 9.5. Equipotentiais in a planar triode. 


grid wires. The sector of angle ^tt/N is transformed into the 
Z-plane representation of fig. 9.4 by this transformation. The 


iR\^ 

defining relations are p = I ^ I , 
B = Niff. By repeating the ana- 
lysis of § 9. 1 we find 

N\n.(RJRg) 

^“ln[2sin(JVr/2i?J]’ ' ' 


9.3. More exact treatment 

The formulse given in the last two 
sections are only very approximate. 



Fig. 9.6. Cylindrical triode. 
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They apply fairly well to valves in which /x is small or in 
which the grid wires are very thin and the gridcathode 
spacing large. Few modem valves, and those of only small 
interest, fulfil these conditions. Valves for ultra-high-frequency 
work and even valves for use as radar intermediate-frequency 
amplifiers and for television and f.m. radio-frequency work 
depart very widely from the assumptions made. In this 
section we give an account 
of some better approxima- 
tions for the planar case. The 
treatment is based on those 
of Vodges and Elder! and of 
Dow.! The main approxima- 
tion made in § 9.1 is in the 
derivation of eqn. (13), where 
it is assumed that the trans- 
formed grid wire is circular 
and has its centre at (1,0). 

To discuss the situation it 
is convenient to introduce a 
new parameter which is the 
ratio of giid-wire diameter to 
grid-wire spacing, i.e. it is the 
geometrical stopping factor 

of the grid. This is called the screening factor S and S = 2 r/a. As 
S increases the centre of the transformed grid wire first moves 
away from the point ( 1 , 0 ) towards the anode, and with further 
increase in above 0-16 the grid wire ceases to be circular and 
becomes a cardioid shape as sketched in fig. 9.7. The analysis 
below relates to the case if aV< 0*16, i.e. grid wire transform is 
displaced but still circular. The simplest development is that of 
Dow, who replaces the conductors by a set of three line charges, 
the cathode charge < 7 ^, the image in the grid of the cathode 
charge and the image in the grid of the anode charge. Actually, 
to obtain the correct equipotentials at the anode, the anode 



f'lg. 9.7 Defomuilion of prid ^ire 
as shielding factor increases. 


t Vodges and Elder, Phys. RiV, 24 (1924), 683. 

t W. G. Dow, Pundamentah of Engineering Electronics, John Wiley, 
1987. 
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image charge should be located at the centre of the system 
(fig. 9.8); but since the radius of the transformed anode is very 
large, it is a very good approximation to locate the charge at 
the centre of the transformed grid. The transformed grid radius 
and centre coordinate (since the grid is assumed circular) are 
given by 

R = J(e'^‘^ — e = smliTTiV, (20) 


Pg ~ |(e"'' + c ''**^) = cosh 77*9. (2J] 


The image of the cathode 
charge can be located 
by use of the fact that the 
image of a charge distant 
a from the centre of a 
circular conductor radius 
R is at h where ab — R^. 
— is therefore located at 

= Pa-b = {pI-R^)Ip„. 

Using eqna. (20) and (21) 
we get - 1/p^. The 
potential at point />(p, 0) 
is then 



Fig 9 S. Transfornu'd section of 
ej linder triode. 


qJn(p^^pl-2pp,co^e) + C^. ( 22 ) 

C can be evaluated by inserting the ^ aluc of p at the cathode 
surface and equating the resultant potential to zero. Tt the 
cathode transforms to a circle of r.ulius pf^ we get, for 6 = 0, 

C = - gfc In In + 9- Jn (p* + p„)\ (23) 

We next have to determine the charges by inserting the 
grid and anode potentials Vg and V^. At the grid we can put 
p = Pg-R, also p® = 1 + 22* and pjc<Pg or p*. Then, inserting 
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(23) in (22), and using these facts, we get 


To find we put /o = />«» Pit ^ ^ > Pa ^ ^ obtain 

Solving eqns. (24) and (26) for and q„, we get 

a V,]n{pJp„)-VJn{Rlp„) ] 

"«[ln (i?p,) In (pjp,) - In (Rip,) In (p„p„)\ ’ 

/r=2^*r ^l?(-Bpk)-^ln(pfcPff) 1 

"Lin (Rpu) In {pJPo) - In (i?//.„) In (p„p„)J ’ 


(24) 


(25) 


(26) 

(27) 


The amplification factor is evaluated as in §9.1 by putting 


qu^O. 

Therefore 



In coth ttS 


(S<0-16). 


(28) 


(29) 


For values of ^^>0-16 eqn. (29) gives too low a value for ja. 
Since fjL is only a function of dgja and tt/S, it is a simple matter 
to prepare a chart giving /a For fixed S, ^ocdgja. 

The derivation of analogous results for the cylindrical triode 
is left as an exercise for the reader. The transformed co- 
ordinates of the points where the grid wire cuts 0 = 0 are 
expanded in senes to obtain expressions similar to (20) and 
(21). The result is 


N In (RJRg) ~ In cosh ttS 
In coth ttS 


(30) 


where S = . (31) 

irKg 

In spite of the fact that eqns. (28) and (29) are not sufficiently 
accurate to serve as the basis for the study of modem close- 
spaced valves, we shall leave the consideration of p. for the 
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moment and turn our attention to the evaluation of the anode 
current in the triode. 


9.4. Current flow and mutual conductance in the triode 

To calculate the current recourse is usually made to the 
device of the ‘equivalent diode', i.e. the diode ^hich has the 
same current voltage characteristic as the triode undt r dis- 
cussion. Eqn. (2) of this chapter shows that, for negative 1^, 

or more correctly 

= + + (32) 

where = contact p.d. between (‘athode and grid. Clearly if 
n -= I a diode spacing can be found for which C? = diode 
constant/rf^, and we can replace the triode by a diode with the 
voltage {iJi(Vg + 1^) + Vg] on its anode and the calculated spacing d. 
It is a matter of experimental fact that n = 2 over wide regions 
of the triode characteristic, and fioni the theoretical point of 
view we should expect the current from tlie cathode to depend 
only on the field at the cathode surface in the absence of 
space charge. 

The usual treatment, as given by Dow,t for instance, is to 
evaluate the potential gradient at the cathode surface and to 
equate this to the potential gradient in a diode whose anode 
voltage is the same as the voltage effective at the grid plane 
of the triode, i.e. Vj^ = 1^ -h VJfx, This is a more convenient 
choice than the use of the voltage effective at the anode plane 
of the triode = V,, + fi{Vg + K-) = . The potential gradi- 
ent IS seen from (gauss’s law cO be for tl^e planar triode, 

since the cathode charge is for each transformed section, i.e. 
qj^ja per unit length. Eqn. (26) gives For the diode the 


t Op. c*it. Another treatment <»fttn us» rt is that of Tellef^en, Physicay 
5p (1925), aoi. For planar \ahes his result is 


/ 2 33(. ;< 10 





4 dg^Y 


The derivation of this diode is not purely eleetrostatie as it is m our expres- 
sions. This expression leappears in Chapter 13. 
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gradient is lld(Vg + VJ(i) if we now include Vg in Vg. Equating 
these expressions gives 

2n[ Inipjpg) 
and, after reduction, 

This expression has the unfoitunate property that d->oo as 
0, so that the current -> 0. A triode with a low /x is clearly 
very nearly equivalent to the diode with the same cathode- 
anode spacing, so d should -^dj^g + dg^^ as /x->0. 

Walkert has shown that a way can be found out of this 
difficulty by imposing the further condition that the 

change in cathode field with cathode potential, should be the 
same for the triode and for the equivalent diode. Eqns. (22) 
and (23) show that if we take the same arbitrary value for 
eqn. (26) holds if we replace Vg by (Vg — Vk) and by (J^ — l^). 
Then, from eqn. (26), 



(34) 

r)Ef^ ^TT 

f'Fi ” 

(35) 

w'here 1) = denominator of eqn. (26). 

For the diode 



(36) 

flE, 1 

dV, d- 

(37) 

From eqns. (35) and (37) 


aD 1 

~ 2-tT l + n 

(38) 


(39) 


t Walker, Wireless Engr. 24 (1947), 5. 
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Putting Vk = 0 and using eqns. (34) and (36) we obtain 

y _ 

— 1 1 » 

1 +/X 


(40) 


Vj) is therefore slightly different from the effective grid-plane 
voltage. It can be seen that d as given by eqn. (39) behaves 
correctly as but is indistinguishable from eqn. (33) for 

large /x. 

The triode current will then be ecjual to the current in the 
equivalent diode, which is 


2-336 X 


The mutual conductance of the triode can now be found by 
differentiating eqn. (41) with respect to 1^. The result is, for 
unit cathode area, 


_ 3-504 X 10 v(i 

To obtain r^^ we differentiate eqn. (41) with respect to V„ and 
take the reciprocal. The result is 


2->i5r>xmd^„[l + fi) + dg,f ^ ii 
(1 + g^' 


(43) 


The last expression agrees w>th eqn. (3), as it should 

Comparing eqns. (42) and (41) we see that directly 

proportional to i*, which is well borne out by experiment. If 
we consider variations in tube geometry which leave /x invariant 
is mainly controlled by so eqn. (42) brings out the 

very important role of the grid-cathode distance in determining 
the mutual conductance. For high-frequency work, where the 
quality of a valve is measuied by its gam and band-width 
product, a high is always desirable. In addition, we have 
already seen that the input admittance is smaller for small 
values of Thus it is doubly important to obtain the 
minimum dj^g in valves for ultra-high-frequency work, and the 
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design of these tubes is nowadays reduced to the mechanical 
problem of designing a grid for which small and constant 
values of can be obtained in assembly and maintained 
during life. 

Eqns. (41) and (42) are not restricted in validity to the 
region in which the expressions for /x developed in § 9.3 are 
valid. They are valid whenever the field at the cathode sur- 
face can be obtained as a linear function of the applied voltages. 
The restriction is in fact quite diflFerent from that operating in 
the analysis of § 9.3, because the value of the screening factor 
is not important in determining the linearity of the cathode 
field; what is impoitant is the value of the ratio of grid- 

cathode spacing to grid-wire spacing. If this ratio is small, 
less than 0*6 say, the field on the cathode surface is much 
greater at a point midway between the wires than it is under 
grid wire, so that the current density varies along the cathode 
surface. This phenomenon is known as Inselbildvng or shadow 
formation, and it is of great importance in modern ultra-high- 
frequency valves. The effect will be discussed in some detail 
later on. 

We next consider the case of the cylindrical triode. Since 
there are N grid sectors, the total cathode charge is Nqj^, i.e. 
N times the relation corresponding to (26). The field is 
NqJ'2n€„ i.e. 


= - 




(44) 


here I) = []n(R . p^) In {pjpg) - In (Rjpg) . In {p^ . />„)], 
therofore f'‘+ ']• 


for the diode 


R,]ri(R,IR,y 


therefore 

From these we got 


(lE^ _ 1 

tv,- R,ln{RJB,y 

y _ before, and 

/A f I 


(45) 

(46) 

(47) 
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In ^ 

R„ N/i + l 

-1 


_l_ j (-^ • Pa) (Pfc • Pg)\ 

^ (fi + l)N^^^ +/i)ln^* + /ilnii + ln/>„] 


(p.+ 


- - [( 




']■ 


|^( 1 H- /x)iV In + /X In sinh ttS + In cosh 'nS 

We can now use eqn. (30) to eliminate In sinh mV, i.e. 

fjL In Asinh mV = ( I + /t) In cosh mV — Nlr\ RJR„- 

Then 

'"s'- if<‘ ”4 


(48) 


For >S < 0-1 the last term is negligible and we get 


Rk /^+U 




/i ^ In RJH^ 
The current in the equivalent diode is then 

2-336 X 10 

R,.Ra.^^ ' 


1 Rff 

'"s.- 


(49) 


(50) 


I = 


and 


fil 


dVg 




n dVr,_ 3-504 x lO"®^!^* 

RkV i+> 

_ 3-504x10 «p(/iF„ + K)»^ 


(51) 


(62) 


R^R^^^ (1 + m)' 

Thus to find the current and mutual conductance, eqn. (60) is 
used to determine which is then inserted into (51 ). Similarly, 
we obtain for r„ 

_ 2-8.55 X lC^R^R^f^{\ + /x)> 

(/^F,+F„)Q" 

These formulae are not so convenient in form as those for the 
planar diode. A point which is worth noting is that eqn. (50) 
shows the equivalent diode radius to be somewhat greater than 
the grid radius even for the limit of large This is in line 
with physical expectation because the field in a cylindrical 
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system is mainly determined by the cathode radius, i.e. if the 
grid-plane equivalent voltage is used, we should expect the 
equivalent diode radius to be very nearly equal to the grid 
radius. 

9.5. Application to real triodes 

In general, triodes used in receiver valves at frequencies 
below about 600 Mc./sec. are neither planar nor cylindrical in 


k — * — >1 



geometry but somewhere between the two. An additional 
departure from the a.ssumed condition is that the grid in 
cylindrical htiuctuies is usually a helix instead of the parallel- 
wire structure as.sumed. The thick wires on which the grid is 
supported cause beam formation which also plays a part in 
the operation. 

First, w(* consider departures of the grid from the assumed 
form. It IS legitimate to use the forinulse already developed 
it the screening fraction is used to represent the ojiacity of the 
grid. Kusunoset redefines N in the cylindrical case to mean 
the active length of grid wire per unit axial length. Thus for a 
square mesh of wires of diameter r at centres /< (fig. 9.9), 



t Kusunose, Proe. Insl. Radio Engri., N.Y. 17 (1920), 1706. 
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and ttS = y. . (54) 

Similar formula? can be derived for other cases. 

Jervisf has shown that the geometrical difference can be 
taken care of by the use of the following expression: 

h>- - ^r). (55) 

where K = constant, depending on the geometry, - planar 
fi, = cylindrical fx. K varies from 0 for a planar triode to 1 
for a cylinder triode. Unfortunately, the structures for \Jvhich 
he tabulated K correspond to rather old types, but some 
intelligent guesswork will usually give a reasonable result. 

In practice it is usual to determine the design of a receiver 
valve empirically. A structure is designed which fulfils the 
various conditions imposed by the requirements of mass pro- 
duction, i.e. the structure must be rigid, of fairly simple shape, 
and so on. Sample \alves are made up and their characteristics 
determined. The characteristics can be modified in the required 
direction; the two most useful variables are the grid-wire 
diameter and winding ])itch, as these are easier to alter than 
the cathode-grid spacing. Tn the case of high-power transmitter 
valves, it is usually not possible to go to the expense of making 
a fairly large number of experimental valves to determine the 
parameters, but, on the other hand, such valves tend to con- 
form more closely to the theoretical asvsumptions and therefore 
the design formulae apply fairly accurately. These remarks are 
only meant to apply to valves intended for fairly low-frequency 
operation. For frequencies above about 30 Me. /sec. considerably 
more care with the preliminary design is necessary. 

It is useful to have a relation for p which is valid for small 
changes, such as the adjustment of tube geonu^try after the 
first approximation to the correct geometry has been deter- 
mined. Such a formula is the following: 

/Lt = const. N^rD, (56) 

where N = number of grid wires per unit length, r = grid wire 
radius, D = for a planar triode and fi^^ln RJBg for a cylinder 

t Jervis, Electronics^ 12 (1939), 191.'5. 
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triode. Naturally this expression can only be accurate for 
quite small variations, but it is a useful aid in rapid computa- 
tion. 


9.6. The electrostatic theory of triodes for high fre- 
quencies 

The theory developed up to now has been restricted to cases 
in which the screening factor is less than 0*16 and in which 
djgg>a, i.e. Inselbildung has not been considered. Moreover, 
the effect of initial velocities has not been brought into the 
analysis. In valves meant for use at 30 Me. /sec. and above, all 
these points must be considered. The restriction in magnitude 
of screening factor is perhaps the least irksome condition 
because the wire diameter decreases as decreases, because 
one naturally requires a grid with a fairlj high transparency 
if good use is to be made of the cathode. However, this process 
is limited by manufacturing considerations, as very fine wires 
are very difficult to handle and special grid -'winding techniques 
must be adopted. The Bell Laboratories have been able to use 
0*0003 in. tungsten wire for grids for valves at tOOO Mc./sec., 
but ordinary techniques are capable of handling only 0*001 in. 
wires or thicker. The effects of Inselbildung and initial velocity 
may be important in valves in which the screening factor is 
quite low. 

An important simplification in the work results from the fact 
that nearly all ultra-high-frequency valves approximate quite 
closely to a true planar geometry. The well-known ‘Light- 
house’ valve in which a circular disk cathode is placed close to 
a planar grid wound round a thin perforated metal strip is a 
case in point. The grid wires are soldered to one side of the 
strip after winding and removed from the other. The grid is 
then soldered to a metal disk which is sealed through the glass 
envelope to form the grid lead. The cathode and anode sub- 
assemblies are next sealed in parallel to the grid. Clearly such 
a tube is a very good approximation to the assumed shape. 
Even in valves of more normal external appearance, such as 
the miniature 6 AK5 pentode, the cathode-grid system approxi- 
mates fairly well to planar form. We shall, therefore, confine 
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ourselves to the study of the planar geometry from now on. 

There is a large literature devoted to improving the accuracy 
of /X calculations. Ollendorff produced some formulae which are 
useful for large S by using the conformal transformation 
W = In sin Z. Hernef transformed a section containing a quad- 
rant of one grid wire by the Schwartz-(''hristoffel transforma- 
tion. His results agree well with those of Ollendorf, whose 
expressions are simpler. We quote Ollendorf's third approxi- 
mation, valid up to S = 0-5' 




= 


1 

2l + l{7rSf 


1 ( 




(57) 


It is interesting to note that the result of § is about 
10 per cent lover than the \alue of eqn. (50) for S = 0-3. 
Fremlin,§ in a paper which in addition gives another approach 
to the equivalent diode problem, has given foimulae for yu 
valid for aS < 0*1 , ajdj^y > 2*5, i.e. conditions in which considerable 
Inselbildung would be expected. 

The most powerful method of attacking the problem is due 
to Noetherll and Hosenhead and Daymond ^ We shall gi\e a 
brief account of their method heie. The basic physical idea is 
to replace the valve electrodes by the images })roduced by the 
grid charge in anode and cathode, and the images produced by 
these first images and so on. CVmsider fig. 9.10 which shows 
the first few^ sets of images. The grid charge imaged m the 
cathode is — at dj^g behind the cathode. The grid charge 
imaged in the anode is at behind tlie anode. The 
image in the anode of the charge — dj^g behind the Ciathode, 
is dgf^ + 2dgj^ behind the anode and so on. The valve 

can therefore be replaced by these charges and the condition 
that the cathode and anode planes mast be equipotentials. 

t Ollendorf, Elektrotech. w. Mobchmefib, 52 (1934), 585. 

t Herne. Wireless Engr. 21 (1944), i39. 

§ Fremlin, PtnL Mag, 27 (1939), 709, reprinted in Electy. Commun, 18 
(1089), 33. Frcmlin, Hall and Shatford, Electy. Commun, 23 (1946), 426. 

II Noether, Reimann and Weber, Differentialgletchungen, F. Vicweg, 
Braunschweig, (1935), vol. 2. 

Hosenhead and Daymond, Proc Boy, Soe. 161 (1937), 382. 
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The potential problem can then be solved in terms of elliptic 
functions, which are doubly periodic and can be adjusted so 
that the poles and zeros of the functions coincide with the 
charges. If the grid wires are sufficiently small they can be 
fitted to the equipotentials near the poles and zeros as these 
are circular. If we take the origin at the centre of a grid wire 

o o o o o o ^ 

o o o o o 



2r 

o o o o o o -?* 


o o o o o o t 

0 0 0 0 0 0 9* 

Fifj. 9.10. Image repiesentation of planar tnode. 

the positive charges are at ;^ = ma-\-j2H{dy„ f and the nega- 
tive charges at z — or, if we write 

^ga ^gk = d for convenience, 

positive charges, z = wa+j2nd, 
negative charges, z = im — j — nd). (58) 

Now, we know that in the immediate vicinity of the positive- 
line charges the potential varies as ln( 2 ; — 2 ;^,), where Zp is the 
coordinate of the pth positive charge, and near the negative 
charges as ln( 2 : — so the potential function we require is 
of the form W = Cln f/( 2 :)H- const.]. f(z) has to have poles at 
the points given by eqn. (58). This can be done by making 
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f{z) the quotient of two $ functions. It can then be shown 
without much difficulty f that the complete expression for F is 

V (^. y)=\ ^ -dga) + d/(a:, </) j 


where 


+ “J" y - d„J{x , j , 


f(x,y) = In 


■+/(/)] 

Vi 


A = dB-‘^'"d. 


gaf 


B = \n 


ad 


TTrO'^ii)) I 


(59) 

( 60 ) 

(61) 

(62) 


Once V has been determined it is easy to find fx, the electric 
field and the current or current density. V, as given by eqn. 
(59), is the real part of IF = F + jU. Then 


1F' = 


r^F_ dV 
dx ^ dy 




(Cauchy-Riemann equation). 


W is easily constructed by putting —jz wherever y occurs 
(eqn. (59) is real and z = x-\jy therefore /i^(jz) = —y) and 
using the complex forms of eqns. (60) and (62) instead of their 
moduli. On taking the derivative \^e requiie the following 
relation from elliptic function theory: 


0i(2 — TTt) 01 


t Bennett and Peterson, Bell Syift. Tech. J. 28 (1949), 303. Klliptie fune- 
tions are dealt Hith in Whittaker and Watson, Modern Analifsis, Canibridjje 
University Press, and Neville, Jntioductioti to the J at obian Elliptic Fumtions, 
Oxford University Press, 1944. The notation used is that of Whittaker and 
Watson, i.e. 

+ i)*Tji.m(2n+l)j, r = 2j^, 
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Then, at the cathode, 

r(x-jd„^) = ^[\ + C{x)] (63) 

= complex form of eqn. (60), 


wheie 


C(x) = /„ 


0ib/«(-c + A*)l 


' dy\-rrla(x+jdy^)\' 

Since = 0 on the cathode, i.e. &i y — — d^j^, we get 


(64) 


= [d,^ + dC(x)W„+ [d„„-^U-Qf)-rZ,*C'(*)]F„, (65) 


and 


_tEJdV d^^ + dC(x) 

^ <^E^ldV„ d„„-d^,-{aHI2n)-d,„C(xy 


( 66 ) 


Eqn. (66) reduces to a form closely analogous to eqn. (16) 
when the distances and dy„ are large. 

Eqn. (66) is superior to all the other result sf for /x which 
we have derived, in that it shows clearly that ix varies along 
the cathode surface, being greatest immediatelj^ behind a grid 
wire and least at the midpoint between two grid uires. Fig. 
9.11 shows the variation in fi for a fixed \alue of a, and 
different values of Tt can be seen that for < <'-66 y 
varies very considerably along the cathode. 

If eqn. (66) is solved for C{jr) and the result substituted in 
the expression for the field on the cathode, we get 




(67) 


We write /x(r) to emphasize the fact that eqn. (67) depends 
on X, Fig. 9.12 shows this function for the same values as we 
used in fig. 9 11. The field changes sign in some cases, so that 
the cathode does not emit at all in certain regions if the grid- 
cathode spacing is too small. This condition should be avoided 
if best use of the cathode is to be made. Eqn. (67) can be used 
to obtain an equivalent diode in several ways. The most 
obvious is to put the equivalent grid-plane voltage Vy + VJfx at 


t For a still more accurate expression with t^o line charges per grid wire, 
see Strutt, Schweiz. Bautztg. 67 (19i9), 30. 
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distance dgjg-\-dlfjL(x), Another is to take a voltage 




( 68 ) 


acting at the grid plane. In the first case both the voltage and 
the diode spacing depend on x, while in the second case only 
Vg depends on x. It is interesting to note that the currents in 
the equivalent diodes are not the same, the second choice 
leading to 


J = 


2-336 X 10-%^ 


(69) 


which is [\’^djiudg{\^ times greater than the first choice. If 
H^ok^d the result is the same, but this is not invariably the 
case. On tlie whole it seems better to adopt the second choice, 
as this agrees with the analysis we shall make at high fre- 
quencies. If this is done, the total current is found by integ- 
rating eqn. (69) between two grid wires. If the dimensions are 
such that the emission is cut off at a point Xq, where 


Va + VJ^L{x,) = 0 , 

the result is 

3-3:i6 X 10 8 r«/8r (ixV„ + VJ 


(70) 


The expression giving the mutual conductance per unit area is 


g„, = 3-r>l X 10 + /V. (71) 

obtained by differentiating eqn. (69) with respect to Vg. It has 
been known experimentally for some time that the current in 
valves with Inselbildung (e g. R.C.A. 1851) is much more nearly 
given by a 2 power law than by a | power law. By assuming 
an analytic expression for fjL{x) and putting it into eqn. (70) 
and integrating, it can be shown that this is to be expected. 
Plots of the current density and mutual conductance are shown 
in figs. 9.13 and 9.14. From the last of these it is seen that 
part of the cathode makes no contribution whatever to the 
conductance when the Inselhildung is extreme. Clearly it is of 
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no value to diminish much below the spacing between grid- 
wire centres. Thus the pitch of the grid winding must be made 
as small as possible if the cathode-grid spacing is to be minim- 
ized. In turn this means that the grid-wire diameter must be 
made very small or else the grid will have much too high a 
screening fraction. 

II is interesting to observe the application of these ideas in 
the Bell Laboratories 1553 triode for the 4000 Mc./sec. band.f 
This is the most advanced micit>wave triode in production at 
the time of writing. The dimensions are 

a = 0*001 in., = O-OlO in., 

= 0*0006 in., 2r = 0*00033 in. 

At 1^ = 250, 25 mA., 0*3 V., the parameters are 

= 50 mA./V., /i = 350, r^ = 7 HI, and the interelectrode 
capacitance = 10 /;F , — 1*05 pF., = 0*005 pF. The 

current density (presumably the average current density) is 
ISO mA./cm.^, which is a good deal higher than is used in more 
orthodox \alvcs. The ratio of mutual eonducfance to anode 
current is 2 niA./V /niA. In § 6.8 we saw that the theoretical 
limit of mutual conductance in a diode, or in a triode with 
perfect grid, A\as JlJOOO/T niA./V,/inA. The true temperature 
of an oxide cathode >^ould be kept at less than 1160° K. for a 
reasonable life, so it is reasonable to take Morton’s figure of 
10 mA./V^./niA. as the theoretical limit. He states that diodes 
with the same spacing gave twice the conductance per milli- 
ampere, so the grid is about half as good as an ideal grid and 
the triode is within a factor of 5 of the theoretical limit of 
transconductance. Transit time effects are minimized by the 
small grid-cathode spacing and by the fairly high anode voltage 
which makes the electron velocity high in the grid-anode region. 
It should be mentioned that initial velocities may not produce 
very large effects in valves of this type because the cathode 
emission is probably not much more than 5 times as large as 
the working current, and under these conditions the virtual 
cathode is very close to the cathode surface. 


t Morton, Bell Lab. Ree. 27 (1047), 166. 
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9.7. Interelectrode capacitance in triodes 

Fig. 9.16 shows the arrangement of the interelectrode capaci- 
tance network representing the triode at low and medium fre- 
quencies. 

If the cathode potential is taken as zero and the grid and 
anode potentials as and respectively we have 

These expressions are analogous 
to eqns. (26) and (27) if 

(74) 

Eqn. (74) only refers to the 
active portion of the electrodes, 
i.e. to that portion which inter- 
sects the electron stream. For 
most valves of conventional pinch construction a large part, or 
even a major part, of the intereleetrode capacitance is located 
outside the electron stream, so that if F, C,, and are 
measured under specific operating conditions eqn. (74) will not 
hold. However, for modern planar microwave triodes the elec- 
trode capacitance is largely due to that portion of the system 
in which the beam flows, and for such valves eqn. (74) inaj^ be 
a better approximation. Even for these the agreement is 
not good. For the Bell 1653 but /x = 350. 

For the ('V257, a larger valve used up to 1000 Me. /sec., 
^gkl^ak = 14/0-3 = 47 and ^ = 23. In such tubes the additional 
stray capacitance is mostly located in the cathode circuit. In 
conventional tubes the reverse may be the case. 

We shall see in a later chapter that the network of fig. 9.15 
must be modified at frequencies for which transit-time effects 
become appreciable. 

9.8. Noise in triodes 

We conclude our study of low-frequency effects in triodes by 
considering the shot noise produced by the electron beam. At 
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low frequencies we can make use of the fact that the current 
induced in the grid circuit is negligibly small in comparison 
with the conduction current, to treat the conduction current 
as the total current. We restrict ourselves to the case of space- 
charge limited currents which is the only one of practical 
importance. In § 8.4 we showed that the mean square noise 
voltage in a space-charge limited diode was (eqn. (49)) 

= 0-644.4ifcrrpA/, (75) 

where = slope resistance of diode, T = cathode temperature. 


,„2 = 0 644^^.Ar.A/ 



Fig. 9.16 Triode noise equivalent for short circuited input 

We can apply this equal ion to give the noise voltage developed 
across the diode equivalent to our triode. This \oltage can then 
be considered as the shot voltage acting between cathode and 
grid of the triode, i.e. the noise current in the plate circuit is 
times the voltage defined by eqn. (75) or 

t| = 0-644gp^.4m,A/. 

But = 1/r^, by definition. Therefore 

tl = 0-6Ug^AkTAf. (76) 

Some writers put g„^ = c7/r^(0-5 < o- < 1-0) which has the advan- 
tage of allowing one to obtain precise agreement with measured 
results for a given tube type. Fig. 9.16 shows the noise equiva- 
lent circuit of the low-frequency triode. Sometimes it is more 
convenient in circuit analysis to replace the noise-current 
generator in the plate circuit by a fictitious noise resistor in 
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the grid circuit. If this resistor is we have 

A/= 0-6449„.4A:!rA/ 

where = ambient temperature, therefore 


, _ 0-644!r 

“ g,nTA ' 



(a) 



(.b) 

Fig 9.17. Noise equivalent circuit for tnode amplifier. 

This device is convenient when there are several real noise- 
producing resistors m the grid circuit, since they can be lumped 
together with the noise-equivalent resistor to form a single 
noise source. The equivalent circuit for this case is shown in 
fig. 9.17. 
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The physical basis for our picture of noise production in the 
triode is as follows. The fluctuations in cathode current are 
smoothed out by the virtual cathode which changes density 
modulation to velocity modulation. The velocity modulation 
between cathode and grid, however, is converted back to 
density modulation by the grid so that the plate noise is again 
due to variation in the number of electrons arriving. 
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MULTIGRID RECEIVING VALVES 

This chapter deals with receiving valves or low-power \ctlves 
which include more than one grid. Extra grids have been 
introduced from time to time for various purposes. Historically 
the first large-scale use of multigrid valves was in the form of h.f. 
amplifier tetrodes. Somewhat later pentodes were introduced 
as high -power gain audio-output amplifiers. The next stage of 
development introduced a variety of multigrid valves all 
designed for use in super-heterodyne mixer stages. To-day the 
field is more or less ledueed to pentode radio-frequency ampli- 
fiers, mixers with several grids, and output amplifiers, which 
may be either pentodes or the so-called beam tetrodes. 

10.1. Screen-grid tetrodes 

In the screen-grid tetrode a second grid is introduced between 
the control grid and anode. This 'screen’ grid is biased to a 
positive d.c. potential, but is held at earth potential as far as 
radio-frequency currents are concerned, by a large by-pass 
capacitance. The s(Teen grid produces two desirable effects. 

(а) the interelectrode capacitance between anode and grid is 
much reduced, thereby eliminating the necessity of neutralizing 
the valve; 

(б) the anode resistance of the valve is very much increased 
because the current is determined by the instantaneous grid 
potential and the (fixed) screen potential instead of by the 
grid and anode potentials, varying in opposite directions. 

Since is determined mainly by the grid-cathode system, 
property (6) really means that the screen grid has also a high 
fjL, from eqn. (3), Chapter 9. 

Fig. 10.1 shows some typical characteristics of a screen-grid 
tetrode. Both screen and anode take current, the sum of Ig and 
being the total space current in the valve. It is rather 
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difficult to obtain a reliable estimate of the real electrode currents 
from the measured values of /, and because of secondary 
emission. When the anode potential is well above the screen 
potential, secondary electrons emitted from the screen move 
to the anode so the observed screen current 7^(1 — 8), 
where 8 is the secondary emission coefficient of the screen. The 



observed anode current is = /„+S7^. On the other hand, 
when the anode is below the screen potential, secondary elec- 
trons from the anode go to the screen. The anode current then 
decreases while the screen current ri»ses. 8 is, as we saw in 
Chapter 2, a function of voltage and may be considered zero 
for voltages below about 20 V., rising from there to a maximum 
at a few hundred volts. Therefore the anode current behaves 
normally below about 20 V., increasing as the anode potential 
increases. Secondary emission then sets in and the anode cur- 
rent starts to decrease as the voltage increases up to a value 
10-12 V. above the screen potential. At this point secondaries 
can no longer reach the screen, or, more coiTectly, only a small 
percentage can reach the screen, so that the anode current 
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rises sharply to the value corresponding roughly with the space 
current minus the geometrical interception current to the 
screen. Beyond this point the anode current increases with 
voltage and the anode draws secondary current from the screen 
as we have already said. This reasoning accounts for the general 
shape of the characteristics and, in particular, it shows why 
the anode-currcnt characteristic has a negative resistance i\‘gion 
around the point for which This negative resistance 

region was made use of in dynatron oscillators, but in linear 
amplifiers it is a great disadvantage, since the input voltage 
swing must be kept small enough to ensure that the valve is 
never operated in the region of anomalous anode current. This 
means that the anode swing must be limited to quite a snxaU 
percentage of the anode voltage, perhaps 20-25 per cent, so 
that the screen-grid tetrode is useless as an output amplifier 
where anode efficiency is clearly desirable. For this reason 
screen grids were used only as radio-frequency amplifiers where 
the anode swing is always small in comparison with the d.c. 
potential and efficiency is of no importance. 

It should be clear from the above that the ditnensions of the 
screen grid itself must be arrived at by a compromise between 
the requirement of good screening between grid and anode 
and the requirement that it should not take too high a pro- 
portion of the total space current. In early valves the screen 
current was fairly large, but in modern tetrodes, especially 
beam tetrodes, screen current is reduced by arranging the 
screen wires in the shadow of the grid wires, so that the grid 
prevents electrons from reaching the screen directly. This is 
of obvious importance in output tetrodes, where the screen 
current is merely wasted, while in radio-frequency tetrodes 
low screen current is important because of the consequent 
reduction in partition noise. 

To discuss the theory of the tetrode a little further we intro- 
duce the following notation, grids being numbered outwards 
from the cathode: 






f^2 — 


<^^1/ /a«C01lrt. 
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Then, empirically, we can show that 

7, = 7, + /„ = G<(k+^+^)”. (1) 

We are now faced with the problem of determining the 
fields in the valve in order to determine the /x’s. This can 
be done by the method of conformal transformation applied 
in Chapter 9. The work is much simplified if the grids are 
assumed to be alined, and this will be done below. Rosenhead 
and Dajrmondl deal with the following particular cases for 



plaxie Right half of Z plane 

Fig. 10.2, Section of planar tetrode together with its transform. 

planar and cylindrical valves; (1) screen pitch twice the grid 
pitch but wires alined, (2) screen pitch twice the grid pitch, 
screen wires half-way between grid wires. However, the new 
problem is really that of determining the /x of the screen, 
because the cathode-grid-screen may be treated as a triode for 
the determination of the grid fx. Since the distances grid-screen 
and grid-anode arc usually considerably bigger than the screen 
pitch, we may determine its /x by the simplest methods. We 
shall only consider the planar case for which the transformations 
are those of §9.1. Fig. 10.2 shows the W plane. Proceeding 
exactly as in § 9.1, we evaluate the potential at the arbitrary 


t Rosenhead and Raymond, Proc, Roy, Soc. 161 (1937), 382. 
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Substituting for and in terms of p and the abscissae we 
get 

- 2 ™. 1" (/>■+'- 2/> «»9 ) - J;- 

X In [pf exp - 2pexp^“^'joo«9j+(,'. 


Transforming by the use of 


P = exp 


(?). 


TT “Vi Vff 1 f. /47rM\ . l‘■l■nu\ 2 ttv] 

Vo= - '-'"In l+exp - -2evp cos 

flco ««o L \ “ / \ a } a \ 

G is found by putting w = — dfj, i? = n, = 0. Since we 

are fissuming we can approximate to obtain 

r' = J fgA)- {^) 

C/€o 

We can now write down the grid, scTeeii and anode potentials. 
For Vi, we have u — 0, v = Vg, r^<f?/20, therefore 

y = _ _ Jg_ 

a€„ lTT€n a 


For V^, u = d^, V = /,, d 2 >a, therefore 

® ae„ «tto ^ 27 rco nr 

For « = dj + rfg, V = 0, d^ + d^^2a, therefore 

T/ di + dj + da dg-^d;^ d^q^ 

= ' ac;- ae„ oe„ 
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Eqns. (5), (6) and (7) can be solved for q^. The result is 


9* = 


1 

llg||a®«o 




( 8 ) 


where ||g|| is determinant of the q's in eqns. (5), (6) and (7). 
Eqn. (8) can be used to evaluate the /I’s in the way that was 
used in § 9.1: 

_ djdj - {ql2ii)(d^ + d^) \n{2iTrJa) 

(adJ2iT)\n{2TTrJa) ’ ' 

^ d^da - (al2iT) {d^ + d^) In {2iTrJa) 
{al2TT)^ln{2iTrJa)]n{27rrJa) ' 


Also 


2-n 1 

a ln( 27 rr,/o)’ 


( 11 ) 


So we see that or, in other words, the screen is far 

more effective in delermining the field in the neighbourhood of 
the cathode than is the anode. It must be remembered that 
eqns. (9) and (10) are not generally valid because they refer to 
alined grids only. In other cases a useful approximation is to 
calculate the /x\s of the two triode systems: cathode-grid -screen, 
grid-screen-anode, /lc„ is then given by the product of these /t’s 
and fi 2 IS approximately the fi of the first triode. 


10.2. Pentodes. Characteristics and gain x band-width 
product 

In the pentode, a third grid is inserted near to the anode. 
It is usually of much more open mesh than the control or 
screen grids, and it is held near cathode potential. The func- 
tion of this suppressor grid is to prevent secondary electrons 
emitted from the anode from reaching the screen, even when 
the anode potential is considerably lower than the screen 
potential. The grid at cathode potential produces a strong 
field at the anode surface which retards secondaries, turns them 
round and thus returns them to the anode. On the other hand, 
the suppressor must have a fairly open mesh because if it is 
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too closely wound, the primary electron current will be unable 
to reach the anode. However, the field around the suppressor 
wires is of such a shape that it tends to focus the primary 
electrons through the openings in the suppressor, and it proves 
possible to make a suppressor which effectively eliminates 
secondaries without altering the primary current. Fig. 10.3 
shows a typical pentode characteristic. The dotted curve illus- 
trates the effect of strapping the suppressor to the anode, i.e. 



converting the valve to a screen-grid tetrode. The suppressor 
also has the effect of reducing still further the effectiveness of 
the anode in determining the off-cathode field, so that is 
even larger than in a screen-grid valve. Of course, increases 
to keep /X, = ^ sketch of part of the electric 

field in the screen-anode region which is given to illustrate the 
focusing action of the suppressor wires. A particular case has 
been chosen in which the fields on either side of the suppressor 
are nearly equal. It can be seen that all the electrons who^ie 
paths lie between A A' will penetrate the suppressor and those 
between AB will be returned These returned elections may 
either be captured by the screen, thus increasing the screen 
current, or enter the grid-screen region from which they will 
eventually return. On their second journey they may be col- 
lected by the screen, or they may reach the anode, or they 
may be reflected by the suppressor to start the cycle once 

283 



MULTIGRID RECEIVING VALVES 

again. For this reason even if the grid and screen are per- 
fectly alined, a pentode takes screen current or, what is more 
important, even if secondary emission is neglected the screen 
current is higher than simple geometrical considerations would 
lead one to believe. 



Fig. 10.4 Focusing action of suppressor grid. 


It will be clear fiom the above that the exact theory of the 
pentode is very much more complicated than that of the tnode. 
In practice, however, most of the theoretical difficulties can be 
avoided by one means or another. As an example, if the sup- 
pressor IS of fine wire and has an open mesh and is located 
close enough to the anode, it can be ignored except in its 
primary role of secondary emission eliminator. We proceed 
then to develop a very simplified pentode theory which applies 
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only to low-power types and not to transmitter valves, without 
modification. 

Before we do this, we shall very briefly discuss the circuit 
aspects of pentode valves, and in yjarticular introduce the 
important concept of gain x band-width product. Pentodes are 
usually used with all electrodes except grid and anode at radio- 
frequency ground potential. This is done by earthing the screen 
and cathode and suppressor through capacitances having 
reactances negligibly small in comparison to the d.c. resistances. 
For some special purposes the screen and cathode are con- 
nected to ground through a network of more complex charac- 
teristics, but we are not concerned with such cases. Since the 
pentode has a ^ery high internal impedance, the constant cur- 
rent generator is a better representation than tlic constant 
voltage generator. The basic amplifying stage, at medium 
frequencies, is shown in fig. 10.5, together with the equivalent 
circuit. At lo\^ freciuencies Zj^ is replaced by a pure resistance 
and the gain is given by the triode expression eqn. (5) oi 
Chapter », _ _ Jt, 

For the pentode, may be considerably greater than so 
the stage gain is approximately A = 

At resonance the parallel circuit of fig. 10.5 behaves like a 
pure resistance who«io value depends on the following factors: 

(1) the anode resistor Rj, 

(2) the losses in L and G, 

(3) the resistive component of the grid input impedance of 
the next stage. 

This resistance can be measured by finding the two fre- 
quencies at which the response of the stage has dropped to 
0‘707 of the value at resonance, at f = /q say. If these fre- 
quencies are A/ cycles apart we have 


or 


^~27rC^f 


( 13 ) 
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Then the stage gain at resonance is i.e. 



(W 

Fig. 10.5. (a) Pentode amplifying stage and (fc) equivalent cireuit. 

Now let US consider the maximum value of eqn. (14) which 
can be obtained from a given valve at a proscribed band-width. 
Following the usual communication practice, the band-width 
is defined as the number of cycles between the half-power 
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points. But the half-power points are the 0-707 voltage points, 
so A/ as used to measure Q is the band-width as usually defined. 
Thus maximizing the gain x band-width product is seen from 
eqn. (14) to be equivalent to minimizing (7. But the minimum 
value which C can take is + i e. the sum of the 

output capacity of valve 1 and the input capacity of valve 2 
with no additional tuning condenser. If a chain of similar 
valves is considered = ^in + ^out = say. Thus the gain x 
band-width product of a single tuned stage is gJ27TC^, and the 
best valve is the one which has the biggest value of g„JCj, and 
not the one with the biggest value of g^. In practice, the 
wiring will contribute a little extra capacitance, so this value 
cannot quite be reached. The important thing is that the 
gain X band-width product gives a valuable figure of merit 
which can be used to compare valves of widely different char- 
acteristics. We should remark that when modern pentodes are 
used as broad-band amplifiers (A/> 1 Me. /sec.), it is a very close 
approximation to ignore the shunting effect of r„. As a typical 
example, we consider a miniature valve used in radar inter- 
mediate frequency strips, the 6AK5. For this tube g„^ = 5-0 
mA./V., = 3-9 pF., = 2-85 pF. (Jain x A/Mc./sec. = 117. 

A similar British valve, CV 138, has g„^ = 7-65 mA./V., 
r'jjj = 7*5 pF., = 3*2 pF. Gain x A/ Me./sec. = 114. The 
figures given relate to the cold tube. The ‘hot’ input capacitj'^ 
is 20-30 per cent greater than the figure quoted, so that a 
gain X band-width product of about 80 is a more realistic 
figure for use in circuit calculation. The best commercially 
available pentode of this class is, at the time of writing, the 
Western Electric 404 A with a ‘hot’ .A/of approx. 120. It 
does not seem likely that this figure will be exceeded by a 
large amount, using more or less conventional receiving tube 
structure. 

Consider that a CV138 is, to be used as a radio-frequency 
amplifier in a television receiver. The band-width required is 
4 Mc./sec. The stage gain then cannot exceed 20. Thus 
9m 20. Therefore 
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Since = 1 JfQ for the CV138 our previous remark on the 
insignificance of compared with unity is substantiated. 


10.3. Pentodes. Mutual conductance and capacitance 

Now that we have emphasized the importance of capacity, 
particularly ( 7 ,^, in the design of pentodes, we can consider the 
theoretical design in a little more detail. The simplest pro- 
cedure is to consider that the cathode, grid and screen form a 
triode whose /x and can be calculated from the formulae of 
the last chapter. The screen grid intercepts a certain pro- 
portion of the current arriving at the screen plane so that the 
anode current is less than the current in the triode. If the 
anode current = where = cathode current, the mutual 
conductance of a planar pentode is M times the mutual con- 
ductance of the planar triode defined above. That is, from 
eqn. (42) of Chapter 9, 




3*504 X 


1 ( I + M12)‘ + /'■J2 

K(l+/^12) + rf2F 


(15) 


v^here A = cathode area, 

/X 32 = /X of screen grid through control grid, 
di = spacing between cathode and control grid (cm.), 
^2 = spacing between control grid and screen (cm.), 

Visf = screen potential, 

M = proportion of current intercepted by screen. 


A first approximation to M is obviously given by calculating 
the optical transparency of the screen. This will invariably 
underestimate the current taken by the screen, which will be 
increased by reflexioji of electrons from the suppressor and by 
electron optical deviations in the control grid region which can 
cause large departures from ideal linear flow. Values of two to 
five times the calculated interception arc met, but it should be 
possible to keep between two and three, by using fine wire 
for the screen and aiming the grids. The screen current should 
be kept low to reduce the wastage of cathode current, to 
reduce the screen dissipation and to reduce partition noise. 

By using eqn. (41) of Chapter 9 to give /^, and inserting 1^ 
for the cathode current density, we can show that as 
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was the case for the triode. The next step is to obtain an 
approximation for the total capacity, which is tlie sum of the 
capacitances measured between grid and earth with the other 
electrodes earthed. This is done by assuming that the electrodes 
form a parallel-plate condenser whose area is the active area 
of the structure. Then 


C = 

''tot 


Ml X JO 12 


/^1 , "2 , 


where = grid, screen and anode active areas (sq. cm.), 

and (/i, rfg, ^4 = ^=«pacings in older previously defined. The screen- 
suppressor dimension does not appear ])ecause botli these 
electrodes are earthed in each measunnnent. Eqn. (Ifi) is only 
a rough approximation, but its use, togetlier with eqn. (15), 
allows the relative importance of the various parameteis in the 
valve design to be correctly assessed. Tliese two equations will 
obviously o\eresiimate the gainx band-width pioduct because 
the stray capacitances between the leads, fringing elfects and 
so on have been neglected. 

A more important source of erroT‘ in modern close-spaced 
tubes is the effect of 1 nuJbildung which appears in the following 
manner. In deriving eqn. (42) from eqn. (41) in Chapter 9 it 
w^as assumed in the differentiation that /i was independent of 
Vy, The consideration of the variation of /x along the cathode 
surface when d^ <u, presf»iit(*d at the end of ('’hapter 9, shows 
that this is not the ease, because when 1 nsilbiUlutig is present, 
tlie effect of driving the grid more negati\e is not to reduce 
the emission from the part <*f the cathode which is emitting, 
but to reduce the potential in the region immediately behind 
the grid wires which is already negative enough to cut off the 
emission. The apparent /i thus decreases for negative swings 
and increase's for positive swings, resulting in a reduction in 
mutual conductance. Let us calculate the magnitude of the 
effect. From eqn. (41) of Chapter 9, 

2-330 X 10 «.4(l-i-/xi2)*(Ps-f 

For large ^ 0-330 x 10 
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Differentiating eqn. (17) with respect to but neglecting the 
variation of in the denominator, which is justified as 
we obtain 

_3^36xJ0-«^[i;_+(F«/p„)]*r K 
2 ~dl[l + (djd^ti^g)^l V IH2^dVj 

_ 3 (2-336 X r _V^ df^l 

2d}[i+(dJd,^i,g)]tV 1 ^ 12 ^ dvj- 

Since is substantially a constant for a high slope 

valve (of. eqn. (16)) the functional form of g^jC is 



The gain x band-width product is thus proportional to 
and independent of the cathode area. The factor in the square 
bracket is not easy to evaluate theoretically. It is known that 
it decreases rapidly v'hen ajd^^ !•(). Eqn. (20) shows that it is 
very difficult to obtain increases in gain x band-jridth product 
by increasing or decreasing because a 2 : 1 increase in 
gJC involves an eightfold increase in TJd^, For modern oxide 
cathodes at 1050° K. the limit of is a few hundred inA./cm.^. 
In ordinary receiving tube structures it is impractical to make 
d< 0*003 in , mainly because of manufacturing tolerances 
which would lead to enormous \ aviations between the char- 
acteristics of a series of valves. The grid pitch should be, as 
stated, approximately the same as r/^. The grid- wire diameter 
should be as small as possible so as to make use of as much 
of the cathode area as possible and because thick grid wires 
help to provoke Insfltnldung and variation. These processes 
are carried to the limit in the Western Electric 404At which 
has rfj = 0*0025 in., a — 0*0025 in., 2r = 0*0003 in., i.e. the grid 
transparency is about 87*5 per cent. The tungsten grid is 
wound to about half its breaking tension on a rigid molybdenum 
frame and is then brazed in position. By this means the diffi- 
culties of conventional grid-winding techniques are overcome, 
at the cost of considerable manufacturing complication. It is. 

t Ford, Bell Lab, Rec, 27 (1949), 59. 
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interesting to note that even this tube, which has = 12-6 
mA./V. at 13*0 mA. anode current, does not approach the 
theoretical figure of IjkT within a factor of 10. 

Considerations such as those of the last paragraph lead one 
to believe that the limit of performance for gridded pentodes 
has nearly been reached, and that any progress made in this 
field will be at the cost of extreme manufacturing difficulty. 
It is a problem of considerable importance that this limitation 
should be overcome, since fields of great practical importance 
such as radar with 0*1 -0-2 /xsec. pulses and microwave f.m. 
and p.c.m. communications demand amplifiers with band- 
widths of between 10 and 20 Mc./sec. For special measure- 
ments band-widths of 200 Mc./sec. are necessary. Using present 
valves, amplifiers for such purposes can only be made by using 
large numbers of valves with consecpient expense, likelihood 
of valve failure and large power drain. Improved circuits have 
somewhat better gain x band-width than the simple network 
discussed, but all depend on the ratio of gJC, The latest of 
these to be put into practice was originally described by 
Pt'rcival,*!’ and it is worth a brief descri])tion here because 
analogous schemes are used in ultra -high -frequency technique. 

The principle is to build the valves into two transmission 
lines which have equal propagation velocities. The capacitances 
forming the shunt elements of the input line are the input 
capacitances of the val\es, and the output capacitances, with 
additional loading capacity if necessary, fulfil the same function 
for the out])ut line. Fig. lt» fi shows the general arrangement. 
Since the time of propagation per se(*tion is the same in both 
input and output lines, the current pulse g^^e^ in the anotie 
circuit of the second valve caused by at the grid, arrives at 
the same instant as the pulse g,„e^ from the anode of the first 
valve and the pulses add. An ampliiied wave thus propagates 
to the left in the anode line The wave to the right, on the 
other hand, is cancelled out if the circuit constants are accur- 
ately maintained. The amplifier thus behaves as a single valve 
with mutual conductance where n = number of valves. A 


j Perci\al, b.p. 4G0,5G2 (1937). 
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paper by Ginzton el ai.f f^bould be consulted for practical 
details. 



10.4. Pentodes. Remarks on the suppressor grid 

As yet we have said very little about the suppressor grid 
except to mention the main function of prev^enting secondaries 
from reaching the screen. From what has been said it is clear 
that the suppressor grid must be of very r)pcn pitch, since 
otherwise it will return many electrons by electrostatic repulsion 
which is just as objectionable as secondary emission from some 
points of view. On the other hand, if the pitch is too great, the 
suppressor field will only be effective over part of the anode. 
We have already seen that iff/4, the suppressor-anode spacing, 
is less than 7)3 the supj)ressor pitch, the field on tlie anode will 
be non-uniform since the problem is just the same as that 
encountered in the grid-cathode region. Thus the limiting value 
of djp.^ is ai)proximately 1 . Another point that is important 
is that Goui^d^i ^hat has a certain effect on the gain x 
band-width product. Since d^pd^ usually, the variation with 
d^ is generally small. Finally, the distance ^3, the screen- 
suppressor clearance, must be sufficiently large to make the 
effect of the suppressor evaluated inside the screen rather 

t Giny.ton et al., Pror, hint. Itadio Kngrn., N.Y. 36 (191<8), 050. 
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small. This is not difficult to do, since the suppressor pitch is 
much greater than the screen pitch, and is probably a 

sufficient condition in most cases. 

10.5. Noise in pentodes 

From our earlier results we can very easily deduce the noise 
current in the anode circuit of a pentode. The result is the 
same as that for a triode, but due allowance must be made for 
the effect of partition noise which arises because of the division 
of current between anode and screen. The simplest way of 
making the calculation is to write the expression for the noise 
component of the cathode current from eqn. (29) of (liapter 8 as 

if = 2r2c/^A/. (21) 

We then use eqn. (56) of (Chapter 8 to calculate the effect of 
partition noise. Inserting eqn. (21) into eqn. (56) we get 

li = 2f7„A/(l - ^‘(1 - n) = 2./„ 

But If. — la iDust equal therefore 

- ll + I r2\ 

If = 0-27p, 7„ = 0-87,, and 1’* = 0-2, which are retisonable 
figures for modern vahes, the factor in the brackets is 1-8 times 
as large as the mean s<|uare noise in the triode with the same 
slope and anode current. The difference is large enough to be 
noticeable in amplifiers designed for minimum noise figure at 
intermediate fre<iuencicB, and so there has been a tendency in 
recent years to use neutrahzed triodes instead of pentodes for 
the input stages of such amplifiers. An equivalent noise resist- 
ance can be de<luced as in the last chapter. The result is 



I'+i-ij- 

(23) 

A little manipulation yields 



.0C44T7„ 

\ f/m ' 

(24) 
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Beturning to eqn. (22) we notice that it is important to keep 
the screen current low if partition noise is to be minimized. 
Since the screen must also be a good electrostatic shield or, in 
other words, must have a fairly high p,, it is necessary to use 
thin wire for the winding. The screen current can be reduced 
by alining the screen wires directly behind the grid wires and, 
particularly in larger valves, by electron optical methods, i.e. 
by designing the valve so that the elementary beams leaving 
the cathode come to a focus at or near the screen plane as 
shown in tig. 10.7. For more information on this question the 


K G 



Fig. 10 7. Ojiliinum location for the screen elcdiode. 

reader is relcrred to a paper by Bull.f 

These remarks on noise conclude our present study ol the 
pentode. It lias been tacit1^> assumed throughout that there 
will be no eifects due to transit time in the frequency region 
we have been considering. This is not so, and, as is well known, 
modern high-slope pentodes have input impedances between 
2 and 10 kii at frequencies around 50 Me. /sec. Since one 
obvious way of minimizing transit time effects is to minimize 
di, the means used to obtain high slope also serve the second 
purpose, and none of our conclusions on the design of pentodes 

t Bull, J. Instn. Elect. Engrs , 92, pt. in (194.5), 86; see also Jonker, Philips 
Ties. llep. 4 (1946), 3.57. 


294 



NOISE IN PENTODES 


will have to be modified. In these circumstances it is logical 
to defer the question of transit time ultra-high-frequency effects 
until we consider the whole question in relation to u.h.f. valves 
in a later chapter. 

10.6. Beam tetrodes 

In the middle thirties it was discovered that tetrodes could 
be given pentode characteristics if special design conditions 


Beam plate 



Fig. 10,8. Section through beam tetrode. 

wore employed. The cathode current was toi ined into a beam 
and the anode was locate 1 a long way behind the screen. 
Under these conditions the opaee charge can h made to lower 
the potential in the screen-anode space so that an electric field 
acts towards the anode, causing secondary electrons to be 
returned to the anode. A section Ihrough a valve of this type 
is shown in fig. 10.8. The cathode, grid and screen are con- 
ventional in design. Outsi.h the screen two beam-forming 
plates are located. These are at cathode potential. The anode 
is a considerable distance away from the screen. The main 
funetion of the beam-forming plates is not, in fact, to form 
the beam. This is done mostly by the thick grid support wires 
at the sides of the cathode. The beam plates prevent secondary 
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electrons, which are not emitted in the direction of the potential 
minimum, from reaching the screen. The dotted trajectory 
indicates an electron which grazes the anode, producing a 
secondary moving in the forward direction along the second 
part of the dotted trajectory. If it were not for the beam 
plates this would reach the screen, but as it is, it is returned 
to the anode. The anode must be a considerable distance away 
from the screen if the potential minimum is to be deep enough 
to repel secondaries when the anode current is a few tens of 
mA., as is the case in receiver tubes. An excellent description 
of the experimental development of the GLO, an early and 
successful beam tetrode, is given by Schade.t Fig. 10.9 shovs 



an Va fanuly for a similar but more recent valve. 

The phenomena observed when electron beams are injected 
into a space at high velocity have previously been discussed in 
§ 6.9. This is precisely the situation found in the beam tetrode, 
so that discussion can be carried over to our present work. 
The most important questions to be answered are the extent 
to which a given current will depress the potential between two 
given planes, the converse question of how far apart the planes 
must be if a given current is to produce a given depression, 

t Schade, Proc, Inst, Badto Engrs.y N,Y, 26 (1038), 137. 
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and lastly the value of at which the sharp knee in the 
characteristic will occur. The answer to the last question 
has been given already in § 6.9. Here we must calculate the 
potential depression when current flows between two planes. 
We only consider the ease of planes which extend to infinity 
in the direction perpendicular to the beam; we also assume 
that the electrons travel normally to the planes, without elec- 


tron optical deviations. This 
and it is not difficult to obtain 
better agreement between 
theory and experiment if 
reasonable allowance is made 
for such deviation, but the 
difficulty of giv'ing a general 
theory far outweighs Ihe 
]nitative ad\antages of such 
a theory. 

The notation is gnen in 
fig. 10.10; for convenience 
we take the z origin at the 
potential minimum and cal- 
culate the })otential \ ariation 
by means of Poisson’s equa- 
tion. The details are given in 


is not the case in real valves, 



Kia. ni.lO. Screen anode potiiitial 
variation in a heain tetrode. 

§6 1. The first integration gives 


(/TV ^ 

Jz) €ol2f/ 


I’i+A'. 


But dVjdz — 0 at z = 0 wheie V — therefore 


and 

This can 
integral is 


be 


intt'^rafed bj- Mibstitiilins? T’^- — The 
4/3(T'‘-];.J)(n+2i;j. 


Squaring and reducing we find 


v‘ + 3i:‘t^-4t;« 




(25) 


297 



MULTIGRID RECEIVING VALVES 


The distance from the screen to the minimum is given by 

Vs*+s 

The constant — is the reciprocal of the diode constant D, 

Built has given a neat method for dealing with eqns. (25) and 
(26). Dividing by we get 



Ficj. 10. n. l^nivcrsal current voltage charactoristu . 

i+; 


or 




- (^vh p” 

With a similar expression connecting and If we now 

plot (1 f — measures in units of {^y j we obtain 

a universal curve giving the location of the potential minimum. 
In fig. 10.11 this curve has been plotted, together with the 

t Bull, J Jmtn. Elect, Efigrs., 95 , pi. in (1948), 17. 

298 



BEAM TETRODES 


F* power-law curve which represents the potential variation 
when a virtual cathode is formed. From the results of § 6.9, 
when the virtual cathode is just formed. 
But the virtual cathode is also a potential minimum, so 
b = for = 0 and the coordinates of this point arc y = 0, 


We can now see what happens wlien the anode voltage 
varies. Three positions for the anode have been marked in 
fig. 10.11, and we consider these in turn. If the anode is in 
position 1, the injected current is not high enough to form a 
virtual cathode and all the (‘urrent reaches the anode for any 
voltage above zero. The anode voltage is the lowest potential 
in the system for all values below that at which the plane 1 
intersects curv^e A, i.e. at {VjJVsY = For higher anode 
voltages a minimum is present. When the anode is at plane 2, 


the anode current varies as 


DVJ 

{d-bf 


for the range 0 < 1^ < 


For voltages above 1^^, the knee voltage, all the current reaches 
the anode. The anode potential is the lowest potential in the 
system, when 1^, < !« < so that between these values second- 
ary emission is not suppressed. For voltages above a mini- 

DVJ 

mum is formed. In case 3, the current vanes as 


U < but for all voltages abo\ e Ij, the secondary emission 

will be suppressed. It is clear that tlie anode plane must be 
beyond the plane of intersection of the curves A and B if 
the secondary suppression i« to be effective o^er the largest 
possible range of voltage. On the other hand, the knee voltage 
must not be too high, for an output valve must operate over a 
large range of anode voltages if it is to give good efficiency. 
Moreover, as the injected current density varies with the grid 
voltage at constant screen vo'* ure, the size of the distance unit 
varies or, what is the same thing, the position of the anode 
plane in fig. 10,11 varies. The position of the virtual cathode, 
of course, remains fixed at unity. If the injected current 
decreases the anode plane moves farther away. Thus the knee 
voltage is smaller tor smaller injected currents. 
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The choice of anode plane is thus a compromise between the 
conflicting requirements that the knee voltage must not be too 
high at the maximum current, and that the suppression of 
secondary emission should be eflFeetive at low current densities. 
Two circumstances help to ease the problem in practice; first, 
the beam plates tend to depress the potential in the screen- 
anode space even when no space charge is present so tliat the 
knee forms at lower voltages, and secondly, the beam is not 
plane parallel but to some exteuit focused so that the current 
density varies along the beam. If the density is maximum at 
about the centre of the screen-anode space, this will also tend 
to promote the formation of a \irtual cathode. It is, however, 
difficult or impossible to suppress secondaries at low currents 
as the 5763 characteristics show. 

It may be inquired why a potential curve of the type 0 in 
fig. 10.11 is not permitted. This curve is characterized by the 
fact that all the current would reach an anode at plane 3 for 
voltages below^ 1^^. Bull, m the paper cited, has shown that 
curves of this type can be excluded by the piinciple of least 
action. 

It will be seen that the explanation of the operation of beam 
tetrodes given abo\e excludes the possibility of hysteresis loops 
in the characteristics, which are indicated by the theories given 
by Salzburg and Haeff, Fay (t al. and Walker, for instance. 
Such hysteresis loops are sometimes observed in \alves, but 
their occurrenc'c is due to Barkhausen-Kurz oscillations as can 
be proved by the use of an h.f. search recei\er. The frequencies 
are often high enough to involve oscillations on the internal 
structure of the valve, and these cannot be eliminated by de- 
coupling the external leads. This has led some observers to 
attribute tlie disturbances to the necessities of the valve, which 
is not the case. 

10.7. Maximum current flow between planes 

AVc now take up a question which is not logically in place 
here. This is the question of maximum current flow between 
planes at different potentials neither being zero. This question 
was not included in the discussion of space charge because it 
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will be solved by the Llewellyn equations which we had not 
then discussed. The problem has some bearing on the develop- 
ment of the last section, and in fact provides an alternative 
approach to that work. We shall not use this approach f here, 
but we shall obtain an expression for the current flow. The 
development depends on the fact that at low frequenei''s the 
conduction current is equal to the total current. We can thus 
write the integral of eqn. (42) of § 7.4 for this case as 


p ft 




( J/2 


(28) 


(29) 


(Jt^ u(0)/2 . . 

^ \> 

()//2en 2 


(30) 


If T = transit time from 0 to d, we use cqns. (2H) and (30) to get 


(Jr^ p(rf)4'M(0) 

r2<«€,4l 2 


(31) 


Eqn. (31) is to be regarded cas a cubic equation gi\ing r in 
terms of known quantities. By differentiation of eqn. (31) it is 
easily shown that J has a maximum \ alue at t -- \lfli\ u((jI) 4- 
The corresponding \alue of J is 


Now 

therefore 


_ 2[ ?/((/) 4 u ( i))r 




-I- 



r„M 


(321 


(33) 


Eqn. (33) is the generalization of eqn. (6) of § 6.1, for the case 
when neither plane is at zero potential. It is interesting to note 
that the transit time for this current densitj^ , r = 3(//[ u(d) -h w(0)], 
t Knipp, M f-T. Had, Lab. Rep, 22 Marcli 1944., p. 534,. 
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is 3/2ro, where tq is the transit time for zero space charge, also 
in agreement with what we have found before. 

10.8. Valves for frequency conversion 

To conclude this chapter we shall give some very brief des- 
criptions of valves used for frequency conversion. These are 
called convertors, when the same valve serves as local oscillator 
and frequency changer combined, and mixers, when the signal 
is mixed with the output from a separate local oscillator. 
Essentially, both types consist of valves having two control 
grids working at approximately cathode potential. One control 
grid is used to control the anode current at local oscillator 
frequency, and the other is used to control the anode current 
at signal frequency. The mixer is probably the best technical 
solution to the conversion problem, but it is infrequently used 
in broadcast reception because of the extra valve required. 
The main problems of frequency changers is exactly the same 
as that met in the design of pentodes and beam power tubes, 
i.e. the valve must have a high mutual conduotance (this is 
necessary since the mutual conductance is directly proportional 
to the conversion conductance). Other problems, however, 
arise. The two most important are the arrangement of the 
valve so that there is minimum undesired internal coupling 
due to electrons repelled from the region of the second grid 
and the question of minimum noise. Any back-coupling pro- 
duces undesired shifts in the oscillator frequency, a very 
objectionable phenomenon when the intermediate frequency 
is only a small percentage of the radio-frequency. Frequency 
changers are usually noisy, since there is much more partition 
noise than in a pentode and also because the returned electrons, 
which may take very long and complicated paths, produce 
transit effects at much lower frequencies than is the case, for 
example, in a pentode. 

To understand the operation of frequency changers we assume 
that the local oscillator voltage is much bigger than the signal, 
which is always true in practical systems. Consider for a 
moment the schematic valve of fig. 10.12, where the local 
oscillator and signal are applied to two grids inserted one after 
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the other in the A—K space. Since the of the triode formed 
by the two grids and the anode varies as the third power of 
the injected current, we have 


But 

therefore (34) 

This functional relationsliip is 
approximately true for real 
valves as the characteristics of 
fig. 10.14 indicate. We now 
make a Fourier expansion of 
in terms of the oscillator fre- 
quency i.e. 

= do + «! cos -h ^2 

etc. 


K, K2 G A 



Fifj. 10.12. Polpiitial disinbution 
in elementary mixer. 



Fig. 10.13. Section through triodc hexode convertor. 


It is not necessary to consider sin terms, since is a single- 
valued function of the oscillator voltage which varies as 
coscogf. If now a small signal ejsina>if is applied to the second 
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grid, the a.c. anode current is 
t'a = ^m.e2sina)i< 

GO 

= Gq €2 sin / 4- Cg o„ sin t cos noj^ t 

1 

on 

= OoPa sin coit+ * S sin (toi + ncop) f 
^ 1 

+ o*^«nSin(a)ji-na>o)/. (35) 

If the anode load is tuned to the intermediate freqiieney 
(cui — ojq) and has a Q so large that it has negligible impedance 
to any of the other frequencies generated, the output voltage 
is proportional to Ui). The quantity la is defined as the 
‘con\ersion conductance' of the valve, and is denoted by the 
symbol g^.. its use we can calculate the intermediate fre- 
quency output ])er unit signal input. Clearly 

] Ptt 

<Jc=.y 

-ttJo 

It is worth while calculating some values of for special 
cases. An inteiesting one is the so-called ‘ideal' mixer charac- 
teristic for which i,, - 0 , -= i.e. 

is a constant for all voltages abcne cut-off. If the valve is 
biased to cut-ofi 

9c = o'" f eos (36) 

-77 J 577 77 

Eqn. (36) gi\es the maximum conversion conductance that can 
be obtained from a valve with mutual conductance ( 7 ,,,^. 

Another special case is that in which varies linearly from 
0 to g„,^ with above cut-off. With the valve biased to cut-off 

So = ^2nj_^ O082(ajof)rf(wo0 = (37) 

Here g,,^^ is the value of the mutual conductance at the point 
where the local oscillator grid is driven to its most jiositive 
value. The conversion conductance is thus a function of the 
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local oscillator amplitude, as in practice', whereas in the ideal 
mixer is independent of the local oscillator amplitude. 

In general, of course, is not a simple analytic function of 
the local oscillator voltage. It is possible to determine g^ by 
the usual graphical methods of Fourier analj’^sis if a curve of 
9m provided. Alternativel 3 % it is easy to determine g^ 

experimentally by accurate measurements at broadcast fre- 
quencies. 

The considerations on mixers whicli v^e have dealt with abo\e 
are common to all types. We now pass to the (pmlitati\e con- 
sideration of the specialized types used to-day. 

10.9. Triode hexode and triode heptode 

These two types arc ver^" coinmonly used in modern broad- 
cast receivers to-day. A common type (BKS) of triode hexode 
structure is shown diagrammatically in fig. 10.13. Typical 
characteristics are sho\vn in figs. 10.14 and 10.15. One side of 
the cathode ])rovides the electron stream for the oscillator 
triode, and the other for the hexode'. The grid is common to 
both structures so that the local os^‘illator voltage is injected 
into the hexode by the first grid. The signal grid of the hexode 
is surrounded by a positive scre'cn grid which has the double 
function of providing the positive field on the hexode cathode 
and of isolating the signal grid from the oscillator grid. Since 
the signal grid is 'ua«!<'d negativelv, tliert' is a danger that 
electrons will be repelled from its \icinitv, particularly when 
the local oscillator swings to high positive values and the 
injected current is therefore large. .\ny returned electrons are 
collected by the screen and onlv' a few return to the oscillator 
grid circuit where they produce only a negligible change in the 
electronic susceptance across tlie oscillator circuit. The other 
side of the screen grid acts as a sc»( en electrode in the signal 
grid-anode part of the hex( d-' In the triode heptode, a sup- 
pressor grid is located betwe-en screen and anode to prevent 
secondary emission and to increase the anode impedance. 

Another type of triode hexode has been developed and is 
mainly used in Europe. f fn this the triode structure is below 

t .Slielton, n ircless Engr, 35 (1934), 283. 
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Fijjj. 10.15 Tnculc liexode characteristics. 


the hexode structure, both using the same cathode. This has 
the advantage that there is no direct electronic interaction 
between the hexode and the triode, but the interaction due to 
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changes of load on the oscillator still exists. A further possi- 
bility which is often used with this last structure is to connect 
the local oscillator to the third grid and the signal to the inner 
grid. This tends to reduce the interaction between oscillator 
and signal circuits still more and also tends to give a very 
broad maximum to the curve of g^'^Vg, On the other hand, the 
big swing of the local oscillator repels many electrons into the 
signal grid region of the hexode and these long transit electrons 
damp and detune the signal circuit. The signal-grid current 
may be high for the same reason. These disadvantages are 
overcome by designing the valve on electron optical principles 
so that the returned electrons are deflected on to a part of 
the screen which is made solid. This technique however, is 
usually applied to })entagrid convertors and nat to tiiode 
hexodes. 


10.10. The pentagrid 

Early types of pentagrid simply consisted of a cathode 
together with five concentric grids and an anode. The cathode, 



Fig. 10.16. Seclion through modeni type of ])entagrid. 

together with and g^ formed a triode which was connected 
as the local oscillator, g^ was the signal gnd, g^ another screen 
and g^ a suppressor grid. These early pentagrids suffered from 
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a great deal of interaction between the signal and local oscil- 
lator circuits, because the whole local oscillator current is com- 
mon to both circuits. Using the ideas mentioned at the end of 
the last section, it has been possible to produce a much more 
satisfactory valve. A cross-section is shown in fig. 10.16. The 
electron flow is confined to a beam in each quadrant by means 
of the thick, negative, suppoil; wires of and The screen 
g 2 is made solid in the region of the support wires so that 
electrons returned from the region of g,^ are collected on g^ 
and cannot penetrate into the triode. An example of this 
construction is the GSA?. 

10.11. The 6L7 pentagrid mixer 

In the pentagrid mixer, the local oscillation is generated by 
a separate valve. The signal is apj)lied to g^ and the oscillator 
voltage to g^\ g^ and g^ form a screen around the oscillator grid. 
The geometry is nearly the same as that in the original penta- 
grids, i.e. a circular cathode with five concentric grids and an 
anode. The development and ap])lication of rfhis valve are 
described in some detail by Nesslage, Herold and Harris. f 

It will be clear from vhat has been said above that all fre- 
quency convertors q,re noisy. For this reason simpler devices 
are used at ultra-high-frequency where the signal/noise ratio is 
of extreme importance. The use of convertor valves is thus 
limited to frequencies lielow about 60-100 Me. /sec., and only 
the more recemt glass-based valves will reach frequencies as 
high as 100 Me. /sec. An idea of the increased noisiness is given 
by the following figures gi\nig the equivalent grid noise 
resistance * 

6 AC 7 High slope pentode used as mixer, 72,^4 20kli; 

6 SA 7 Improved pentagrid, = 200ki2 ; 

6J7 Pentagrid mixer, i2,j = 200kQ. 

Since valves are too noisy, mixing at microwave frequency is 
performed by silicon crystals, at least in all low-level applica- 
tions. These crystals show a conversion loss rather than a gain, 

t Nesslage et nL, Proc. Inst. Rfidto Engrs.^ N.Y, 24 (1036), 207, 
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but, in spite of this, the noise figure of a good 10 cm. crystal is 
of the order 7-10 db., better than any thermionic mixer yet 
made. 

The leader is referred to a paper by Heroldf for an interesting 
general account of convertor development and a full biblio- 
graphy. A book by M. J. O. Strutt J also contains much inter- 
esting material particularly on effects at moderately high 
frequencies. 

t Herold, Proc, Inst Radio hngrs , N,Y. 30 (194*2), 84. 

j Stnitt, Mehrgitierelektionemohren, 2 (1938), sects. 11 and 13. J. Springer. 
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Chapter 11 

TRANSMITTER VALVES 

Transmitter valves are usually divided into three categories, 
according to the method by which the heat is removed from 
the anode. The categories are: 

(1) Radiation-cooled anodes in glass bulbs. The biggest 
valves in this class have about 1 kW. anode dissipation. 

(2) Cooled anode valves with forced air-cooled anodes. 

(3) Cooled anode valves with water-cooled anodes. 

A subcategory of (1) exists, it consists of valves with radia- 
tion cooled anodes in silica bulbs instead of glass. Silica is 
much more transparent to red and infra-red radiation than are 
even hard glasses, and it will also stand operation at a very 
high temperature because its softening point is very high 
(approx. 1500° (\). For these reasons silica envelope valves 
can be used with much higher anode dissipations than can 
glass valves, and one triode dissipating 4 kW. is made. Silica 
valves were developed by the Admiralty Signal Establishment 
for use in Naval transmitters where their ease of replacement 
and low overall weight and space requirements (absence of 
cooling blowers, etc.) is of })rime importance. They have not 
seen much application outside the Service as yet, but they 
would seem to have adv’antages as valves for mobile or portable 
radio-frequency heating units, etc. 

Progress in the design of forced air-cooled valves has been 
fairly extensive in recent years, and the design of coolers and 
circulating systems has been much improved so that air cooling 
is now used for much bigger valves than was recently the case. 
Valves ot as high as 25-30 kW. anode dissipation are now air- 
cooled, and one may suppose that gradually the limit will be 
forced upwards. Watcr-eooling must bo used for the largest 
valves and this will continue to be the case, since there are 
physical limits to the dissipation per unit area which can be 
handled using air as a cooling fluid. 
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In this chapter we propose to discuss some of the questions 
which are peculiar to transmitter valves as distinct from 
receiver tubes. Some of these questions relate to the elec- 
tronic theory of the valves, and some to questions of mechanical 
and thermal design. From the electronic point of view, trans- 
mitter valves have the peculiarity that they often have to 
function with the grid driven highly positive to the cathode. 
Previously, we have assumed that the grid is always suflieiently 
negative not to acquire any electrons. Our earlier results allow 
us to calculate the total current drawn from the cathode; we 
have now to find how this current divides between grid and 
anode when the former is positive. Before we take up this 
question, however, it is necessary to say something about the 
electrostatic theory of valves with filamentary cathodes and 
the design of tungsten filaments. 


11.1. Characteristics of valves with filamentary cathodes 

Many transmitter valves, pailicularly the higher powered 
ones used at broadcast and short-wave frequencies, have fila- 
mentary cathodes. Typical geometries are indicated in figs. 
11.1 and 11.2. Fig. 11.1 represents a typical 200-250 W. 



Fij 4 . 11.1. Filamentary cathode triodc 
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Fiff. 11.2. Cylindrical filaiiieniary calhode tnodc. 


radiation-cooled triode with a sprung W-shaped filament. Fig. 
11.2 represents the cylindrical structure typical of high -power 
cooled anode valves. The question obviously arises how are 
we to calculate the valve parameters. A useftd rule, whose 
origin seems lost in the past, is to replace the filament wires 
by plates of width equal to the filament diameter plus twice 
the filament grid spacing. Thus in fig. 11.1 if the filament 
diam. = and the filament surface to grid clearance = 
each filament wire can be replaced by a strip width 
whose centre can be located along the dotted lines in fig. 11.1 b. 
Usually the plates will touch or slightly overlap, so that the 
valve can be considered as a parallel plane triode. The same 
criterion can be applied to the cylinder triode, the strips in this 
case being assumed to be bent into circular sectors. Again, the 
sectors usually overlap and the cylindrical triode formulae 
apply. It should be remembered, however, that the emission 
comes from the real filament wires, and the emission density 
therefore depends on their area and not on the area of the 
equivalent strips. 

The conformal transformation of the structure shown in 
fig. 11.1 a has recently been studied by Okressf. He used the 
transformation W = InZ to transform two planes and 

t Okress, J, AppL Phys. 20 (1949), 850. 
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WJ having the centre of one of the filament strands as origin 
and W 2 having the centre of one of the grid wires as origin. 
The potential at any point in the valve is then the sum of the 
potentials in the planes. The resulting expressions can 

only be stated in simple form when the grid-filament spacing is 
large compared to the pitch. For this case /x turns out to be 
the same as given in eqn. (29) of Chapter 9, and therefore the 
remarks made above are verified. Particular cases which do 
not admit of this restriction can be studied by the full expres- 
sions given in the original paper. 

If it is necessary to know the /x of a structure which either 
does not fulfil the requirements of the approximate solution, 
or is of an unusual geometry, /x can be determined experi- 
mentally either in a scale model valve or in the electrolytic 
trough. 

The most obvious way in which filamentary cathodes differ 
from unipotential cathodes is that there is a voltage drop 
along the filament so that if the high-tension negative is 
returned to the negative side of the filament, the anode current 
per unit length of filament is always less than for the corre- 
sponding unipotential cathode, although the two are equal in 
the limit of very high voltages. Let the filament length = I 
and the filament voltage — Vf, If the effective anode-plane 
voltage is l^ + /xl^ = l«', eqn. (41) of Chapter 9 shows that 
J = where G pcrveance of the tube. For the fila- 

mentary cathode 

ff ,'i. 

therefore I = j \ ' — ( I + /i) (ir 

= - (1 + m) for (1 + « I, 

= + ( 1 ) 

Eqn. (1) IS a very flose approximation to the exact result for 
(1 For (l + ^)TyP}> 15, the correction is negligible. 
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11.2. The electrical design of tungsten filaments 

As we have said earlier in the book, tungsten is the most 
generally satisfactory of the pure metal emitters. To recapitu- 
late the advantages, we can say that the high melting-point 
and low vapour pressure allow very substantial omission 
densities to be drawn in spite of the high work function. All 
the oxides of tungsten are volatile so that the emitter is not 
permanently damaged by a sudden burst of gas, such as may 
occur in a flash arc, whereas tht oxides of molybdenum and 
tantalum are much more difficult to dislodge. Tantalum, more- 
over, acts as a getter to some gases in specified temperature 
regions and for this reason is unsuitable for valve production. 
Finally, tungsten sheet has recently become available, so that 
one of the limitations to its use has been removed. 

The saturated emission and total thermal radiation from 
tungsten have been studied over a very wide range of tem- 
peratures. Perhaps the most widely used results are those of 
Jones and Langmuirf with corrections due to rors 3 rthe and 
Worthing.J In fig. 11.3 these values have been plotted against 
I IT for the small range of temperatures used in the production 
of valves. The emission and total radiation are given for a 
surface area of 0-25 cm. so as to shift the total radiation 
curve to a more open region of the log scale. 

It has been found empirically that a tungsten filament breaks 
when the diameter of the smallest section has been reduced to 
approximately 10 per cent below the original value at the same 
point. Since the rate of evaporation of tungsten has also been 
carefully measured as a function of temperature, this allows 
one to calculate the life of a filament assuming that the valve 
fails for no other reason beforehand. Let the original wire 
radius in cm. = and the final radius = ( = 0-90r^), d = den- 

sity of tungsten cvnd g{T) = rate of evaporation in gm./cm.^/sec. 

Weight of tungsten evaporated = 7rdZ(r® — rf), 

Mean surface area = ^ (^0 + ^ 1 ); 

t Jones and Langmuir, Gtn. Elect. Rev. 30 (1927), 310, 854, 408. 
t Forsythe and Worthing, Astrophys. J. 61 (1925), 146. 
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therefore 

weight evaporated/unit surface area = d(r^-r^). 



lOV/ K 

Fig. 11.8. Emission, life and total radiation data for tungsten. 


therefore 


= mmT) 


The density is 19-4 gm./c.c , therefore 


( 2 ) 
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Thus the life is directly proportional to the original diameter. 
Fig. 11.3 shows values computed from eqn. (2) for three values 
of using Zwikker^sf values of g{T). The rapid variation of 
life with temperature is well brought out by this figure. This 
shows the importance of working the valve at the lowest tem- 
perature which will produce the desired emission, and of 
designing it with a filament wire of sufficient diameter. How- 
ever, the question of the best filament diameter depends on 
other factors besides life, for instance, the emission efficiency 
and the economics of the filament power supply and also on 
the current-carrying capacity of the filament seals. Taking the 
first question, it is simple to determine the number of filament 
watts required per mA. of emission, and in fact this quantity 
mA./W. is often used as a variable instead of the temperature. 
For a given emission this leads to a figure for the total filament 
power required, and knowing the cost of electric power and the 
cost of the valve, the optimum can be obtained. Filaments 
are often arranged, particularly in \ery high-power ^alves, so 
that three pairs of terminals are brought out. This device is of 
obvious utility in overcoming problems due to overheating the 
seals, and also allows the \alve to be worked on a three- 
phase a.c. supply, provided the hum modulation can b(‘ 
tolerated. 

Another factor which enters into the question of the desirable 
life is the service for which the valve is intended. For broad- 
casting, commercial and (iO\ eminent communication, etc., the 
main criterion is reliability rather than actual life, i.e. the 
spread of lives between members of a group of valves should 
be small so that all can be replaced after v hours with no 
premature failures. For other services, such as mobile marine 
and aircraft equipment, reliability is important, but weight 
and size more so, and a slightly less conservative filament 
design may be better. In general, large European transmitting 
valves are designed for a maximum life of the order of 10® 
hours, i.e. this would be their life if there were no failures 

t Zwikker, Dissertation, \nisterdani, 192.'> A jiaper by Aboville, Rev. 
gin. ilect. 37 (1935), 101, gives experimental results tor thin (<74jLt) wires. 
The lives are shorter by factors of 3-5 than those given. 
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except for filament bum-out. American valves are usually 
designed for a somewhat shorter life and a lower first cost. 

A few words on the question of ratings and operation of 
tungsten filaments will not be out of place. It is general to 
rate a tungsten filament so that the maximum anode current 
is 90 per cent of the saturated emission from the filament. 
Owing to the manufacturing tolerances in filament wire 
diameter, resistivity, etc., the emission varies from valve to 
valve, so the operating filament voltage and current are marked 
on all big valves. These values are determined by measurement 
of the emission characteristics of the valve. Several techniques 
are common; pulse-testing to full emission may bf' used or 
Davisson power emission charts can be used to ])]ot the satur- 
ated emission at low-filament powers and the resulting straight 
line extrapolated to find the pover giving 111 per cent of the 
maximum anode current. Normally these marked volts will 
differ from the mean volts for a group of \alves f>y only a 
small percentage, but the departure may be sufficient to lower 
life or performance seriously if the marked \"olts are not adhered 
to. It is also important to work big \ al ves at constant voltage; 
for, as the filament diameter decreases owing to evaporation, 
the resistance rises. If the valve is worked at constant current, 
the voltage will have to be increased throughout life, increasing 
the power input. As the surface area is also diminishing, the 
fempeT-ature will rio % since more watts have to be radiated by 
a smaller total surface, and the life will be curtailed. If the 
voltage is held constant, the power input decreases throughout 
life and the power per unit area retnains much more nearly 
constant. The power per unit area actually decreases with 
life, and it is possible to predetermine values of hot filament 
resistance at which tl)e filament voltage should be increased 
by a stated percentage. Operation on such a schedule reduces 
the spread of lives very much ^ 

This concludes our survey of the general design of tungsten 
filaments. It would be very desirable to give a similar general 
account of the properties of thoriated tungsten. Unfortunately, 
there are not sufficient data to do this at present. All one can 
t Bell, Davies ami Gossling, J. Imin, Elect. Engrs. 83 (1938), 176. 
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say is that the temperature of operation is so much lower than 
those we have considered above, that there is no question of 
the tungsten evaporating. Failures are due to poisoning of the 
surface, to crystal growth in the tungsten and consequent 
fracture by vibrations, etc. There is some evidence that the 
best modern thoriated filaments have very long lives, equal to 
the figure of 10® hours quoted above, but this figure is not 
consistently obtained and a considerable factor of safety is 
allowed in the emission, the saturated emission being initially 
5-10 times the peak current. 

For the sake of completeness, it should be mentioned that 
some use has been made of filaments consisting of a layer of 
thoria deposited by spraying or cataphoresis on a molybdenum 
or tantalum strip. Sometimes the core is covered with a sintered 
layer of powdered metal to obtain better adhesion. The pro- 
perties of such composite filaments are very similar to those 
of the sintered thoria cathodes which were briefly discussed in 
Chapter 1. These filaments have been studied fairly widely in 
research laboratories, but the only commercial example of their 
use is, at present, the R.C.A.8D21, a double tetrode for ultra- 
high-frequency use, which includes several novel design features. 

t 

11.3. Current to a positive grid 

We now take up the question of current flow to a positive 
grid. This is a problem of considerable complexity because not 
only the primary current, but also the secondary electron cur- 
rent, is involved. When the grid is positive but the anode is 
more positive than the grid, the measured grid current is made 
up of the proportion of the space current going direct to the 
grid minus the secondary emission from the grid. The secondary 
emission current is itself not connected with the primary grid 
current in any simple way, since a large range of angles of 
incidence is possible and the grid surface can hardly be a 
homogeneous secondary emitter. When the grid is more posi- 
tive than the anode, the measured grid current is the sum of 
the primary grid current and the secondary emission from the 
anode. In both cases matters are complicated still further by 
thermionic emission from the grid and by the fact that small 
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numbers of electrons are very strongly deflected by the grid 
wires, and these may not have sufficient forward energy to 
reach the anode when it is approximately at grid potential. 
Fortunately, the conditions when the grid potential is higher 
than that of the anode are of little practical importance for in 
even the hardest driven class C oscillators, it is rare for to 
be less than 0*8 Vg, We therefore restrict ourselves to voltage 
ratios VJVg less than 0-8 in what follows. 



Fig, 114, Electron dcllcxion in positive grid Incwie. 

It may be asked what use there is in developing a theory 
which from the outset cannot hope to include all the relevant 
phenomena. The answer is that, although we can only calcu- 
late the grid current under very idealized conditions, i.e. second- 
ary emission minimized, grid dissipation lowered enough for 
thermionic emission to be neglected, the calculation for the 
grid-power dissipation is much more accurate. This is because 
grid emission and secondary emission remove only very small 
amounts of power, as the me in energy loss per election is very 
small in either case. Thus if we can calculate the primary grid 
current as a function of grid and anode voltages, we shall have 
a good idea of the grid dissipation even if the measured grid 
current is widely different from our forecast. 

The first approximation t' ♦he current division is given in 
the form due to Tellegen.f Fig. 1 1 .4 shows the notation for the 
problem and indicates the equipotential plot which, in the 
grid-cathode region, can be assumed to be a system of parallel 
planes perturbed into circles in the immediate vicinity of the 

t Tellegen, Physicay 6 (1926), 113. 
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grid. Consider the path of an electron which leaves the cathode 
at a point distance from the grid-wire centre line and just 
grazes the grid wire after deflexion in the central field. We can 
assume that this path is tangential to the central field at x^, 
and the velocity at entry to the central field is that due to the 
effective grid potential The electron finally leaves the 
central field by grazing the grid at radius r with velocity 
corresponding to Vg, Since angular momentum is conserved in 
the central field, 


or 


(3) 


Thus the grid uncs behave as though their diameter were 
increased by the factor yl(VJVcg), which must be greater than 1, 
since if it were less than 1 the electron would be deflected away 
from the wire. Then ^ ^ . y 

1„ 


h-h 


n __ 




(4) 


In Tellegen’s theory 


1 " = 


( 5 ) 


1 -h ^ -f- ^2/^1 

Eqn. (o) does not reduce to for very large /x, because 

djdi increases with /x. We can rewrite (5) as follows 

i.e. VggjVg< 1 *heu VJVg< l + djdi. For many valves this limit 
lies in the range 4-G. Beyond this value of VJVg the grid 
current should drop sharply as electrons will be deflected away 
from the wires instead of towards them. For values of VglfiVg 
less than 0-50 wo can expand the square roots m eqn. (4) by 
the binomial theorem to obtain 

Eqn. (7) neglects the effects of space charge and initial velocities 
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entirely and also assumes that the grid-cathode spacing is large 
enough in comparison with the grid pitch to eliminate 
Inselbildung. 

More recently Jonker and Tellegenf have given a more 
accurate form of eqn. (7) by using a more accurate representa- 
tion of the grid-cathode field. The result is 



0 5 10 15 20 

VJl'i 

Fi;?. 11.5. Current distribution in positive grid triode. 


The grid current according to eqn. (S^ is higher than the value 


given by eqn. (7) when 
and smaller when 



Eqn. (8) was checked experimentally on a rubber sheet model 
and gave good agreement with the observed results, but, of 
course, this does not relate very directl^^' to the situation in an 
actual valve. It must also be remembered that eqns. (7) and 
(8) do not include current taken U) the grid support wires, 
which, for mechanical reason ^ are much thicker than the grid 
wires and in some arrangements may make an appreciable 
contribution to the grid current. 

Fig. 11.5 shows experimental values of I Jig plotted against 
VjVg with the curve deduced from the valve geometry using 


t Jonker and Tellcgen, Philips Hes. Hep, 1 (1045), 13. 
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eqn. (8) for comparison. The agreement is only fair, as is 
perhaps to be expected in view of the complexity of the actual 
situation in a valve, where magnetic effects, finite emission 
velocities, etc., must be considered. In the curves shown, that 
for 1^ = 100 will include effects due to these causes and second- 
ary emission, while that for = 500 includes effects due to 
primary and secondary emission only, the other effects being 
negligible. 

11.4. Grid emission and secondary emission 

Grid emission and secondary emission from the grid are both 
undesirable effects which the valve designer is at some pains 
to minimize. Grid emission is reduced (a) by maintaining the 
grid temperature at the lowest possible value, and (6) by making 
the grid of high work function material or by coating it with 
some material which reduces the emission. In large valves 
used under class C conditions (a) depends mainly on the current 
division as discussed in the last section, and the maximum grid 
dissipation is one of the design parameters of the valve. In 
valves not worked witli positively driven grids, the grid works 
at a temperature depending on the valve geometry and the 
anode and cathode ^mperatures. 

In high-power valves with tungsten filaments the grid is 
commonly made of molybdenum wire, but the problem of grid 
emission is more acute in lower powered valves with thoriated 
tungsten or oxide-coated cathodes, since in both these cases 
there is some evaporation of active material from the cathode 
on to the grid with a resulting increase in grid emission during 
life. In these cases grids are often coated to reduce emission. 
The best coating seems to depend on the nature of the emitter. 
With oxide catliodes gold-plated gridsf seem to be fairly effec- 
tive. In this case the barium evaporated from the cathode 
diffuses into the gold instead of remaining on the surface. 
The emission, however, is not permanently eliminated as the 
gold eventually becomes saturated with barium and the 
emission rises to the value obtained with non-plated wires. 
A useful life can be obtained before the emission rises. Soft 
t Kay, Bell Syst. Tech. J. 26 (1047), 818. 
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iron wires are also found to have low emission but make it very 
difficult to obtain high cathode activities. 

For valves with thoriated filaments, zirconium is a useful 
grid coating, or sometimes zirconium and carbon are used 
together. 

Grid emission is undesirable for several reasons, first because 
of the damping imposed on the input circuits, and secondly 
because of the tendency to cause the grid current to change 
sign with resultant blocking. Lastly, in ultra-high-frequency 



Fig. Good and bad grid emission eharactenstics. 

valves the electrons emitted from the grid may cause appre- 
ciable damping in U.c output circuit. 

Secondary emission from the grid is not quite so serious a 
problem as grid emission * imply because it can only occur 
when the grid is ilriven positive. However, it is \n these circum- 
stances that blocking can occur. If the total grid current in a 
valve is a function of the grid voltage of the sort (a) shown in 
fig. 11.6, the voltage drop in the bias resistor of the usual self- 
biased class C oscillator will reverse sign at C and the grid will 
not only be driven positive I ^ the drive voltage, but will also 
bias itself positively, the anode current will rise disastrously 
and a high-powered valve can easily destroy itself. The danger 
can be overcome by connecting a diode clamp across the input 
circuit, thereby preventing the grid from going more than a 
predetermined amount positive, but it is clearly preferable to 
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design the valve so that the characteristic is of the type indi- 
cated at b in fig. 11.6, where blocking cannot happen. 

On the other hand, a modicum of secondary emission reduces 
the grid current, and therefore that portion of the driving 
power which is lost in the grid circuit, so that valves with a 
suitable value of secondary emission are slightly more efficient 
than those without. The tendency in modern valves is to 
reduce secondary emission as much as possible and to put up 
with the loss of efficiency. Some of the grid coatings described 
above, particularly the zirconium-carbon combinations, have 
low values of secondary emission, probably because they are 
extremely rough on a microscopic scale, and trap secondaries 
as we have described in Chapter 2. 

These brief remarks have serva^d merely to indicate the 
nature of the problems discussed. In many valves it is a 
matter of the greatest technical difficulty to find acceptable 
methods of reducing grid emission and secondary emission to 
tolerable values. Every design has to be treated on its merits 
and procedures which are of use in one type of vafve are useless 
or deleterious in another. 

11.5. Measurement of current distribution by the 
method of de la Sabloniire 

A useful method for measuring the current distribution in 
valves, which makes allowance for the effect of secondary 
emission but not for the effects of space charge, grid emission 
or the effects of initial velocities, has been described by de la 
Sabloniere.f The method has recently been re-examined and 
improved by Hamaker,J and it is the latter account we follow 
here. 

The valve characteristic is divided into two regions, the first 
in which V^^>Vg> 0, and thesecond in which > ^^ > 6. 

Casel. V^>Vy>0, 

Let the primary grid current be given by 

P.=/(TO=/W- (9) 

t de la Sahloni6re, Ilochfrequenziech, u, Elektroakust. 41 (1933), 195. 
t Hamaker, AppL ScL Res. B, no. 2 (1948), 77. 
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Each electron produces 8g secondaries, but only a fraction Sg 
of these reach the anode. The secondary current leaving the 
grid is thus /„, = SgSgIgp, and the ratio of measured grid current 
to cathode current is , 

(10) 

Next, the reasonable assumption is made that 8g = S(l^) and 
Sg = SgiVglVa) = Sgiv). ThuS 

yg) = Pff (m) ( 1 - K (yg) ^g (“)}• (11) 

Case 2. T^>I^>0. 

4n exactly similar argument yields the relation 

i/«(«.l^) = J^a(“){l-Sa(K.)«a(w)}. (12) 

wliere the various functions are now defined for the anode. 
Eqns. (11) and (12) are not the most general forms of the 
relationship we are seeking to establish, as can be seen if we put 

S(i;) -= aS' (v) H-j3. (13) 


where v = generalized voltage. 
Then P 

y(v,v) =p(tt){l-^s(M)} 


ois(u) 1 
l-^s(u)\' 


And the expressions 


p'{u) = p{u){l-Ps(u)}, 

8'{v) -U{v)-^, 

a a } 


«'(«) 


(xs{u) 

i-ps(uy 


(14) 


( 15 ) 


will also satisfy (10), a and j3 being arbitrary constants. Eqns. 
( 15 ) can be shown to be the uiost general forms which satisfy 
eqns. (11) or (12). Therefore we must determine a and )3 in 
addition to the functions. We now return to the question of 
determining the functions. 

Determination of p{u). For a fixed value, «<, say, of u, eqns. 
(11) and (12) show that y(ug,v) is linear in 8(«). Thus two curves 
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y(u^, v), y(u^, v) are linear functions of one another. If then 
y(Uy v) is measured for a series of values of v with fixed values 
of u as parameter, we can test cqns. (11) and (12) by taking 
the values for one particular run y(uQ, v) as abscissa, and plotting 
the values of the other runs y(u^,v),.,y(Un,v) as ordinates and 
the result should be a series of straight lines (see fig. 11.7). If 
the lines are not straight, the conditions assumed are being 



Fig 1 1 .7. Illustrating the graphical determination of 
positive grid ehardctenstics. 


violated in some way. Now, eliminating 8 between two mem- 
bers of eqn. (11;, say ?/(«„, 1^), Vg), we find that 

y(Mi,i;) _ 1 ^ y(«o.K/) _ 1 (jgv 

p(u^)s{ui) . s ( mi ) p{Ug)s('Ug) s(,u„y 

Eqn. (IG) is obviously satisfied if we put y(Ui,Vy)= jP(^i)» 
thus we get a series of values of p(t/o) hy 
erecting a vertical at Uq on fig. 11.7 and reading off the inter- 
sections with Ihe straight lines. Other values of p(Uq) give 
different sets of p values. These st'ts can be plotted, and the 
values obtained for each region must form a continuous curve, 
since, clearly, JV =>-?«• 

When this has been done, we have to choose between the 
curves thus determined. A possible set of curves is indicated in 
fig. 11.8. One of these curves has to be chosen, and in the 
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original method of de la Sabloniere this was done by requiring 
a smooth junction. Hamaker, howesrer, makes the more usable 
assumx)tion that, at the u value for which the effective grid 
plane potential is equal to the grid wire potential, the p value 
is the ratio 2rja as defined in § 11.3. Thus one curve can be 
chosen and this is the one corresponding to eqn. (15), i.e. jS is 
now fixed. 



11.8 llliislrutinj' Die ^ra])lii('al dcternnnalion of 
positive end c'li.iraclcnstics 


Now to determi’’^ s{u) \^e first recall that lim5-(w)-^l, 

u '►0 

lim.‘?„(?A)-> 1, since in these cases all the secondaries are col- 

U ->-CX) 

lected by the other electrode It is easy to see what values of 
u are good enougfi approximations by the following reasoning. 
Solve eqn. (16) for the value which makes y(u^,v) ■= 0, 

i.e. the point at which the curve cuts the abscissa. The result 

18 ;o = = »(»0 ( 1 '^) 

If s{u) — 1, Jq is independent of m and all the u curves will cut 
the axis in a single point. This point is 
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Then from eqns. (17) and (18) 


s(u) = 


P{«o)_-^o 


( 19 ) 


Eqn. (19) allows us to determine 8(u) for each of the curves. 
In fig. 11.9 we have plotted three curves for the case 1 and 



Fig 11.9. Illustrating the graphical detcrinination of 
poditive gnd chaTaclensUcs. 


a curve for which Sg is some other value. From eqn. (19) 
Sg = PJ'JPJq, where P is the value corresponding to the correct 
p(u) already determined. The determination of Sg fixes a. 
Finally, 8 can be determined from eqns. (11) and (12), 


S(v) = 


P(tt)^y^, v) 
p(u)8(u) 


( 20 ) 


For each value eqn. (20) can be solved for S(t;), since p(u) and 
5 (u) have been determined. Hamaker gives a step further and 
sums over the diiferent values of u, getting 


S(t;) = 


« n 

n 


( 21 ) 


This completes the determination of the current division and 
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secondary emission factors for the tube. The reader should 
refer to the original paper for an extensive discussion of some 
of the cases in which the method fails. 

11.6. Cooling by radiation 

Valves of up to several hundred watts anode dissipation are 
cooled simply by radiation. The factors involved are the anode 
temperature and material and the diathermancy of the bulb 
material. According to the Stefan -Boltzmann law, the power 
dissipated by unit area of an anode at temperature K . is 

P = e^S(T^-T^), (22) 

where = total emissivitj’^ of anode material 

>S -= Stefan’s constant 
= 5*73 X 10"* W. metre^ per degree^, 

= ambient temperature ° K. 

Eq. (22) can usually be written as P =- €j,ST*, since is 
small compared with T for the applications we are interested 
in. The anode must dissipate a proportion of the filament or 
cathode heating power, in addition to the anode-current dissi- 
pation. The proportion depends on the tube geometry, but for 
most purposes it is not worth while to evaluate the exact 
amount, and the whole heating power may be added to the 
anode dissipation. Th( total emissivity e^r is a function of 
temperature, and varies considerably from metal to metal; it 
also depends on the degree of polish and other surface phen- 
omena. For these reasons it is better to quote the experi- 
mentally determined value of the total radiated power as a 
function of temperature. Table 4 gives values for commonly 
used anode materials. 

In the case of triode and other gridded valves, the maximum 
permissible anode temperature is determined by the vapour 
pressure of the anode material, the softening temperature of 
the bulb and the transparency of the glass to red and infra-red 
radiation. In the case of rectifiers, however, the maximum 
anode temperature depends on the thermionic emission from 
the anode material since there must be an inappreciable reverse 
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current when the voltage acts from cathode to anode. Rectifier 
anodes are therefore generously designed so that their tem- 
perature never exceeds a few hundred degrees C. 

The transparency of glass in the infra-red varies very much 
with composition, and there are special glasses which have low 
infra-red absorption. However, the glasses generally used for 
vacuum valve envelopes arc not transparent in the far infra- 
red region. As a typical examplef we may take Wembley soda- 
lime glass, used for receiver and otlier low-power valves. For 


TABLE 4. RADIATION FROM ANODE MATERIALS 


Material 

Temperature '^K. 

(units \V./ein.2) 

Ni 

800 

1000 

1200 

1400 



0-25 

0-90 

20 

50 


Mo 

1000 

12(M) 

1400 

1000 

1800 2000 


00 

It 

3-2 

6*2 

113 19-5 

Ta 

1600 

1800 

2000 

2200 

2400 


7 0 

130 

21 -5 

31.() 

51 0 


1 mm. thickness this g|ass transmits 90 per cent of the incident 
radiation at all wave-lengths in the visible spectrum and up to 

2 fjL but the absorption then increases until only 20 per cent 
transmission is measured at 4*5 fi. These figures include the 
reflexion loss at the two glass-air surfaces. Harder glasses, i.e. 
containing more silica, have higher transmissions at long wave- 
lengths, but the (lifferenee is not especially marked. Now 
according to Wien’s law, a black body at temperature K. 
radiates maximum energy at a wave-length given by 


A = 


0-288 


~T 


cm. 


(23) 


A carbon anode is a fair approximation to a black body, and 
eqn. (23) shows that at 1000° K. the maximum of the spectral 

t A very small percentage of iron as an impurity increases the absorption 
in glasses very rapidly, so that considerable differences may be observed 
between batches of glass, particularly if sand from different deposits is used 
in their manufacture. 
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distribution of energy is at 2-88 /x, a wave-length for which the 
absorption is increasing fairly fast. Molybdenum or tantalum 
anodes can run hotter than carbon because their vapour pres- 
sure is lower, and we see that this is advantageous also from 
the viewpoint of reducing the bulb absorption. 

In practice, the valve manufacturer generally has a table 
giving the power which can be radiated through the walls of 
the standard bulbs used, a maximum bulb temperature of 
80-90° C. being a common basis for the rating. The considera- 
tions discussed above are useful if it is necessary to design a 
valve for some special })urpo&o which involves exceeding normal 
ratings. Such circumstances often arise in designing valves for 
the 100-500 Me. /sec. region where size is important, but it is 
not really necessary to adopt the methods of construction used 
at higher frequencies. In these circumstances it is becoming 
common practice to use molybdenum or tantalum anodes run 
at high temperatures and coated with zirconium to act as a 
getter. 


11.7. Air blast cooling 

We next consider the question of cooling by means of a blast 
of air passed o\er the external anode. The surface area of the 
anode is normally increased by soldering it into a system of 
cooling \anes, frequently extending radially from the anode. 
In addition to incriasing the surface area, the tins break up 
the air flow and help to maintain turbulence, fii the theory of 
heat transmission it is wi ! known that the heat transfer 
between, say, a metal jilate and a stream i)f air s much greater 
when the air velocity is sufficiently great to make the flow 
turbulent, since when the flow is viscous a thin film of static 
air remains in contact with the m^-tal surface and prevents the 
cool incoming stream from reaching it. For this reason air 
coolers should be operated i. ^uch conditions that turbulent 
flow is assured. The criterion for the existence of turbulent 
flow is the dimensionless constant, known as Reynold’s number, 
which should exceed a certain value 

^^^-j>4000, 
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where V = velocity of cooling fluid, 
p = density of coolant, 

I) = 4 X hydraulic mean radius. This term is borrowed 
from hydraulics, and is used to denote the 
quotient of section area and perimeter, therefore 
4 X section area 
” perimeter ' 
fx = coefficient of viscosity. 

Fig. II . 10 shows two common 
types of longitudinal flow 
cooler: (a) is a cooler with milled 
parallel -sided slots, and (6) is a 
fabricated cooler with radial 
parallel-sided vanes. Let the 
minimum fin thickness equal S, 
and the minimum fin spacing 
equal s. The length of the fins is 
L The outer radius of the fins is 
jRy, and the outer radius of the 
core is R^. Then the number 
of fins is 2rrR 

71 = — . Fi^. 11.10. Axial flow air 

(S -f •^) blast cooler sections. 



The total surface area is 


'IttR^ 


= (25) 

Differentiating with respect to R^ and maximizing, we find 


therefore 


Rf — 222p, 


(26) 


We can now readily evaluate for the shapes (a) and (i>) in 
fig. 11.10. 

(27rRA I 


(а) 

(б) 




h + s S 


= 2s. 


(27) 


A 




I 

= 3s + S. 


h.K 


S + s“-"'|W 
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These shapes are particularly simple; other shapes, particularly 
those in which the direction of flow changes abruptly, are not 
so easy, but several examples can be found in books on 
hydraulics and aerodynamics. 

Having defined the Reynold’s number and the quantities 
used in its calculation, we can return to the question of heat 
transfer, using the assumption that flow is turbulent throughout 
the work. The operation of the cooler can be determined by 
equating two expressions, one giving the power dissipated in 
terms of the rise in temperature of the air, and the other the 
rate of lieat transfer througli unit cooler surface. Since the 
process takes place at substantially constant pressure, the first 
expreMion i, .imply ^ „ , 29 ) 

where = specific heat at constant pressure (cal./gm./' C\),t 
= 0-241; 

q = quantity of air passing cooler (gm./sec.); 

AT = rise in air temperature. 

The second expression is 

P = 4^2St8T W., (30) 

where t = rate of heat transfer from cooler to air per unit 
surface, per degree C., 

8T = average temperature difference between cooler and 
air. 

For turbulent flow, 

^ = 0-024 

iJ \ n/ 

The only new quantity here is k\ the thermal conductivity of 
the coolant. We can rewrite i as 

00 - 44 ;^.,, (32) 

where A depends only on the physical constants of the coolant. 
In the case of air, a great simplification results from the fact 
that A turns out to be independent of temperature over the 

t VVe use e.g.s. units throughout as the constants used in heat transmission 
are not normally tabulated in m.k.s. units. 
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range from — 20 to + 100° C., the constant value being 
A = 0‘0215 X 10“2 cal./sec.®*2/cm.2*®/° C. Then, for air, 

70*8 

< = 5.16xl0-e - (33) 


Eqn. (33) shows that the important variable is V because the 
variation with D is extremely slow. Finally, there is a relation 
between AT and ST. Let T^ = air-inlet temperature, T„ = tem- 
perature of fins, then 

ST = + ^ 2 -). (34) 


We have now obtained all the necessary relations for the 
cooler design. The best way of handling them depends on 
what information is given. We can certainly treat P, Tj and 
T^ as known. T„ is fixed by two considerations: (a) that the 
maximum permissible temperature for the surface of the anode 
exposed to the vacuum shall not be exceeded, (6) that the 
solder used to join the cooler and the anode shall not melt. 
The second is to-day the limiting factor. Typicsil solders are 
pure tin, m.p. == 230° C., and pure cadmium, m.p. = 312°C. A 
technique of handling the equations is then to assume a value 
of A2’ and solve eqn, (29) which becomes 



(35) 


Eqn. (34) then yields ST. Reynold’s number can be put equal 
to some value well above the turbulent limit (6000-10,000). 
Now, by definition, fiRS 

~U~~ If' 


therefore 



( 36 ) 


Eqn. (36) fixes <5? since q is known, R has been fixed, /x is a 
constant, and I depends only on the anode length. Eqns. (29) 
and (30) together with (S,*)) yield 


t = 


C^P 

S8T' 


(37) 


Eqn. (37) can then be solved for V, assuming D = 1 . It may 


334 



AIR BLAST COOLING 


happen that the value of S obtained by this procedure is 
greater than determined by mechanical considerations* 

If this is so, Ay or R may be increased, thereby reducing S and 
increasing V. Also, having determined F, the value of D 

DSVp 
4Z 


resulting from the expression q 


should be checked to 


ensure that is not, in fact, very different from 1. 

By taking a series of trial values it is thus possible to deter- 
mine the best compromise between the cooler surface area and 
the quantity of air required, the cooler cost and weight being 
balanced against the blower cost and weight. 

In the treatment given above it has been implicitly assumed 
that the cooler fins arc thick enough and made of material of 
sufficiently high thermal conductivity to ensure that the tem- 
perature is uniform over the fin surface. Such a design would 
actually be uneconomic, and in practice there exists a radial 
temperature drop in the fins and a longitudinal temperature 
drop due to the fact that the anode is heated only over the 
central portion, since the active part of the structure does not 
extend to the ends of the anode. These (luestions are discussed 
in two papers by Mouromtaoff.f 

Another topic which has not been discussed is the pressure 
required to force the air through the cooler, which is determined 
by the ordinary methods of hydraulics. The pressure required 
varies as and tin power as F®. 

It will have been noticed that the limitation of anode tem- 
perature to the melting-poi it of the solder very materially 
increases the aniount of co'^ling air or surface required. In 
recent years a good deal of work has been done on methods of 
improving the joint between cooler and anode, since valves are 
normally processed at temperatures high enough to allow them 
to be worked at considerably above the 230-250° C. figure. 

In a cooler described by Prevost et aL^% axial flow is dis- 
pensed with in favour of transvi'rse flow from both ends of a 
diameter. Transverse flow requires less pressure than axial 


t Mouromtseff, J. Appl. Phi/s. 12 (1941), 491; Proc. Imt. Radio Engrs., 
N.Y. 30 (1942), 190. 

X Provost, Boissiere and Loukovski, Ann. Radw^lect. 4 (1949), 138. 
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flow, particularly in high-power valves with long anodes. The 
fins, of rather a complicated shape, are so arranged in pairs 
that the flow between the nth and the n + 1th fin is a mirror 
image of the flow between the n — 1th and the nth, and thus 
regions of still air are eliminated. The fins are attached to the 
anode by spraying metal from a Schoop gun (the process by 
which receiving valves used to be metallized) over the joint. 
The sprayed metal can be operated up to 400° C. Results given 
for a 14 kW. anode dissipation show that the maximum tem- 
perature at the anode-fin joint was 300° T. and the temperature 
at the outside edge of the fin 140° C. The air flow required 
was 2*28 ra.^/min./kW., which is comparabJe with figures for 
axial flow coolers (2-4 m.®/min./kW. or 70-140 ft.®), but the 
pressure required was less than i in. instead of 1-2 in. of 
water. Other improved methods of air cooling are described 
by de Brey and Rinia,t whose coolers required only 0*8-1 -0 
m.®/min./kW. but at a rather higher pressure than the Societe 
Frangaise Radio^lectrique use. 

The physical constants of air are given in Tabl# 5. 


TABLE 5. PHYSICAL PROPERTIES OF DRV AIR 
(c.g.s. units) 


Temperature ( (\) 

0 

20 

40 

60 

80 

100 

0 001293 

0 001205 

0 (Kill 30 

0 001063 

0 001010 

0 000947 

1 73 

1 83 

1 93 

2 02 

2 12 

2 21 


0 2417 

- 

- 

- 

0 2366 

5 77 



- 

— 

7 55 


Propert> 

Density (p)i 

Viscosity (fi) ^ 10^1 

Specific heat (( p) 

Tliermal conduc 
tivity(Ar)/' 106 


11.8. Water cooling 

The theory of water cooling very closely parallels the last 
section. The most important difFerence is that A for water is 

t De Brey and Rinia, Phihps Tech, Rev, 9 (1947), 171. 
t The density figures are for a pressure of 700 mm. Hg. They should be 
multiplied by P/760 to obtain the density at another pressure P. 
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not constant with temperature and has a much greater value. 
For water A varies almost linearly from 0*09 at 0° C. to 0*20 
at 76° C. This fact shows that it is not always preferable to 
use the lowest possible input temperature, since the heat trans- 
fer may be so much reduced that the water may boil at outlet. 
Another important question is the maximum permissible water 
temperature. Since the water is fed to the valve through long 
pipes which act as electrical insulation, a considerable pressure 
gradient exists, and the boiling-point at the mean pressure in 
the water jacket may be used instead of the n.t.p boiling-point. 
EJxperirnentally it has been found that the anode temperature 
can somewhat exceed this value, without the water boiling, 
probably because of the formation of a thin layer of steam on 
the anode. It is usual not to allow the ^ater to br>il, so as to 
avoid scale and cavitation of the anode, but with especially 
pure water supplies, this precaution may not be necessary. 
Knowing the inlet and outlet temperatures, the rate of flow 
necessary to remo\e the h(‘at can be calculated. The value of 
A, at the mean water temperature, gives the constant in t 
(eqn. (J13)) so that V can be determined. A check must then 
be made ensure that the flow is turbulent. The physical 
constants are given in Table 6. 


TABLE 0. PHYSICAL PROPERTIES OF WATER 
(c.jy.s units) 


Property 

Tempe rat lire ('"C.) 

0 

20 

40 

60 

80 

100 

Density (p) 

0 9987 

0 9982 

0 9922 

0 9832 

0-9718 

0-9584 

Vihcosity (/i) 

0 0179 

0 0101 

0 0060 

0-0047 

0 0036 

0*0028 

Specifie heat (r^) 

1 0094 

1 000 

0-9982 

1-000 

1-0033 

1-0074 


■ 

10 


50 

80 


Thermal conduc- 
tivity (fc) 

■ 

14-7 A 10 ‘ 


15-4 X 10-* 

160x10-* 



Water coolers are very often arranged as sketched in fig. 
11.11, and for this* form the flow takes place through an area 
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TrDfl^, the wetted perimeter is therefore D = 2d. It is 

worth noting that since the area is directly 
proportional to d, the velocity is inversely 
proportional to d and Reynold’s number is 
therefore independent of d. If it is desired to 
increase Reynold’s number, the rate of flow must 
be increased. Baffles and other mechanical 
devices are often used to increase the turbu- 
lence in the jacket. 

An effect which has not been mentioned 
so far can cause cooling troubles especialJy in 
those stages, such as the linear modulator, 
where the grid is always held negative. The 
current is then focused by the grid wires and 
the anode is much hotter half-way between the 
centres of the projection of the grid wires on 
the anode than it is under the wires. In valves 
where the grid is driven positive, the beams Typnra/water 
vary in width at the oscillation frequency and Pooling jacket, 
the anode is more evenly heated. Some 
calculations on this effect haie been made by MouromtsefF.t 
> 

11.9. Mechanical design of filaments 

To continue our survey of special questions which arise in 
transmitter tubes, we propose to discuss the electromechanical 
design of the filaments, i.e. the problem of designing a filament 
which will withstand the magnetic forces due to the passage of 
large currents, and the problem of overcoming the expansion 
of the wire The latter is a considerable problem, since the 
expansion of a 50 cm. tungsten wire between 0 and 2500° K. is 
about 4 mm. In modem designs the filament is usually allowed 
to hang vertically downwards with the bottom end free to 
move, thus taking up the expansion. In other designs, the 
filament is often held in tension by springs, but this necessitates 
locating insulators at parts of the tube where they may become 
too hot or may have films of tungsten or copper deposited on 
them. For these reasons the free-hanging filament is now used 
t Mouromlscff, Communicatwni, 20, (1088), 11. 
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for the larger valves, although it necessitates the use of a 
special mounting to ensure that the tube is vertical. In spite 
of this, many excellent designs having sprung filaments are 
used, particularly in shorter valves designed for ultra-high- 
frequency. 



I 


Fjgi. 11.12, 11. la. t luMiatiii^ Uie mechanical design ol hlanieiits. 

In a free-hanging filament the indi\idual wires are hairpin- 
shaped loops; and because 1 he wires are closely matched in 
length and diameter, the potential at the end of each loop is 
the same, so that all the loops can be rigidly joined mechanically 
at the free end. When this is done, the fixed ends of the wires 
are connected so that the current flo»vs in opposite directions 
in adjacent wires. Fig. 11.12 shows the arrangement of a four- 
wire filament, and fig. 11.13 a represents the magnetic forces 
acting on a wire. If the wires are spaced at a distance a and 
the currents are in opposite directions, the repulsive force per 
unit length is 

a 
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and in the square formation of fig. 11.13 a the net force on each 
wire is F/^2 directed diagonally outwards. As more pairs of 
wires are added, the resultant force always remains outwardly 
directed. The filament is prevented from bowing outwards by 
lateral wires joined to all the wires of the same polarity as 
indicated in fig. 11.13 6; this is permissible, since points on each 
wire equidistant from the terminals are at the same potential. 
The laterals are made fairly thin so that local cooling is 
avoided. 

In the much shorter valves used for ultra-high-frequency 
operation it has become common practice to make the fila- 
ment ill the form of a rnultistart helix, as this gives a simple 
and rigid structure without additional bracing. 

11.10. Lead inductances and circulating currents 

The major improvements in transmitting valves in recent 
years have been in connexion with the extension of the range 
of operation to higher frequencies. Owing to the high voltages 
used, transit time effects do not become appreciable in trans- 
mitter valves until fairly high frequencies are reached. For 
instance, large valves developed in the early thirties such as 
the OAT 14 (150 kW.,*'20 kV.) and the 4()30(J (05 kW., 10 kV.) 
will operate on full ratings up to 20 Mc./sec. or over. The 
development of television and frequency -modulated broad- 
casting as well as the extension of aircraft communication and 
similar special communication facilities at much higher fre- 
(luencies however, lias produced the need for high powers at 
these frequencies. The earlier transmitter tube designs turned 
out to be defective, not so much because the electronic per- 
formance was at fault, as because the high-frequency currents 
could not reach the regions where electron flow took place, 
and because the h»''avy currents flowing in the grid leads, due 
to the interelcctrode capacitance, overheated the seals. For 
these reasons modem valves for high frequencies are designed 
so as to be short and compact. The interelectrode capacitances 
are minimized and the lead inductances reduced. Here we can 
only indicate the main ideas behind this work; the reader who 
wishes to study the historical details of the development is 
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referred to an excellent series of papers from the research 
laboratories of the General Electric Co.f 

First we consider the lead inductance. The inductances of 
a straight wire, of length 1 cm. and diameter d cm., is 



(38) 


(39) 


The inductance can be reduced by reducing the length and 
increasing the diameter, or by joining leads in parallel. It is 
impossible to make leads v^ery great in diameter for leasons of 
convenience and because of the limitations introduced by glass- 
working technique, so the second alternative has been used. 

Grids were first mounted on two or more leads instead of 
one, but it was soon realized that it was prefcTable to pass to 
the limit and make the grid lead in the form of a ring seal, 
either the feather-edged Houskeeper seal in copper or a seal 
using one of the newer matched sealing alloys. Such seals can 
be made of very considerable diameter, up to at least 6 in. if 
necessary, and they therefore also solve the problem of pro- 
viding a means of dealing with the large capacitance currents, 
which, at the frequencies under discussion, are confined to the 
surface of the metal. The following example indicates the 
magnitude of these currents. A particular 10 kW. dissipation 
valve for use up to 100 Mc./sec. gives a voltage gain of about 10. 
The anode voltage is 10 kV. ''O the r.in.s. grid voltage may be 
as high as 900 V. The grid cathode capacitance is 40 pF. The 
circulating current may therefore be as high as 25 A. The skin 
depth in copper is 2-57 x !()-*/-» in. (40) 

and the surface resistivity R is 

2-61 X lO-'^/'ii/unit square. (41) 

t Pieken, J. Imtn, Elect. Engrs. 65 (1927), 791: Le Hossignol and Hall, 
G.E.C. Jl. 7 (1936), 176; Bell, Davies and Gossling, loc. cit.; Bell and Davies, 
G.E.C. Jl. 16 (1949), 138. Chevigny, Proc. Jnst. Radio Engrs., N.Y. 31 
(1943), 331, gives an aecount of the development of a 165 kW. dissipation 
valve useful up to 25 Mc./sec. This valve is known in England as the 
8 Q 331 £ (S.T.r.). 
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For other materials (40) has to be multiplied by l/yli/Jia) 
(fjL = permeability, a = conductivity) and (41) has to be multi- 
plied by yji^lcr). At 10® , iZ = 2*61 x 10“® £l/unit square, and a 

seal, glassed over a length of 5 mm. and 10 cm. in diameter, 

2*61 X 10”® 

would have a resistance of ^ =4*3xlO“®Q. Even 

2 X IOtt 

with 25 A. flowing, the heat generated in the seal is not import- 
ant. However, the calculation has assumed that the seal is 
made to copper instead of to copper oxide, which is probably 
the case. The resistance may be increased considerably above 
the calculated value for this reason; but the seal will stand 
a good deal more than 2*5 x 10" ^ W. However, if the diameter 
were reduced by a factor of say 10, and the poor conductivity 
of the oxide considered, the power dissipated in the seal could 
easily reach a dangerous figure. 

It may be noted in passing that sealing alloys, such as kovar, 
are magnetic and therefore their skin resistance is very much 
greater than that of co})per. At \ery high frequencies this is 
very disadvantageous, and the trouble has to be^overcome by 
plating the sealing alloy with copper or silver. In spite of this, 
the increased simplification in structure and glass working 
obtained by the use of these alloys makes their use worth while. 

To conclude this section we must say a little about inter- 
electrode capacitances. Since the transit angles must be kept 
below ceitain values, it is inevitable that the electrode spacings 
become closer as the frequency rises. The resulting increase in 
interelectrode capacitance is somewhat reduced by the hict 
that the electrode system must be made shorter as it should 
not exceed about JA in any dimension. From eqn. (85) of 
Chapter 6 it follows that the transit time ocidjl)^, so that, if 
the voltage is fixed, the only other way of improving matters 
is to increase /. This in turn means that the cathode must be 
worked at a higher average emission density. In general, both 
d and I are varied so that the shorter the wave-length the 
smaller the valve, the higher the cathode loading and the 
higher the electrode capacitance per unit length. The effects 
of the increased capacitance are partially compensated for by 
building the valve into a coaxial transmission line or a cavity 
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resonator, these structures being desirable also for other 
reasons.! 

It is tempting at this point to enter into a discussion of the 
application of the general theory of dynamic similarity to valve 
design. Some brief remarks were made on this at the end of 
Chapter 7, but a much more general theory has been worked 
out. By means of this theory it is easy to find the necessary 
relations to allow one to scale a valve maintaining any desired 
parameter constant, e.g. a valve can be scaled from one wave- 
length to another n times as great keeping the current density 
constant. In this case, lengths scale as n®, voltages as 
currents as and powers as n The last factor shows only 
too clearly how important the cathode current density is in 
ultra-high-freqaoncy valves; for it means that if we dtt ermine 
the frequency at which a valve with a certain definite cathode 
loading will just give a defined minimum output, a valve scaled 

to operate at twice the frequency will only give as much 

output. Other types of scaling may be more a])propriate for 
specified purposes. This theory of similarity allows one to set 
useful targets for the development of high-frequency valves 
by scaling the dimensions of valves known to be efficient at 
lower frequencies. The reader is referred to the papers of 
Lehmann, Raymond and Martinot-fjagarde for full details. { 

11.11. Transmitting tetrodes and pentodes 

We have confined the discussion in this chapter to triodes. 
Tetrodes and pentodes are used for transmission at low fre- 
quencies but mostly at rather low powers. The advantages of 
multigrid valves are their increased powder gain and the fact 
that neutralization is either easier at lower frequencies, 
unnecessary. On the other hand, the limiting power output is 
determined by the screen dissipation, since it is not possible to 

t The design and construction of valves for use in coaxial line circuits is 
discussed by, inter aha. Bell and Davies, loc. cit.; Frankel et al., Proc. Inst. 
Radio Engrs., N.Y. 34 (1946), 986; Bennett et al., Proc. Inst. Radio Engrs., 
N.Y. 36 (1948), 1296. 

X Lehmann. Onde elect. 230 (1946), 175. Raymond, Onde elect. 242 (1947), 
209. Martinot-Lagarde, (hide Hect. 28 (1948), 440. 
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cool the screen as efficiently as can be done with an external 
anode. Valves with a few tens of kW. output are possible. As 
the frequency increases, multigrid valves have more attraction 
and will possibly become standard in the 100-600 Mc./sec. 
frequency range. At still higher frequencies constructional 
difficulties influence one in favour of the triode once more. 
The arguments in favour of tetrodes at frequencies up to this 
limit are given by Wagener.f 

t Wagener, Pror. Inst Radio Engrs,^ JV.y. 36 (1948), 611. 
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Chapter 12 

VELOCITY-MODULATED VALVES 

By the middle of the thirties it had become clear that there 
were very grave practical difficulties in using conventional 
gridded valves at very high frequencies. In Chapter 7 we saw 
that the input impedance of a diode decreases approximately 
as the square of the frequency for a fixed spacing. This is also 
true for the cathode-grid circuit of a triode. Two possibilities 
exist for overcoming tliis effect. First, the spacing can be made 
as small as possible, and, secondly, the voltage used may be 
increased. Sini*e the velocity varies as K* the fiist is more 
efficacious and, in addition, does not introduce the problems 
of high -power dissipation inherent in high-\oltage operation. 
Small, close-spaced valves were therefore made and operated 
down to about 40 cm. wave-length. However, the pressure to 
develop radar systems made the second approach of interest 
too, because pulsed working overcame the power dissipation 
troubles, and special valves for pulsed operation were also 
designed and used in many early radar systems. Prom both 
classes of valve the trend of results was such that it was 
unreasonable to expect useful valve characteristics in the 
region of 10 cm. wave-length, which was the target for aerial- 
scanning systems. For these reasons many other tjqies of 
valve were investigated, for instance, deflexion valves, induc- 
tive output tubes, and split-anode magnetrons. Of the several 
t3rpes worked on, only two are of any practical interest now, 
velocity-modulation valves and cavity magnetrons. Tn this 
chapter we give an account of the (:»peration and design of 
velocity-modulated tubes. This is discussed before we give any 
details of ihe behaviour of gridded valves at high frequencies 
because the physical principles used in velocity modulation are 
operative in all tubes used at very high frequencies and, more- 
over, are exhibited in their simplest and most obvious form. 
It is therefore preferable to depart from the conventional order 
of treatment by considering velocity modulation first. 
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The principles of velocity modulation have been dealt with 
in three recent books: in an elementary manner by Harrison f, 
more deeply by Hamilton, Kupcr and KnippJ, and by Beck§. 
In view of the existence of these sources, we confine ourselves 
to the physical principles, a few of the more important mathe- 
matical results, and some new results on frequency pulling, 
etc., not included in our earlier book. 

12.1. The physical principles of velocity modulation 

The basic principle of velocity modulation is to abandon any 
attempt to modulate the current density in the valve directly 
by the application of the h.f. voltage to a grid; instead, the 
velocities of the electrons are modulated in the input region of 
the tube, say between the limits The electrons then 

enter a space which is free of h.f. fields but not necessarily free 
of direct fields. In this space the faster electrons catch up the 
slower ones in front of them and the beam, instead of having a 
constant number of electrons in cross-section, begins to 

show variations of density At some points in spSce the values 
of electron density show maxima, and if a resonant circuit is 
located at these points it will be driven by the ‘bunches’ of 
electrons. Let us perform an order of magnitude calculation. 
If tlie period of the radio-frequency voltage is = 1 //q and the 
distance between the centres of the two h.f. fields is the 
time interval between the instant at which the fastest electron 
velocity Uq f leaves the first h.f. field and the instant at 
which the slowest electron Uq — Uj^ leaves, is If the second 
field is to be at the point where the fastest electron catches up 
with the slowest, we have 



therefore Sq = , ( 1 ) 

4 Ui 

t Harnson, Klystron Tubes, McGraw Hill, 1947. 
j Hamilton et al , M.I.T. senes, vol. 7. 

§ Beck, Velocity modulated Thermionic Tubc't, Cambndge University Press, 
1948. 
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if If the modulating voltage is triangular in form, 

eqn. (1), with Tq redefined, will give the condition not only 
that the fastest and slowest electrons arrive at the second field 
at the same instant, but that all electrons will arrive simul- 
taneously. For this case, therefore, it gives the correct position 
for maximum current. F'or a sinusoidal modulation it is only 
very approximate. To summarize, a velocity -modulated tube 



h.r input 



Kig. 12.1. The ijclieinatip diajjram of a klystron amplifier. 


consists of (a) a region in which the electron velocity is varied 
in accordance with the h.f. input wave. (6) a space free of h.f. 
field in which the electrons catch one another and the h.f. 
current density therefore increases from zero at the input, and 
(c) a second region ot h.f field where the electron bunches give 
up their energy to maintain oscillations in the output circuit. 
Let us now consider the simplest application of these ideas, the 
two-resonator klystron amplifier (fig. 12.1). 

The electrons are focused through the valve by means of an 
electrostatic electron gun, which must be designed to produce 
as much current as possible at the working voltage. The h.f. 
circuits are both cavity resonators through which the beam 
flows by means of apertures t losed by grids which are per- 
meable to electrons but not to the h.f. field. A cavity resonator 
may be looked on as a high Q resonant circuit in which the 
h.f. field is confined to the interior of the metallic boundaries. 
The grids serve to complete these boundaries. The cavities are 
provided with tuning slugs, which alter their volume and 
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thereby allow the circuits to be tuned to the same wave- 
length. After traversing the system, the electrons are removed 
by the collector which is designed to dissipate the necessary 
amount of energy without overheating. The action is as follows. 
The electrons enter the h.f. field at plane A and leave it at 
plane B. Between A and B they experience a force which is 
proportional to the voltage across the circuit, inversely pro- 
portional to the distance betwee?i the grids, and which varies 
in sense according to the impressed h.f. wave. If the input 



Fig. 12.2. The h.f. held m the modulating gap. 


modulation is sinusoidal, the force varies sinusoidally and is 
accelerating in one half-cycle and decelerating in the other. 
In the space between B and C there is no h.f. field acting, so 
that each electron has a constant velocity, that at which it left 
plane B, and in this region the faster electrons catch up the 
slower ones. Consider now that the modulating voltage is as 
shown in fig. 12.2. The electrons passing the gap at Iq and /g 
experience no force, and therefore travel on w'ith velocity Uq. 
They can thus be used to define moving planes of reference. 
All the electrons passing through the gap in the half-cycle 
before ^ were slowed down, and all those in the half-cycle 
after are accelerated. The electrons in the half-cycle after Iq 
catch up those in the previous half-cycle, and the electron 
concentration around the 1 = 1^ reference plane increases. Con- 
sideration of the t = t 2 reference plane shows that the con- 
centration there decreases. Thus the operation of the field-free 
space, usually called the drift space, is to form the initially 
uniform beam into a series of bunches of electrons, one bunch 
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for every cycle of the modulating wave. The bunches form 
around the electrons originally entering the field at instants 
when the field was changing from positive to negative. The 
beam, now modulated in current density, next enters the second 
resonator, i.e. the space CD (see fig. 12.1). Here the bunches of 
electrons induce an electric field which adjusts its phase so as 
to extract the maximum amount of energy from each bunch. 
That is, the second resonator field go^s through its maximum 
negative value at tlie instant the electron bunch traverses CD, 
The electrons in the bunch are slowed dovn by this field, and 
the total energy lost by the beam is, of course, ecpial to the 
total energy gained by the field. Since the Q of the output 
resonator is high, oscillations persist for far longer than one 
cycle of the driving wave and therefore build up to a constant 
value determined by the resonator impedance and the coupling 
to the external load. The two-resonator klystron is therefore 
capable of amplifying when conditions are such that the power 
fed to the load is larger than the input power, which in the 
first approximation is just the power required to maintain the 
given amplitude of oscillation in the high Q input resonator. 
The energy which provides the output power comes from the 
d.c. supply and the drift region acts as a device for converting 
d.c. energy to radio-frequency energy. The maximum voltage 
amplitude whicli can occur at the second resonator is approxi- 
mately the amplitude required to bring the slowest electron to 
rest. It the amplitude increases beyond this iioint, some elec- 
trons will be turned back anu they will reduce the available 
output. The remaiiiiiig d.c. power lias to be dissipated at the 
collector, and it will be clear that the electrons reaching the 
collector will have a range of energies. Theoretically at the 
maximum amplitude it would be po-sible to collect all the 
electrons on a collector at cathode potential, but in practice 
this is not possible and the eh^ctrons must be collected at a 
fairly high potential. In fact, they are usually collected at 
resonator potential although a gain in overall efficiency is 
obtained by working at a lowei potential. It is usual to term 
the first, input, resonator the buncher, and the se(‘ond, output, 
resonator the catcher. 
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The process of bunching is well illustrated by fig. 12.3, an 
Applegate diagram. This is a distance-lime plot for twenty- 
four electrons in each cycle. The slope of the line representing 
each electron is equal to the velocity at exit from the buncher, 
and the diagram shows clearly the way in which the electrons 
bunch together in between the lines marked A and JS. Bey »nd 
B the electrons diverge once more and the radio-frequency 
current density decreases again; but if the diagram were ex- 
tended, it would show further regions of bunching. Owing to 
the action of space -charge forces, 
neglected in the above account, 
these further maxima will not be 
as largo as the first maximum and 
are never used in practical tubes. 

The two-resonator klystron 
amplifier described abo\e can be 
made to oscillate by feeding power 
back from the catcher to the 
buncher, the conditions for oscilla- 
tion being the usual ones that the 
loop gain ^ 1 and the total phase 
shift be 2w7r. 

Perhaps the most important type of velocity-modulated tube 
to-day is the single-resonator reflex kl^^stron in which the elec- 
trons pass through a single resonator are reflected by a negative 
electron mirror or reflector and pass back through the same 
resonator a second time. During the first transit they are 
velocity-modulated, and, by the time they return, the velocity 
modulation has been eonverted into current modulation, so 
that the returning beam drives the resonator and the system 
is a self-oscillator. The arrangement of a reflex klystron is 
shown diagrammatically in fig. 12.4. The advantages of the 
reflex are as follows: (1) there is only a single resonator to tune, 
(2) the manufacture is cheaper and simpler than that of the 
two resonator tube, and (3) automatic frequency control can 
easily be applied by varying the reflector voltage. We shall 
deal with (3) in detail later. For these reasons all the low-power 
klystrons used as local oscillators in radar and similar microwave 
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Fig. 12,1.. Schematic diagram 
of a reflcK klystron. 
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receivers are of the reflex type. The reflex is a natural 
choice as a transmitter in microwave frequency-modulated 
systems, because of the ease with which considerable frequency 
deviations can be obtained with only minute modulating power. 

The reflex can be shown to behave in exactly the same way 
as a unity-coupled two-resonator klystron if the reflector field 
is a linear function of distance from grid B. If the reflector 
field is non-linear, an additional and valuable modification is 
introduced but no essential difference results. 

We shall next give some mathematical results on the klystron. 
These are based on the well-known fact that one can only 
measure power at microwa\e frequencies and not current or 
voltage. The theory is therefore based on observable quantities, 
the d.c. voltage and current, the h.f. power, the resonator Q, 
etc., and not on quantities which are usually invoked at lower 
frequencies, but which cannot be directly measured at micro- 
wave frequencies. 

12.2. First-order theory of velocity modulation 

We now derive a very simple theory of velocity-modulated 
devices originally due to Webster, f which neglects the power 
consumed m bunching or debunching the electron beam. Some 
general assumptions are made which will persist throughout the 
rest of the work; other assumptions aie made which will be 
discarded later. The general assumptions are: 

(1) Relativity effects can be neglected. This confines us to 
the study of accelerating v^oltages below, say, 15 kV. 

(2) Electrons travel in straight lines parallel to the z axis 
unless they have been deflected by an h.f. field. 

(3) Secondary emission is neglected. 

Special assumptions used for the moment are that the modu- 
lating voltage is much smaller than the direct voltage, and 
that the grids constrain the field to a plane parallel form. 
The equation of motion of an electron between grids A and B 


t Webster, J. Appl. Vhys. 10 (1939), 501. 
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of fig. 12.5, which shows the notation used in this section, is 


therefore 


eF 

mz = --- sin tof, 
a 

eV 

^ ^ mL, 


( 2 ) 

( 3 ) 


if we use the initial condition i = at / = where = time 
of entry into the field. Using the first s])ecial assumption 



Fig. 12.5. Notation f* »• a t^\() resonator klystron. 


we can write the time of exit from the field, as 
= <Q + ^ . The velocity at exit is then Mj. defined by 

Uq 

rll sin . , . , , 

Ml = Mo + - - ;^sinMo4 if), (4) 

where f = wdlug, the transit angle across the gap. If we now 
shift the time origin to the gap centre we get 


cpiVi . . 

% = Mo+ “ smwt„, 

^ tknm 
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where = gap coupling coefficient 
_ sin 1<I> 

( e8 V \ e 

If we put VJVq = Gti, the depth of modulation, we finally obtain 

Wi=-«o^l (6) 

/Sj is the ratio of the velocity gained in the real gap with Vi 
across it to the velocity gained in an infinitely narrow gap with 
Vi across it. is always less than 1. 

We now assume that the distance between gap centres in 
fig. 12.5 is ft. The time of arrival at the catcher centre is then 


^2 ” ^0 + ^. = f(i +■ 


s 


u. 


«o( 


1 + sin cof, 




(7) 


Since aj8< 1 , wc can expiind by the binomial theorem to obtain 


or 


^ , a>.s . 

J sina>f„ 


( 8 ) 


Now cosjuQ is the transit angle of an unmodulated electron 
velocity Wq through Ihe drift space. We can write S for this 
angle. Lengths multiplied by w/Vq are often called ‘normalized’ 
lengths. Then 

(9) 


, a j. • j 

ojfg — O =r sincofo- 


Now by eqns. (47) and (18) of Chapter 7, we can use continuity 
of current to show that . 

Differentiating (S) to obtain dtjdl^ we get 


(if, 

dt 


2^1 


cos ) 
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We next expand /g Fourier series in (cot^ -S), using eqns. 
(9) and (10), and 

H (^^^2 ~ + ^2 ~ 

+ fti sin (a >/2 - *S') + ftg sin 2 (cof 2 — S). 

Using eqn. (9) we ean easily del ermine the eoefheients in the 
usual way; 



Finally, then, 

<2 = (13) 

There are some questions of validity which we have not raiscni 
in discussing the derivation of eqn. ^13): e.g. eqn. (12) shows 
that an infinite singularly for h^oc^Pi = 1 at wtQ ■= 0, 2/177. 
Hamilton t gives a full discussion of these points, demonstrating 
that eqn. (13) is correct for all values of 

The next step is to calculate the radio-frequency power pro- 
duced in the catcher resonator, which in an ordinary amplifier 
is tuned to the fundamental, /t = 1. We assume that the output 
voltage is l^sin (cofg + y)- Using Kamo’s theorem the power 
•f Hamilton, op. cit. p. 207. 
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extracted from the beam is minus the time average of the 
product, 12 .^ 2 , i.e. 

/Sn/ R \ 

■Fft = ~~ (^^2 ^ cos ( 0)^2 ■” 

= 8in(S+y). (14) 

In the case of an amplifier the outj.mt voltage adjusts its phase 
to extract maximum power from the beam and 

S + y= (4/? + 3)7r/2 (n = 0, 1, 2, etc.). 

Therefore sin (iSf-f y) = — 1. 

The efficiency is *. as = d.c. input power, therefore 

(15) 

And, if no electrons are turned back, ^ 

(i«) 


The maximum value of Ji{d) is 0-584 at 0 = 1-84, so the maxi- 
mum conversion efficieticy which can be obtained from a con- 
ventional klystron in which no electrons are turned back is 
58-4 per cent. By the conversion efficiency we mean the effici- 
ency of conversion of d.c. energy, taken from the h.t. supply, 
into radio-frequency energy. Not all this radio-frequency 
energy can be taken out to appear across the load, since some 
energy is lost in maintaining the voltage Ig across the output 
grids. This power appears as heat in the walls of the resonator. 
Thus the useful power output is always less than the radio- 
frequency power generated and, as we shall see later, is some- 
times very much less than the generated power. If we write 
for the conversion efficiency and for the circuit efficiency, 


the overall efficiency is 

'»?o = VcVl- 


(17) 


To summarize the results of this section we have calculated 
the velocity modulation in the beam after it has passed through 
the buncher gap and the result is given by eqn. (6). In the 
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drift space of length 5, in which the transit angle of an un- 
modulated electron is S = ojsJuq radians, the velocity modula- 
tion changes to a conduction current density modulation, given 
by eqn. (13). The passage of the bunched beam through the 
catcher then leads to the power interchange given by eqn. (14). 
The operation of any velocity-modulated device can be calcu- 
lated by splitting the electron motion into these three parts, 
even if they are not all physically distinct, as is the case, for 
instance, in the reflex klystron. 

12.3. Phase conditions and electron beam transconduc- 
tance 

We digress for a moment to discuss the operation of velocity- 
modulated devices in terms of transconductance, an aspect 
which is of importance because of the analogy with ordinary 
valve theory at low frequencies. 

In the derivation of the output power given in the last 
section we saw that if the input voltage was of the form 
1^ sin co/g a-nd the output of the form Igf^in (cu/g + y), i e. if the 
output voltage leads the input by y, the power gained by 
the catcher resonator is a maximum when S + y = (4n-h3)7r/2. 
Two special cases are of interest: 

(а) y = 0, resonators in phase, S = ^49^-^ 3)7r/2, 

(б) y = 77 , resonai/ors in anti-phase, S = (4n-f- l)7r/2. 

If we consider the two-resonator klystron oscillator for a 
moment we see that, if the crmpling device used to feed power 
back from the output to the input is such that the resonators 
oscillate in iihase, oscillations will only be possible for those 
values of anode voltage which make 

S = = (4n + 3)77/2. (18) 

Similarly, the antiphase condition is 

/S = (4» + l)7r/2. (19) 

In general the coupling device will have an electrical length <l> 
which will enter into the phase condition; but the important 
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point is that oscillation is only possible for voltages fairly 
close to a series of well-defined values depending on the 
tube geometry. All transit-time oscillators show this 
behaviour. 

It is convenient to base our terminology for these modes on 
the number of quarter wave-lengths in the transit angle 
between gap centres. For example, if = 0 in eqn. (18) we 
should call the oscillation the ‘mode 3 oscillation’, while eqn. 
(19) with n = 2 is the ‘mode 9 oscillation’. This nomenclature 
eliminates any difficulties connected with the definition of n 
or y- There are two special types of double-gap transit-time 
oscillator which make use of resonators in which the fields are 
either in antiphase or in phase. In the coaxial line of Heil 
tube the electrons pass through a coaxial line, the path through 
the inner of the line being the drift space. Here the fields are 
in antiphase, so only modes 1, 5, 9, etc., can be excited. In the 
ordinary klystron the feed-back coupling can be so arranged 
that either series of modes appears, or in certain cjrcumstances 
both series. 

It will be appreciated from the form of eqn. (13) that the 
radio-frequency current, which depends on 

cos (cu/jj — aW) -= cos (co/q H- aS — aS), 

or, in other words, it leads the gap voltage by 90 degrees. 
In the case of the amplifier this current drives the output, 
so the output voltage is in antiphase. In the case of an 
oscillator, the radio-frequency current only passes through its 
maximum at the same instant as the radio-frequency voltage 
passes its maximum for a particular, discrete voltage. For 
other neighbouring voltages the current either lags or leads the 
voltage. Following ordinary circuit theory we can split the 
current into in-phase and reactive parts, the in-phase part 
interchanging power and the reactive part altering the fre- 
quency of the output circuit. In complex form the fundamental 

component of the output current is exp — >8)1. 

We can now write down an expression for the electronic admit- 
tance, which the beam applies to the terminals of the catcher 
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gap. We have 

^ ~ ^exp[j(a>i2 + y-i7r)] 

= J"o«Prj(i’r-.<f-y)]. (20) 

It is useful to evaluate Yq for very small signals, such that 



Then 



4 ■ 


Thus, for small signals and equal gaps, 


y _ 

2 


( 21 ) 


These relations are of importance in studying the automatic 
frequency control properties of reflex klystrons and in the 
study of frequency stability in ordinary klystrons. 

We now calculate the transconductanee of the velocity- 
modulated tube. In an ordinary valve the transconductanee 
appears in the form velocity -modulated 

tube we obtain the transconductance in the same way. 


( 22 ) 

In the small signal approximation we have 

_/o« 

Urns 2Vo 

= amp./V. (23) 

Eqn. (23) shows that it is necessary to have the maximum 
possible current for a given voltage and the largest possible 
value of if largest possible value of fJ„^^ is to be obtained. 

t In fact, space charfje forces which tend lo debunch the beam set an 
upper limit to the useful value of S, We shall sa> somelliincf more about 
this later rm. 
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In velocity-modulated tubes is much smaller than in con- 
ventional valves. As an example, a 40 W. output amplifier for 
A = 10 cm. had /q = 120 mA., Pq = 2 kV., jS* == 

From these figures =118 /xmhos. This compares very badly 
with modern high-slope pentodes with g^ = 7000 /imhos at 
/(, = 10 mA. It should be noted that the requirement for 
minimum beam impedance is not independent of the require- 
ments for large S, In electrostatic focusing systems, for example, 
we have 7 qX 5“^, therefore 

/hn\ 

2 . vU)- 


For this special case, therefore, the drift length should be made 
short rather than long. In existing tubes the requirement that 
a reasonably low beam impedance should be obtained limits 
the drift length to a shorter value than does Uie effect of 
space-charge debunching. The use of modified focusing arrange- 
ments may alter this situation. 

Returning now to ^qn. (22) it is interesting to study the 
way in which the transconductance beha\cs as the amplitude 
increases. If we put = 9 and insert (23) in (22) we have 


9 m 9m^ 


2J,(0) 

9 


(24) 


This function of 9 is shown in fig. 12.6, it is a slowly decreasing 
function which is still over 60 per cent of the initial value at 
9 = 1-84. For 0<O-6 the error involved in putting 2J^{9) = 1 
is less than 5 per cent. 

The ideas developed in this section can be used to provide 
quite a good idea of the operation of most velocity-modulated 
tubes; particularly the low-power reflex klystrons used as local 
oscillators, which fulfil the small signal conditions rather well. 
For higher power tubes the oscillation amplitudes are greater 
and there are very substantial departures from the small signal 
theory, and we must now consider some of the complicating 
factors. 
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VifT 12.G. Plot of 


12.4. Beam loading 

The first departure from the ideal conditions postulated in 
§ 12.2 which sliall study is the introduction of beam loading. 
When the beam passing through a pair of modulating grids is 
initially unbunched, the theory of § 12.2 indicates that on the 
average there is only a very small po^er intercliange betwe<»n 
the buncher and the beam. The physical reason for this is 
that, although the cctions which are accelerated in the gip 
gain a sizeable amount of energy, an exactly equal number of 
electrons is decelerated, eac^ electron losing as much energy 
as an electron of the other grmp gained. The no*- energy inter- 
change is therefore zero. Unless the gap is infinitesimally short 
or the electron velocity infinitely high, the real situation will 
be that the beam will ha^e a small but finite degree of density 
modulation when it emerges from the gap, or, in other words, 
the electrons which are aceei'i ,ted gain more energy than is 
lost by those which are decelerated. The energy gained by the 
beam is then greater than the loss to the resonator in the 
negative half cycle. To summarize, the condition for zero loss 
is that two finite amounts of energy shall be equal and opposite. 
The process of velocity modulation makes the amounts unequal 
so that quite important losses can occur. 
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The loss involved when a beam is modulated between a pair 
of planar parallel grids has already been calculated in § 7.2. 
This is a particular case, developed by approximate means, of 
a powerful general theory. The results were that the beam 
behaved as an admittance, with O and B given by 

eqns. (28) and (29) of Chapter 7. The power lost was 


■ 2^J- 

The important thing about eqn. (25) is that it shows the 
beam losses to be quadratic functions of F, just as are the 
circuit losses. The beam losses therefore can be treated simply 
as an addition to the resonator conductance. It is also important 
to realize that the same amount of power is lost when a bunched 
beam passes through the gap, even though the bunching con- 
tributes an amount of power given by eqn. (14). Thus, con- 
sidering a two-resonator klystron oscillator, the energy balance 
is as follows: 


Energy in load = Energy eon\erted from d.c.--(epergy lost 
in driving input circuit energy lost in 
bunching beam-} energy lost in driv- 
ing output circuit -h energy lost in de- 
bunching beam in output gap). 

It is clear that if the valve is not designed so as to minimize 
all these sources of loss, the energy available for use outside the 
valve will be much less than the energy actually generated. 

We shall not develo}) the general theory of beam loading 
here. It was worked out by l^etrie, Strachey and Wallis in 
various unpublished reports. Full details are contained in a 
paper by Fremlin, Petrie et ^/Z.,t and other derivations are 
given by Pierce,^ Beck,§ etc. The result is as follows: 

If P, = the power lost in bunching, 





H ’ 


(26) 


t Frcmliii, Petrie ft at., J. Instn, Elect. Enffrs. 93, jit. iiia, no. 5 (1046), 868. 
X Pierce and Slieplierd, Bell Syst. Tech, J. 26 (1947), 460. 

§ Beck, Velocity-modulated Thermionic Tuhe% Cambridge University Press, 
1948. 
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where f = co/iaq, 

A = Fourier transform of the field in the gap 

f -fOO 

E{z)eJ^-dz. 


For single gaps l^j reduces to the modulation coefficient, 

j8 times The expression ^ usually written as y 1^, and 

is called the second gap coefficient. Since it is basically the rate 
of change of jS with respect to velocity, it expresses the iiicreasefl 
gain in energy of those electrons which are speeded up in the gap. 

If wc inset jS and y and divide eqn. (26) by /^l^,, the d.c. 
power in the beam, th(‘ diode efficiency of th(‘ gap is given by 

Vl) PVy (27) 


and in this form we shall make a good deal of use of it. Another 
useful form is the beam-loading resistance defined by 


therefore 



Ji,- 


21 / 1 
JoPy 


2«o 

py ' 


(28) 


The calculation of ^y is eonsiderc^d for various practical 
arrangements in the referen* es already given. It is simple to 
verify that if Ei(z) is put equal to V^'d, eqn. (26) leads to the 
same result as eqn. (25). Eqn. (26) neglects terms of the order 
and higher powers of a, but further in\estigation of the 
tractable planar case shows that the coefficients of these terms 
are in any case small for all ordinaiy transit angles. We may 
take eqn. (26) then to be a v'Jid result except for the rather 
special case of very high modulating voltage combined with a 
long gap, which is not used in practice, although some theoreti- 
cal studies have been niadef 


t Muller and Rostas, Helv, Phys. Acta, 13 (1940), 435. Marcuni. J. Appl. 
Phys. 17 (1940), 4. 
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12.5. Bunching. More accurate theory 

In § 12.2 we used the first approximation to the binomial 
expansion of eqn. (7) to go to eqn, (8). This may or may not 
be a valid step, and we now proceed to investigate the question. 
The second approximation to co/gt is 


cot2 = oiio"* 1 

^0 \ 


OcB . 

1 — |-sin £«><0 + 


orB^ . 

sin^ (ot 
4 


0 


— sm^oj/o, etc. 

o 


(29) 


We can use this expression for /g calculate the coefficients 
of the Fourier expansion of the catcher current. To save 
writing, we put cotQ = 0, ^Sol^ = B. Limiting ourselves to the 
fundamental component we get 


as follows: 


T \ 

^ cosl0— Z^sin0+-^, sin^S— ^-sin^fljrffl, (30) 

T i B^ B^ \ 

fcj ~ ®J sin |fl~i^sin ^sin^ 0 — ^^2 sin® (31) 

We shall reject all terms of order S ® and above. We can now 

1 T/z) D • (B^m\^d /}®sin®0\| 

expand cos (^ — £ sin 0) + I - j as 

fa n a\ 1 1 

cos(0-iisin0)n- 1 

_«ir, (ft- R«ln ft\ 

sin (a osinc)^ ^ 

= "I cos (0— Bsin </) 1 1 — jdo 

= /q(2Ji(B) ~ 2 ^^J 8in^flcos(fl — Bsin0)t/fl — 0 


therefore 


R3 r+TT \ 

8in(fl — Bsin0)sin®0ddj. 


t A fuller dibcussion is given by Pierce and Shepherd (loc. cit.). Their 
results are slightly different from those below because they use an approxima- 
tion for the input velocity. 
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Similarly, 


I C+1T 

cos {d — B sin 6) sin^ OdO, 


Even without carrying out the integrations it is obvious that 
the condition for the canalysis of § 12.2 to be valid is that 

-^<1, which makes 6^ small and the correction terms in 

even smaller. 

Then, for the Webster approximation to be valid we have 
to make < 1 . If we take 0*25 as a reasonable value, 

the condition is just 

(32) 

For a mode 5 klystron the expression (32) shows that otfi = 0-30 
is the top limit for the small signal theory. This is encouraging 
because ajS = 0-36 is quite close to the value requiredf to obtain 
maximum efficiency from such a valve. 

Let us now return to the evaluation of the integrals. We have 

2Ji(li)= ^ f cos(0 — iisin6)d0. 

~n 

Differentiating with respect to B 

2e//(B) = ^ f (0 — -Bsin 6)^i\\6dB 

— = ^ f cos('^ — iJsin 0)8in^ 

'^J-TT 

and so on. U.'»ing ihese we tinally obtain 

/ B* ‘2B^ \ 

a, = (i?) Ji"" - jry m 

b,= -Cf J,’'(B), (34) 


t Beck, op. fit. p. 5.>. 
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The derivatives can be evaluated by the well-known recurrence 
relations, found in books on Bessel 

functions. 

This analysis has been carried further by Pierce and Shepherd, 
who show that the departures from the Webster theory are 
unimportant, even for small S, when S< 1*8. It will be noted 
that the major effect is the introduction of a small reactive 
current so that the phase conditions discussed in § 12.3 will be 
not quite accurate. Since the phase conditions are of relatively 
little importance — they only serve to determine the centre 
point of the operating voltage range and a 5-10 per cent 
variation from the calculated value is tolerable — and the theory 
of the power production need not be modified, we can use the 
Webster approximation in all our future woik. 

The questions studied above have been dealt with in a 
different manner by Wallis, f who comes to the same con- 
clusion, viz., that the Webster approximation is quite adequate 
for engineering purposes. 

12.6. Space-charge debunching 

As yet we have not considered the effect of space-charge 
forces on the bunching of the beam. Clbviously there is no 
longitudinal space-charge force in a uniform beam, but when 
local variations of electron density are set up, space-charge 
forces come into being. They act in such a sense as to diminish 
the density variations, i.e. in opposition to the bunching. More- 
over, since the initial current density in the beam must be a 
multiplying factor in the expression for the space-charge force, 
the debunching will increase with the initial current. As we 
have seen, high transconductance means high beam current, 
and therefore maximum debunching effect. It is therefore very 
important to obtain reliable estimates of the degree of de- 
bunching which obtains in a given tube. Unfortunately, the 
difficulties involved in giving a theoretical analysis are 
very great, and only some rather special cases have been 
studied. 


f Fremliii et al , loc. cit. (pp. 901 el ieq.). 
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In hia original work, Websterf calculated the effects of space 
charge in a beam of infinite cross-section. The result is that ij 
is reduced from to 


i _o7 r 

2-x j. 


where 


° meo S Mg 


StT X 10^ /y 


(37) 


= beam area 


I’his expression neglects the image forces inclu(*ed by the 
bunches in the walls of tlie tunnel. These forces tend ti.> reduce 
the debunching, so that eqn. (3(5) considerably underestimates 
the value of ig unless the beam is a thin pencil in a very wide 
tunnel. This arrangement is never used in practice. 

Tn dealing with more practical eases soitie special assumptions 
have to be made. It is always assumed that the electrons 
travel along parallel rectilinear paths with no convergence or 
^divergence. A first approximation to this state of affairs can 
be obtained (‘xperimentally by using a \erv strong longitudinal 
magnetic field, but as we have seen in § 0.3, this ^ill depress 
the potential at the centre of the beam so that peripheral 
electrons travel faster than axial ones. This will introduce 
phase differences between the radio-frequency current carried 
by different beam segmeiits, t.nd therefore will partially invali- 
date the requirements of the analysis. In theoreucal work this 
last objection is usually overcome by assuming that a thread 
of positive ions exists along the axis of the beam and that the 
charge density of positive ions just cancels the charge density 
of electrons. It can be demonstrated that such a situation can 
exist under assumed conditii'tis of gas pressure, J etc., but 
whether such ion beams exist in real valves seems doubtful. 
The important point is to set up a model which is sufficiently 
simple for analysis, and this model ought to be realizable in 

t Webster, loc. cit. 

t Spangenberp, Field and Helm, Elecir. Commun. 24 (1917), 108 
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practice, even if only in rather special circumstances. Finally, 
it is necessary to assume that electrons do not overtake in the 
drift space. 

Using these assumptions together with the assumption that 
the drift tube is much longer than its diameter, and that the 
wave-length and also that the depth of modulation is small, 
Wameckef and his co-workers have worked out the case for 
a cylindrical beam in a cylindrical tunnel. To a good degree 
of approximation, 

H 


'/SajSsin 
, 2 ) 


where 


(39) 


B = normalized tunnel radius, 

A — normalized beam radius = 

Wo 

= distance travelled per cycle by an unmodulated 
electron, 

a = beam radius in same units as 
/q, 7i,A"o, A'l = modified Bessel functions, 


^ IK\(A ) W - UB) UA )\ I,{A ) 

^ \ ) 1,{A ) - h\(A )1,{A)} 1,(B) ■ 


Fig. 12.7 shows h^jh^ plotted as a function of a for several 
values of 6/a. Tt is seen that is always less than and in 
many practical cases will be quite a small proportion of 
As an example, a 7 cm. valve might have a = 0*125 cm., 
8q = 0*5 cm. Thus A = \it and = for 6/a = 1*0. In 
this case the Webster theory would limit the drift length to a 
value only 40 per cent as great as would the more refined 
theory. 

The case of a rectangular beam has been studied by Feenberg 
and FeldmanJ under somewhat more general conditions. Their 

result IS kl = hill + coth A coth {B-A )l-i, (40) 


+ Waniecke, IJernier and Giicnard, J, Phys. Radiumt serios 8, 4 (1948) 90 
and lltt. V’Varneoke, Giicnard and Faiive, ^hm, ItadwHect. 2 (1947) 224. 
t Feenberg and Feldman, J AppL Phy\, 17 (1948), 1052. 
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where A = normalized beam width, B = normalized tunnel 
width. For gaps without grids 


j. cx/3^ I sinh 2 A I ) ^tt . . 


(41) 



Ftp, 12.7. Space charge ilebuiichiiin factor lorrccted foi finite beam 

diameter. 


For gaps i^ilh grids 


io — If 


aP tanli A 'Itt 
2 [ A 




... .sin (h^s) 




( tanh A^ 27t sin h^s 
A- ~h\ ■ 

+^(44 {exp -j/('5)cos(Ais)-cos(Ao«)}j, (42) 

where = 


These results also indicate that tho effect of debunching is 
much less marked in practical valves than eqns. (36) and (37) 
would indicate. 

It is now time to examine the question of the maximum 
length which can be used in an electron beam. Eqns. (36), 
(38) and (41) all involve terms of the form min hs/h which has 
its first maximum at hs = .Jtt. Thus, it is no use making s 
longer than 7 r/ 2 A, where the generalized debunching factor h is 
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properly defined for the geometry under discussion. With this 
condition inserted, , „ 


I 


(44) 


We see then that, for optimum drift tube length, the effect of 
space-charge debunching is to reduce the bunching factor from 

to Whether this is serious or not depends on the 

2 TT 

circumstances. If electrostatic focusing is used, the length of 
the valve may well be much less than that prescribed by de- 
bunching, in order to obtain a reasonable current and power 
input. In the case of magnetic focusing, space-charge de- 
bunching may be a hindrance. 


12.7. Velocity-modulated amplifiers or klystron ampli- 
fiers 

We have now developed the general theory of velocity modu- 
lation far enough to allow us to calculate the performance of 
some complete valves with a considerable degree t)f confidence 
that the results will not be seriously in error, in spite of the 
approximate nature of the analysis. The first specific example 
we take up is the ordinary klystron amplifier, as shown in 
fig. 12.1. Before calculating the performance of this device it 
should be explained that klystron amplifiers have a certain 
practical importance at the present time. They are not useful 
as low level (signal) amplifiers because they produce too much 
noise, so that a system using a klystron radio-frequency ampli- 
fier preceding a crystal mixer actually gives a worse noise factor 
than a crystal alone. For medium power outputs, of the order 
of a few watts, travelling wave tubes have much greater band- 
width, and some special triodes are also useful at wave-lengths 
above 6 cm. (e.g. Bell 1553). But for powers higher than this, 
the klystron has the great advantage that the structure is 
inherently capable of handling large powers and, as we shall 
see, the higher the power input the better the performance 
becomes. Apart from possible uses in communication systems 
it seems likely that klystrons may be used to provide power for 
driving microwave linear accelerators and similar particle 
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accelerators because they provide stability of frequency against 
load changes, a feature noticeably lacking in systems relying 
on magnetrons. In the analysis that follows we shall be 
mainly concerned with communication aspects of klystron 
operation. 

We assume that the resonators are identical with parameters 

length is s, normalized to S 
radians. The depths of modulation at the gaps are ol^ — 

“2 = “2 being the output gap. Furthermore, we suppose 

that the input resonator is correctly matched to the input 
transmission line. When this is the ease, the loaded Q of the 
buncher resonator is being the resonator Q measured 

when the beam is switched on. 

The theory has to be based on observable quant.tie«t, in this 
case the input and output powers, since there is no way of 
measuring voltages and currents at the frequencies considered. 

The input power Wi produces a peak voltage across the 
resonator gap and across the loss conductance representing the 
election beam. The resonator term is simply while the 

second term is given by eqn. (27). Therefore 




We can arrange this as 


^ P'} 


(45) 


(46) 


The available output power is given using eqns. (14) and (27) as 


fV, = IoVo 



(47) 


The phase term does not appear because the output phase 
adjusts itself so as to extract maximum power from the beam. 

We now consider the maximum power output which can be 
obtained (o) by iiureasing the excitation, and (6) by correctly 
adjusting the coujilmg to the load. 
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Maximizing eqn. (47) by putting dWJdoci = 0 yields 

.Ai'(^) = 0 or ^=1.84, 

i.e. the value of the bunching parameter for which the radio- 
frequency current at the catcher gap is a maximum. Using 
dW, ^ . 


= 0 gives 


’ 


therefore ('^^)] • (' 

Putting tlie optimum bunching parameter into this we get 


^2^opt 


Inserting this and the other expressions into eqn. (47) gives 




0*68/q1^ 


Vou... = p • 

Eqns. (48) and (49) give the power output and efficiency under 
optimum conditions of circuit and drive adjustment. Now let 
us consider the gain. First, consider tliat the output coupling 
has been correctly adjusted for maximum pover output at 
some arbitrary drive. Substituting for agi^ in terms of P in 
eqn. (48) we get , y „ g 

= (51) 


nr r 

or ^ ^ 

The maximum power gain is obtained for small driving power. 
Putting in the asymptotic value of the small signal gain 
turns out to be 


=g 
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We see that P must be small for large gain and large power 
output. Thus the beam impedance must be made as low as 
possible to obtain a good valve. 

The power gain at the drive giving maximum output can be 
written down using eqns. (4G), (48) and = 1*84. 

The value is 


= 0.4()2(*S^/P)2. 


54) 


The gain at optimum drive is then about 4 db. below the 
maximum gain. 

The next design parameter we need to calculate is the load 
resistance into which the maximum power can be coupled. 
By a simple transformation of eqn. (48) we find 




Hi' Pi = optimum load resistance, 


therefore 




Hi,: 


R^ = 


4Fo 


(55) 


This can be written in a much more easily recofjnized way if 
we write P as follows, using the beam loss defined by eqn. (28). 



or Gi^ = G, + G^. (56) 

Eqn. (56) shows that, as ont would expect, the maximum 
power output is obtained when the load is equal to the parallel 
combination of the beam-loss resistance and the circuit -loss 
resistances. As in the case of the input resonator, the loaded 
Q of the catcher is half the Q measured with no load, but the 
beam switched on. 
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Finally, we can derive some interesting results involving the 
band-width, a parameter which is of prime importance in com- 
munication problems. By definition 


Gi = 




and = 


2(0-, + G,) 


for matching, therefore 


P = 


2Koa.„C 


(67) 


Now Qi is equal to where Aco is the band-width 

between the - 3 db. points of the input or the output stage 
alone. As is well known, the band-width of n similar stages 
tuned to the same frequency is (2’^" — 1)* times the band-width 
of a single stage. For the klystion, « = 2 and the taetor is 
0-643. If we now write Awg tor the overall band-width ot our 
kly»tro„. 

P- ■ (•>») 


Using eqn. (58) the maximum poA\er gain becornPs 


0 „-(, 


3-11 l^'CAcaJ 


(59) 


or the voltage gain x band-width product, since the amplifier 
working between equal impedances is 


a Aa >2 


3-11 FoC 




(60 a) 
(60 6) 


Eqn. (59) takes no account of space-charge debiinching, to do 
this all that is necessary is to leplacc S by (S ^mhsjhs), or, at 
the optimum drift tube length, by In discussing eqn. (59) 

it is important to remember that the parameters on the right- 
hand side are not independent of one another. For space- 
charge limited guns /oOcT^* so the gain x band-width product is 
directly proportional to Again and C are not inde- 
pendent. If we assume that the resonator is designed with 
nearly all its capacitance at the gap (which is clearly a desirable 
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state of affairs) and the gap is closed by circular grids of 
radius r, the gap spacing being d, 


therefore 


C = 


Mir® 

U 


codjiiQ 


mn^ix>dl2uQ 

d 


'61) 


The optimum spacing is then given by the solution of <^ = ian 
where 

Wn 


therefore 




( 02 ) 


Finally, the perveance (the constant in /„ ^ Al[/) depends on 
the gap dimensions and tlierefore on the gap capacitance. The 
exact dependence is different for the different types of ionising. 
With these considerations in mind the discussion of eqn. (59) 
can be carried considerably farther once a s])ecific structure 
has been decided on, but we shall not do this here. 


12.8. The reflex klystron. (1) Bunching theory 

The most important type of velocity-modulated tube at the 
present time is the reflex klystron. These are used as local 
oscillators in microwave superheterodynes and as frequency- 
modulated transmitters in low- and medium-power microw<a\o 
communication systems. This pre-eminent position is due to 
several causes, among which simplicity, ease of obtaining fairly 
large deviation frequency modulation, and the absence of focus- 
ing magnets are the most imjjortant. 

In the reflex klystron the bunching conditions are very 
slightly different from those which we have discussed so far. 
If we restrict ourselves, for a moment, to systems in which the 
negative field between the second grid and the reflector elec- 
trode is a linear function of distance, it is easily seen that the 
electrons which are accelerate* i travel farther and take longer 
to return to the gap than do those which were decelerated. 
Thus, the centre of the bunch in a reflex is the unmodulated 
electron which passed the gap at the time the field changed 
from accelerating to decelerating, i.e. there is a phase differ- 
ence of TT with respect to the two-resonator klystron. On the 
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other hand, the direction of electron motion is reversed by the 
reflector so that on the return journey a field in the positive 
(initially accelerating) direction extracts energy from the beam 
and a second phase difference of ir is introduced. The relations 
are shown in fig. 12.8, and it is obvious that oscillations appear 
for {4n + 3) w/2 — S as before. If we now write down the velocity 
after the second grid, for the electron which has the shortest 


Centre of Setontl transit 



Fig. 12 8. Field relations tii the reflex klystron. 


transit, as iii § 1 2.2, we have 

= «„ [ 1 — (aj8/2) sin co/J. (63) 

The transit time in the retarding field is 

where I = grid-reflcctor spacing, 

Vj, = reflector voltage (usually negative). 

2 li 17 i 1 

Now if tq = = transit time of unmodulated electron, 


h = ^o + T 


= ^0 + ’’o [ 1 - («^/2) sin “'< 0 ] , 


(64) 


and 


dtz 

dtf) 


1 'W 

1- ^ costo^o, 


(65) 


where 8 = total transit angle in the reflecting field. Since eqn, 
(64) is exactly the same as the corresponding equation in § 12.2 
the analysis developed in that section applies also to the reflex 
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klystron. It should be mentioned at this point that if the 
electrons drift through an angle before entering a retarding 
field m which the transit angle is 8 in eqn. (65) is 
but S in the phase equation is (0^+20^). This is because the 
two types of bunching are opposed to one another. 

In general, the reflector field is not a linear functi*»n of 
distance from the second grid, so we next extend our analysis 
to cover this case. The modification has considerable import- 
ance, as several characteristics arc changed by its introduction. 
We repeat the analysis gi\en in Bcck.f The radio-frequency 
current is gi\en by usual. 

But + 

tliereforo ''■-1+*/*.' <“> 

If the amplitude of the h.f. voltage on the gap is we can 
write T = f{Vi) and expand, using Maclaurm’s Iheoreni. 
Therefore .^2 

r = /(o) ^ v^m)), f I o(p?) 


=/(0)fFi(m))„ 

if we neglect all terms of 0{V^), 


therefore 


and 


dr _ -il'i (dr\ 

di^- 


(67) 


Since T| is the voltage .actually modulating the beam, it is ]8 
times the \ oltage on the circuit. Theretore 

dV, 


dt^ 


= c)8T^cosa>to. 


Inserting eqns. (68) and (67) into eqn. (66) we get 


1 + tojSPc cos wto (dTjdl\)f,' 


( 68 ) 


( 69 ) 


t Beck, op. cit. pp. 119-22. 
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We next determine (dTldVi)^ as follows. If the reflector field is 
some function of z, say <f>{z), we can write the following equation 
of motion for an electron which gained energy V volts in the gap, 

r^2(^^y*jy(z)+V)-idz, (70) 

where Zg = coordinates of gap centre and point of turn 
around. If this is written in dimensionless quantities using 
Q = <f>{z)IV^, q VjVo, Z = zjl^, Aj3 = AJij, where = distance 
from gap centre to the zero equipotential, 

and To = 

Using eqn. (71) 

_ To 

rfVo'F, 



(71) 

[P {Q + q)-^dz] 


LJ-az J 

ru ~ V„^’ 

(72) 

J Q-idZ ® 



R is called the reflector factor and is a numerical constant 
which can be determined graphically from electrolytic trough 
measurements. For a linear field, long in comparison with the 
gap, i2 = ^. For this value, substituting eqn (72) into (69) 
yields the ordinary Webster expression for ig, but in general 
the bunching factor is {RSoc^) instead of (^SocP). Since JS > J 
for many common fields, the radio-frequency current in a 
reflex reaches its maximum for lower gap voltages than in an 
ordinary klystron. In other words, the transconductance is 
bigger by the factor of 2i?. 


12.9* The reflex klystron. (2) Powrer output and 
efficiency 

We now study the power production in the reflex klystron. 
Since the beam traverses the same gap twice, Ti = I 2 


378 



THE BEFLEX KLYSTBOH. (2) POWEB OUTPUT 

term due to diode losses has to be doubled. Using eqns. (14) 
and (27) the conversion efficiency is 

= ” iiSya' - oc^iiESap) sin S, (73) 

5=(n + |)27r. 

With this value of S, sin S is negative, so the second term repre- 
sents power delivered to the resonator. The output efficiency is 




We define as 


2Vi . 2y 

i8 • 


therefore 


,0 = - sm 8 - ( Pj,. 


(74) 

r5) 

(76) 


The next step is to optimize rj^ with respect to /S, ex and B. 
This means physically that we choose the best mode and the 
best adjustment of reflector voltage in the mode, the correct 
coupling to the load and the best shape for the reflectoi field. 
To save writing we put ajS = oc' and RSa = 6. Then 




= — a'Ji(0)cos4S' — a'sinfi' 


therefore 


= 0, for a maximum, 


ScoiS = 


Me)+Jo(ey 


(77) 


OOL L ^ 

therefore Pji = — 2JiS sin SJ^ (6), 

using the identity Jx{0) = + (78) 


Finally, 

therefore 

and 


dR 


= -<x'Ji’(e)8oi.’ smS, 


e= 1-84, 

1-84 

S~oc'' 


It - - 

•^OPt Cf-7 


(79) 
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If we put eqn. (78) back into eqn. (76) we obtain the following 
expression for the output efl&ciency, 

Vo= 



sin/S 

S ’ 


(80) 


The numerical technique for handling these rather involved 
equations is fairly straightforward Eqn. (77) is solved 
graphically and yields a set of pairs of {S, 6) values, all very 
close to the central values calculated from the mode number. 
The pairs of {8, d) are then inserted into eqn. (78) to give the 
corresponding value of Then the same (8, 6) values are put 
into eqn. (80) to give 7)^. This can be done for several fixed B 
values, so that, finally, wo can plot a family of curves 

with R as parameter for each mode. Pf^ only depends on the 
geometry of the valve; so, once this has been done, the optimum 
output from any valve can be calculated giveivthe current, 
voltage, gap dimensions and resonator shunt resistance. 

An important parameter in reflex klystron design is the 
‘starting current'. Tljis is the value of beam current which is 
just large enough to produce an os(*i]lation of vanishingly small 
amplitude in the circuit. It can be found by putting = 0 
and sin/S = — 1 in eqn. (76). Therefore 



or Pii = 2B8. 

Neglecting the term 2y/j3 in Pjf, we get 

From eqns. (80) and (81) we see that the efficiency and starting 
current are inversely proportional to R. This means that a 
valve designed for very low-power output and minimum input 
should use a reflector with a large R value, while an efficient 
valve for medium-power output should have a small R reflector. 
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We shall discuss the design considerations somewhat more fully 
after the theory of the frequency pulling has been given. 


12.10. The reflex klystron. (3) Frequency pulling 

It has now proved possible to give a much more detailed 
theory of the frequency pulling than was written down in our 
earlier work. This account given below follows an unpublished 
S.T.C. report. 

Near any given resonant 
frequency a cavity resonator 
can be considered as equiva- 
lent to a high Q parallel reso- 
nant circuit. The admittance 
of such a circuit is (tig. 12.9) 


ye-0,+ju>,c(^ 

Wo 

= (?, + 2j(7Aoj. (82) 



Fig. 12.9. RcMinator 
cquivalml circuit. 


Eqn. (82) is correct for all 
derivations encountered in 

practical cases. We now wish to find out what happens to the 
oscillation frequency of this circuit when the electronic admit- 
tance Yf, is connected to the terminals. is, in general, 
complex, and is contn iled by the reflector voltage. Rearranging 
eqns. (20) and (21) for the reflex 


»0 ^ 

Now, the condition for oscillation is that = —Yf.. 
If we let S = (4n -f- 3)7r/2 + S, 

Ye = ^OR ^ 


(83) 


(84) 


where 


^0 


constant for a given valve and mode number. Equating real 
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and imaginary parts of and — from eqns. (84) and (82) 
we get 


j,(0) 

8— g-' 


G'c = I;«-^-;-co8S, 


or 


Q 

A<t» = — ^ tan S. 
ZL/ 


We have not considered the existence of a load. Let us sup- 
pose the valve is worked into either a well-matched broad- 
band load or into an attenuator of about 10 db. In either case 
the load will be non-reactive, and we can take account of it by 
adding an extra conductance, 6rjr, across the circuit. The last 
equation then becomes 


or 


Ao) A/ ^ 4 
^0 /o ^Ql 


(86)t 


Since it may be assumed, at any rate for small 8, that SocTJ^, 
eqn. (85) indicates that the curve of frequency derivation versus 
reflector voltage is roughly a tangent curve. It also indicates 
that the loaded Q must be small lor a large frequency deviation 
and reasonable linearity. It docs not, however, connect the 
frequency pulling with the valve parameters, and with a self- 
osciUator such as the reflex there is clearly a maximum load, 
and minimum Q, beyond which the valve will fail to oscillate. 
We next calculate the maximum value of frequency deviation, 
i.e. the value at which the power output falls to zero. At these 

j,(e) 1 

8 = ±s„ -^--^ 2 ' 


therefore 




cos Sj. 


t Eqn. (85) sho^s that increasing the transit time by lowering the reflec- 
tion voltage decreases the frequency. We should expect this since the time 
separation between bunches becomes greater, pulling the resonator to a 
lower frequency. 
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Using the relation tan^Sj = sec^S^— 1, we find 




( 86 ) 


Eqn. (86) still requires experimental knowledge of Gj^ before it 
can be used. 

Now we turn to the question ol calculating the frequency 
pulling from the valve parameters alone. We first ask the 
question, what will be the frequency deviation if we adjust the 
valve to two points on either side of the maximum power such 
that the new power is a fraction of the original value (n^ in 
practice is usually i.e. — 3 db.) \ Remembering that the volt- 
age amplitude at the gap varies as ^power, we have 




(87) 


where 0^ = value of 0 at the centre of the mode. Squaring, 
adding and inserting the central value for we get 


or 


Atu„ 


liJHne,)_Jnh)\ 
c V \ (ne^f e\ } 


fo <^oGN\(ndif d\ ;■ 


(88) 


We now insert the unloaded Q of the resonator, = aiCjGc and 
a quantity which we may call the working Q, = Wq/Aco^. 
Using these, together \^ith but neglecting the beam loading 
term in we obtain 


Q~~ Pe^XW si) 


(89) 


The right-hand side of eqn. (89) is a numerical factor, usually 
greater than unity, which gives the ratio of unloaded Q to 
working Q. 
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In the last section we deduced a relation (78) between R, S 
and P. Using this we finally derive 


sin&Vo(0x)VU»ei)* ei )• 


(90) 


This equation involves only the valve parameters, and not, 
explicitly, the load. Since this relation only involves S and d 



Fig 12 10. Performance chart for reflex kljstron, mode 7 


on the right-hand &ide, the pairs of {S, d) already calculated 
can be inserted to obtain the values of QqIQ^j. Kach value of 
QolQw calculated is that corresponding to the value of Pr 
already found for the pair {S, 6), We can thus present the 
theory of power production and frequency pulling in a simple 
way by plotting and QqIQ^. against P/i? for each mode. 
Figs. 12.10, 12.11 and 12.12 show these plots for modes 7, 11, 
15 for the — 1 db., - 3 db. and zero power points. 

In calculating these curves, it has been assumed that the 
frequency deviation versus reflector voltage curve is sym- 
metrical, which is only true for SpS, since the electronic 
admittance varies as S. For low modes the curves will therefore 
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Fjj». 12.11. IVifoinuince (hart for icfkx klystron, mode 11. 



Fig. 12.12. Performance chart for leflex kKstron, mode 15. 
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be somewhat asymmetrical, but for modes 11 and higher 
the effect is negligible. For mode 7 the total deviation between 
— 3 db. points is correct, but the deviation from the mid-point 
to the half-power point on the low-voltage side is greater than 
from mid-point to high-voltage side. 

The value of QJQyj calculated in eqn. (90) is that for a valve 
coupled to give the maximum power output. This is not 
necessarily the same as the value for a valve coupled for 
maximum frequency swing. It d^es not seem very easy to 
obtain a general theory of the operation in this latter condition, 
but numerical investigation round (2*4 for the reflex )t 
shows that the conditions are not very diflerent. For small 0, 
i.c. low-power valves, there are rather large differen'^es and a 
considerable increase in A/ can be obtained by working away 
from the power-matched condition. 


12.11. The reflex klystron. General discussion of 
results 


We have derived several matliematical results without taking 
very much account of tlieir y>hysical signiflcance, and it is now 
time to pause for a general discussion. First let us discuss the 
meaning of the parameter wliich is very similar to the para- 
meter P used in the amplifier theory. The meaning of Pj^ is 
really contained in eqn. (SI ), which defines the minimum beam 
current necessary to obtain oscillations with a definite resonator 
and reflector. The \ ah e, however, is operated w ith some larger 


beam current, lor which 
can be rewritten as 


2\l 

JoP^h; 


Uhing eqn. (81) this 


F,f = 2SR 




(91) 


Pff is thus 2SR multiplied by the ratio of starting current to the 
running current, or, for the case of linear reflecting field, is 


t The eondilioii for inaMmuni conversion cfTicicncy in the rcllcx or other 
unity cou[>lefl velocity-modulated tubes is that 0Ji(B) should be a niaxiniurn 
since tlic output voltage is ecjual to the input voltage. I'his function reaches 
its mavimum after the niaviinurn of the actual value being at 6 — 2* 1*3 

instead of at 6 1*84. The value 2*4J1 inserted in eqn. (78) makes 

i.e. 0—2' 13 also gives the muximuiri output efheienev . 
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simply S times this ratio. Since the graphs show that must 
be small for an efficient valve, eqn. (91) tells us (a) that the 
starting current must be made as small as possible bj’^ correct 
resonator design, and (b) that the running current must be 
made as large as possible. The latter is usually much the more 
useful engineering approach. 

The frequency jmlling also increases with decreasing p«> so 
that a valve designed for high offi(‘iency will normally have a 
large frequency pulling. The physical reason for this is that 
the susceptance developed by the beam is directly proportional 
to the current, and so small means large susceptance. In 
some cases it may be undesirable to have large frequency 
pulling; for instance, if the load is reactive and has to be 
tightly coupled to the valve. The frecpiency i)ullii*g can be 
reduced without any ill effect on tlie power output by increasing 
the gap capacitance. 

The reflector factor plays an important role in the 

operation of the \al\e. When the main requirement is to 
design a valve which will oscillate for the minimum input 
pow€‘r, or at the highest })Ossible fre(|uency where small gap 
dimensions and low resonator shunt impedance make it difficult 
to obtain a low P^^ value, it is advisable to use a reflector with 
a fairly large It as this reduces the starting current. On the 
other hand, high power valves should be worked with optimum 
a, firstly, because of the resulting im])rovement in efficiency, 
and secondly, because variations of input, electrode spa(*ings, 
etc. from tube to tube intioducc smaller \ariations in radio- 
frequency charactei istics when K is optimized. Jf it is necessary 
to increase the frequency swing above the value corresponding 
with optimum R, a higher R value ma^^ be used. In the above 
we are inferring that the R value may be freely chosen but in 
fact this is not always the ease because the requirement that 
the reflector should have the correct focal properties maj" be 
more important. We hav^c also tacitly assumed that all the 
electrons follow the same path in the reflector. This may be 
far from true in practice, particularly when the beam diameter 

t The calculation c»f H values is dealt with hy Barf'ord an<l Manifold, 
J. Jnstn. Elect, Kngrs,, 94, pt. iii (1947), 302. 
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is a substantial proportion of the reflector diameter, in which 
case peripheral electrons may travel a longer or shorter time 
than axial electrons. This is a very undesirable effect because 
if the peripheral electrons return to the gap out of phase with 
the axial ones, they will reduce the available power or may 
even stop the tube from oscillating. If the axial electrons have 
a transit time Tq which is correct for the desired mode, all 
electrons with transit times To±1/4/q will contribute to the 
oscillation, or, in terms of transit anjle, the angles must be in 

,S±>,. (92) 

The allowable percentage path difference therefore decreases 
with increasing S. Deviations of this type can cause serious 
difficulties, particularly in low-power oscillators at the maxi- 
mum frequencies used to-day. 

The reader is referred to a long })aper by Pierce and 
Shepherdt for very much fuller information on the design of 
reflex klystrons, and for many details of the series of valves 
designed by the Bell Laboiatories. 

12.12. The reflex klystron. Hysteresis 

The reflex klystron subject to an objectionable hysteresis 
phenomenon which is sufficiently important to be shortly dis- 
cussed. The observations are the following. Fig. 12.13 shows 
a typical power-reflector voltage characteristic with marked 
hysteresis. As the reflector is made more negative, the power 
output falls smoothly until point A is reached where the oscil- 
lation drops abruptly to zero at B. The reflector is taken to C 
and then made more positive; instead of oscillation starting at 
B no power output is obtained until 1) is reached, where the 
valve suddenly starts 1o oscillate with a large amplitude E, 
The phenomenon may be observed at either end, or both ends, 
of the characteristic, and the oscillation may drop smoothly to 
zero in one direction but jump violently in the other. Phen- 
omena of this type are particularly objectionable in radar 
systems which use the reflector characteristic for search auto- 
matic frequency control. 

t Pierce and Shepherd, HtU SysU Te<h. J. 26 (1947), 460. 
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Hysteresis can be of two general types, either due to the 
valve alone or due to the combination of the valve with an 
unsuitable circuit. Here we shall only concern ourselves with 
hysteresis which cannot be eliminated even when the valve 
works into a WQll-matched resistive load, and is therefore a 
fundamental property of the valve. Hysteresis of this type is 
due to unwanted phenomena of various kinds which all produce 
the same effect, viz. a variation of electronic admittance with 



Fig. 12.13. lilusiratiiig output curve for valve with hysteresis. 

amplitude which is not a monotonic decreasing function of the 
amplitude as it is in the ideal theory. ( ^insider that the curve of 
has a maximum for some value of Vi different fioni zero. 
Fig. 12.14 shows such a curve contrasted with the dotted curve 
which represents Ji(d)l0. Suppose also that at the centre voltage 
of the mode the valve oscillates sufficiently strongly for the 
operating point to be on the high side of the maximum, as is 
shown by the intercept with the horizontal line representing the 
negative of the total circuit conductance The reflector is made 
more negative, thereby transposing the whole curve vertically 
downwards, since we can consider as having changed to 
/^cosS. Oscillation continues until the maximum of the curve 
just touches — {Gi^ + Oc), i.e. to in fig. 12.14. When the 

reflector voltage is increased again it is not possible for the 
oscillation to build up for any voltage below TJj = value at 
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which the zero amplitude admittance is equal to — (O^ -h 
because there is a net circuit damping until the latter value is 
reached. When the valve does start to oscillate, the amplitude 
immediately builds up to a considerable value, proportional 
to 

We have now seen that a curve of the type shown must give 
rise to hysteresis, but we have not said how such a character- 
istic can be caused. In fact, this type of characteristic can be 







Fi*;. 12.11. \cliiut taiic'e <nir\os mIiicIi run cause h\steiesis. 


caused in se\eral ways. One way, which has been rather fully 
treated by Pierce and Sh6'plierd,t is the case of \alves in which 
some of the electrons focused back into the cathode-anode 
space are not collected on cathode or screen and return through 
the valve to make a second, or even multiple, transit through 
the gap. Making reasonable assumptions these authors show 
that the postulated type of curve results. In some valves 
hysteresis was cured by reducing or eliminating the possibility 
of multiple transits. It should not be thought, however, that 
hysteresis is invariably due to multiple transits. Another type 
of defect which can cause the same trouble is the following. 


t Pierce iind Shepherd, loc. eit. 
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If the reflector is so designed that the current focused back is a 
rapid function of reflector voltage in the working region, the 
same thing can result. Pig. 12.15 shows a curve of working or 
running current (the current which makes a double transit 
through the gap) for such a valve, denotes the mode centre, 
lor increasing and small ampliiudos of oscillation the work- 
ing current falls off according to the curve of fig. 12.15; but 
when the oscillation amplitude is large, the working current is 



12.15. iielledoi ch.ir.ictcnstic* i a isinj; hysteresis. 


given by a dynamic curve which can be prepared from fig. 1 2. 15. 
It IS clear, for instance, that at Vj^ working current will increase 
with the amplitude of the oscillation and thus give rise to a 
curve of the tyjie causing hysteresis. In this case it wall be 
seen that the curve of against and changes its shape as 
well as its scale. 

Yet another cause is found in some valves in which the 
cathode current changes as the valve goes into and out of 
oscillation. Tf the electron optics are such that the number of 
electrons getting back into th(‘ cathode space decreases suildenly 
when oscillation starts, the cathode current wdll increase and 
will stay at Ihe higher value until oscillation stops. Oscillation 
will then not start at the same 1J^» value but at some lower 
value giving a higher for the reduced total current. 

There are, no doubt, other causes of hysteresis in reflex 
klystrons. Those described above have all been observed, and 
it is usually fairly simple to eliminate the defect once the 


391 



VELOCITY-MODULATED VALVES 

physics of the particular problem have been elucidated. It is 
not always easy to find out which phenomenon is the cause of 
the trouble, and remedies designed to prevent one sort of 
hysteresis sometimes introduce others. 

12.13. Noise in klystron amplifiers 

To conclude our brief description of velocity-modulation 
tubes we shall study the noise produced by a gridded klystron 
amplifier. Klystrons are ‘noisy’, and as such are useless as 
input amplifiers, except for special purposes where noise is 
immaterial. The fundamental reason for the noisiness of 
klystrons lies in the expression for mutual conductance derived 
in § 12.3. The discussion there shows that the current required 
to obtain a useful transconductance is \ery much higher than 
in a triode, and therefore tlie shot noise is very much more 
important. The sources of noise in the klystron are the fol- 
lowing: 

(1) thermal noise in the input resonator, 

(2) thermal noise in the output resonator, 

(3) shot noise induced into the input resonator by the beam 
and amplified together with the signal. 

(4) shot noise in the output resonator. 

Since an amplifier is of little jiraetical value unless it has a 
gain of 10 db. or more, it is permissible to neglect items (2) 
and (4) in what follows. Let us suppose that the input resonator 
is matched to an aerial of effective temperature and that the 
transformed aerial conductance at the terminals of the gap is 
6?^. The circuit conductance is and the beam conductance 
is 6rj,. Then, for a matched aerial, 

Then the total available noise power in the first resonator can 
easily be written down. It is 

kT„^f+lcT^f+ ii3*2(o;+^V (93) 

The noise power available from the aerial at room temperature 
is kT^f. 
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The noise factor of the klystron is then (93) divided by 

ATA/, or ^ j 

N.f. = 1+ “ + -^ f94) 

^ T^(G^+G^)2lcT’ ^ ' 


At 

therefore 


r.m-K., 4.2,1“, 


(96) 


It is clear that there is very little one can do about eqn. (95). 
If Iq and jS^ are made small and (Oc + Clh) the noise will be 
small but the gain will also be minimized. The best possible 
amplifier klystron from the noise point of view is one with a 
long low-current beam. Such a valve has a very low output 
and efficiency, but these quantities are not of much mipoitance 
in this application. Successful valves of this type have not 
been made.f 

Three resonator klystrons can be made to have much bigger 
amplifications than two resonator lubes; but the central prob- 
lem still exists, since the input noise is still the dominating 
factor. Measurements made by Karlov J show that a three- 
resonator amplifier had a minimum noise figure of 26 db. 
against a crystal figure of 19 db. at 3000 Me /sec. (This is a 
very high figure for the crystal, 7-10 db. would be more 
normal.) This result indicates the general order of deteriora- 
tion of noise figure found in practice. 


t Appendix 3 discusses recent work \»hieh informal ion on practical 

methods of minimizing T. If these results aie used, it seems hkel> that kly- 
strons with noise faetois less than 10 db. can be built 
} Quoted m Hamilton ti a1 , M.I.T. senes, vol. 7, p. 259. 
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Chapter 13 


TRIODES AT ULTRA-HIGH 
FREQUENCIES 

We are now in a position to inquire more deeply into the 
behaviour of triodes at frequencies vn^here the traTisit angles are 
no longer small in comparison with a halF-cycle of the impressed 
voltage. Triodes will amjdify, and therefore oscillate, in such 
conditions, but not with the sanu' orders of power out[)ut and 
efficiency observed at lower frequencies. At the present time 
theory is n(»t sufficiently adxanced for us to explain tlie com- 
plete operation of the triode, particularly uhen conditions 
nearly corresponding to thos(‘ of class C operation at low fre- 
quencies are reached, but by use of the ideas developed in 
Chapters 7 and 12 we can give a fairly adequate model. 

Before discussing tlie more theorelieal parts of tjie subject 
we shall say a few words al)out the tube structures and circuits 
used, (jontinuous-wave tubes for freqiK^ncies above IbOO Me./ 
sec. are, with very few ejiC(q)tions, made with ])lanar geonu'trv. 
When the cylindrical geometry is used the ratio of grid diameter 
to cathode diameter is small enough to allow us to use planar 
expressions. Several types of construction are in use, but all 
agree in mounting tli(^ grid on a metal disk sealed through the 
glass wall. Disks of copper, 50 : 50 nickel iron or of ko^ ar are 
used, and the (Jcn(*ral Electric (^o. use silver-plated iron. The 
planar cathode is mounted very close to the grid and the anode 
at a distance several times as great. The anode })resents a 
simple problem; but the cathode, wliich has to be in good 
electrical contact with the rest of the (*athode circuit but should 
be thermally insulated, is much more awk>vard, and much 
ingenuity has been applied to tlie design of suitable structures. 
In addition to the difficulties mentioned, the thermal expansion 
of the cathode after switching on may materially reduce the 
cathode-grid spacing, and other variables, such as the shrinking 
of the cathode coating on activation, must also be considered. 
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Finally, it is usual to find considerable difficulty in activating 
cathodes which are placed very close to a close-ineshed grid. 
Other problems arise in connexion with the grid. Tins must 
be tensiomd enough to eiisuj*e that it does not buckle when 
hot, but not so much that the wires break. Grid emission is 
likely to be a pioblein, as the bariiini contaminated grid 
inevitably runs liot. In some cases grids grow well-defined 
insulating or semiconducting layers which finally render the 
grid almost ineffective. Notwithstanding these technical 
difficulties, the last ten years havc^ seen enormous advances in 
the design of triod(‘s, and they are now useful at fro(iuencies 
up to 4000 Me. /sec. Tyjucal ultra-higli-frecpiency triodes are 
the A?nericaii (5eneral Flectric Go. 'Ijighthouse' series, the best 
known of whicli are the 2G:10 and and among English 

valves the (Jeneral Electric ( o. series rangijig from the small 
CV^90 and nt'ar derivatives u]) to the A(T2:i ca])able of deliver- 
ing 200 W. at 1000 Me. /sec. 

Turning to the circuit, it is important to note that triode 
amplifiers for the fre(iiiencies under dis(*ussion are of the 
grounded grid, otherwise^ known as grid separation, type. As 
is well known this ciicuit h«xs the following properties. 

(1) It is much easier to build a valve lo tit into it, special 
inverted valv(‘s being necessary for the common cathode 
circuit. 

(2) It is much more stable than tlie (Mrthed cathode circuit 
because the main stray feed-back is through (\^j^ which is much 
less than 

(;i) The power gain is much low^er than for grounded cathode 
tiiodes. 

(4) The input impedance of the valv*‘ is \ery low, approx, 
and thus the input circuit is heavily damped. This means 
that the in])ut is nearly aperiodic, and only one tuned circuit 
is needed per stage instead of tw o. 'I'his is important practically 
because of the reduction in tuning controls and in communica- 
tion systems, because of Ihe reduction in the number of tuned 
circuits in an amplifier chain and consccpient improvement in 
band-width. 
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13.1. Grounded grid amplifiers 

In view of the importance of the grounded grid stage, it is 
worth while developing a few of its more important properties 
in an elementary manner. The most powerful method for 
developing the necessary relations is by means of the matrix 
theory of active quadripoles which is given in the references.f 
The grounded grid triode is shown in fig. 13.1. If the voltage 



IJJ 1. Sdiernatu grounded gnd tnode stage 


increases, the anode current decreases and the anode voltage 
increases. Neglecting the feed-back through C,., w^ have 

A,„ = ''"AV;- Afi - (1) 

^ ^ 'a 

But = (2) 

therefore = AT;|^„, + j , (3) 

The input admittance of the tube alone is then 

y (^///7 ” 1 " 

The right-hand bracket ofequ. (3) reduces to \^hen and 

1. The admittance given by eqn. (3) appears in shunt across 
Z,, so that the total admittance is 


* Y^+llr • 


t Strecker and Feldtkellcr, Elekt. Nachr.-Tech, 6 (1929), 93. Brown and 
Bennett, Proc. Inst Radio Engrs,, N.Y, 36 (1948), 814. M.I.T. senes, vol. 
18, ed. Valley and Waldman. Kleen, ElekU Nachu-Tech. 20 (1943), 140. 
Rothe, Arch. eUkU Ubertragung, 3 (1949), 233. 
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At very high frequencies there is an additional term in eqn. (5) 
due to the transit-time admittance of the cathode-grid space. 
The susceptive part of this will be tuned out by the susceptive 
part of so there is only an additional conductance to be 
inserted in eqn. (5) to obtain the final result. 

The voltage gain immediately follows from eipi. (3); it is 


A _ {Qm I/'',,) 


(6) 


This is slightly bigger than the corresponding expression for the 

common cathode triode, which is , . However, the volt- 

age gain is not an observable quantity at microwave frequencies 
and the proper parameter is the ])ower gain. Let us calculate this 
for the situation of fig. 1 3.2. Here, a transmission line ot imped- 



ance Ri is matched to the t otal input impedance of the valve. The 
output is tuned to resonanee representing the losses of the 


Pi is yo 

P - ^ 

“ 2R, 

, Vi = peak input voltage. 


Also 

* 2 U. nj 


The output power 

p - 

(7) 

and the power gain 


(8) 
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Neglecting l/r„ in eqn. (6), which is nearly always permissible, 

Eqn. (9) is a maximum for = R^ when 

(10) 

A further simplification is possible for the case when the input- 
circuit conductance and the transit-time conductanee are much 
smaller than R^ is then and 

( 11 ) 

If the only capdcitance in the output circuit is the grid-anode 
capacitance, the band width of the circuit, when loaded 
for optimum power output, is 

A/o„t= ./o (12) 

The optimum gain band-widlh product is thus 


Eqn. (13) stresses the importance of high and low-output 
eajiaeitance when l.irge values of gain x band-width product 
are recpiired. 

Finally, let us deduce the output impedance of the valve. 
When the valve anode circuit is open circuited, the voltage 

gain is (ja-f 1) from eqn. (0) and the input voltage is ^ , 

“1” ti'r 

since, according to eqn. (4), the tube input admittance is zero. 

Thus, the ojien-eircuit output voltage is When the 

anode load is short-circuited, the input impedance is decreased 
to \y^-\-(Tj-\-{g,n 1"1/^«)1- The voltage across the input is then 

^ , V .• Of the input current, some flows through 

[y,+(?,+((7„,+ i//jj 

the valve and the short circuit, the rest through the input 
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circuit. The current through the valve is where 

Kn voltage just deduced. The output admittance is the 

short-circuit current divided by the open -circuit voltage, 
therefore 


Fn = 


H9m + l/^i) 1)7 


V /x+l V^/) 

r, +G^^4 (.7;,, t 


(U) 


The total admittance of the \alve plus resonator is thus 
+ , Yi^ =- resonator admittance. 


13.2. Triode oscillator circuits 


For the sake of completeness we must say a little about 
oscillator circuits used at microwa\es. The possible types of 


oscillator, excluding those based 
on mutual inductance, for 
practical reasons, have been 
enumerated by Bell el aJ,f and 
other authors. The general 
triode circuit is shown in fig. 
1 11.3, where the Y'h are the total 
admittances between the elec- 
trodes. By an obvious rewriting 
of eqn. (14) the total admittance 
from anode to grid is 



Fijt. la.a. (ierit Fcili/rd 
triode oscillator. 


iV = Y, + ^. 




+^3 t 7// 


Separating the F's into real and imaginary ]>arts, 

^. 3 -^* 2 + {a,+a,+gj^+(/i, + fi,r 


t Bell, Ga\in, James and Warren, J. Jfistn Elat. En^ts. 93, pt. iii\, no. ,5 
(104G), 883. 

t Gurewitseh and Whinnery, Piw. Inst. Radio Ennis , V.V 35 (1947), 402. 
Kuper, M.I.T. senes, vol. 7, chap. 7. Gavin, ir//e/rss En^i. 25 (19J-8), 315. 
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If the circuit is to maintain oscillations, Gg must be zero or 
negative. The last term in the numerator is the only one 
which can give rise to a negative conductance, and we observe 
that Bi and must be of the same sign for oscillation. can 
be evaluated in the same manner and it must be of the opposite 
sign to the other two fi’s. Thus the only arrangements which 
can oscillate are: 

J5i B 2 B^ 

(lass I G L G 

Class 2 L G L 

It is found, both theoretically and experimentally, that a 
given valve will oscillate at a higher limiting frequency in 
class (1) circuits than in class (2). 

A typical example of class (1) oscillators is the grounded 
grid or grid-separation oscillator in which feed-back is applied 
to the amplifier of § 18.1, the feed-back susceptancc G being 
supplied by the anode-cathode capacitance, or by extra cajiaci- 
tance inserted in paiallel. This circuit has certain practical 



Double-ended circuit 
(« 


Fig. 13.4. Types of oscillator cavity. 
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disadvantages, since the anode is built into a tuned circuit and 
is usually at the end of a deep re-entrant which makes it 
awkward to cool. A better circuit from this point of view is 
the common grid-earthed anode circuit, which is usually 
‘folded back’ as shown in fig. 13.4. American tubes often use 
the grid-separation grounded cathode circuit. For practical 
details the reader is referred to the works cited. 

13. 3, Triode electronics at ultra-high frequencies 

We can now pass to the discussion of electronic phenomena 
in ultra-high-frequency triodes. We can divide the val\e into 
two spaces in which interaction between field and beam takes 
place, regarding the grid as a division between the cathode-gria 
space and the grid -anode space. In the cathode-grid space the 
electron beam is density modulated or, more accurately, is 
density modulated with the addition of a small velocity 
modulation imposed on it. This process ref |u ires that powder 
bo taken from the input circuit and given to the beam, whereas 
in the low-frerpiency case the gi'id circuit does not absorb 
power unless the grid is driven posit iv(\ To calculate this 
power we can either calculate the resistive component of the 
beam-input impedance or, if we prefer it , the current induced 
in the grid. This current is not in antiphase with the grid 
voltage and therefore a loss component appears. It is more 
convenient to calculate the resistive component of the beam 
impedance, and w^e follow this course here. The density- 
modulated beam passes through the grid and enters into the 
grid-anode space. Here it is accelerated by a relativelj’^ intense 
d.c. field, and the modulation of density induces a radio- 
frequency current into the grid-anode circuit, exactly as did 
the density modulation in the beam built up in the drift space 
of a velocity-modulated tube. Since tin re is a transit angle in 
the grid-anode gap, we expect that the current induced into 
the grid-anode circuit will be less thaii the radio-frequency 
component of the beam current by a factor which has the same 
physical significance as the coupling factor of velocity- 
modulation theory. This expectation is justified and the factor 
reduces to j8 as defined in Chapter 12, when grid and anode are 
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at the same direct voltage. We can thus look on the operation 
of an ultra-high-frequency triode as a system which in density 
modulation is directly applied to the beam and the output is 
taken by induction from electron bunches in the grid-anode gap. 

Following this scheme we have to calculate the following 
quantities: {a) the input-beam admittance, (6) the conduction- 
current density produced at the grid plane by a specified grid 
voltage, and (r) the generalizefl gap factor for 1 he case of different 
velocities at the entrance and exit planes. The mathematical 
apparatus has all been dev(‘loped in ('hapler 7 in the form of 
the Llewellyn electronic equations. However, we must make 
one qualifying remark: Llewellyn’s ecpiations, as he has em])ha- 
sized in all his writings, only apply to the case of an electron 
beam of uniform velocity and in which no ovei*taking occurs. 
The question of overtaking is not of much practical im])ortance 
here: but the fact that a monochromatic electron beam is 
assumed is of considerable importance, sin(*e it means that the 
theory only applies to the region between i)()tontial minimum 
and anode and not to the region between cathode and potential 
minimum. The LlewTllyn theory cannot be evpected, there- 
fore, to give accurate results for the in])ut loading wdien the 
distance caihodc-])otential minimum is com])arable with the 
cathode-grid spacing. We shall have a little to say about 
experimental work on this subject later on; here we merely 
note the qualification, since it is sometimes inferred that this 
failure is a reason for (juestioning the whole Llewellyn analysis. 
We have already said that no adequate theory for multi- 
velocity streams is in existence, and as yet no acceptable 
theory for the cathode-potential minimum region has been 
propounded. 

It may be asked, however, why it is not possible to achieve 
our ends in practice by reducing the grid-cathode transit angle 
so that it remains small even at the highest frequency desired. 
The grid-cathode transit angle depends on the spacing and on 
the equivalent grid-plane voltage. Obviously mechanical factors 
limit the smallness of the spacing, but why is not the equivalent 
voltage increased? The answer is that there is a relation 
between the transit angle and the cathode-current density, so 
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that the allowable maximum current density, which for modern 
oxide cathodes is of the order 1 A. /cm., determines the grid- 
plane voltage. We can easily calculate the relation for the 
ideal case of zero emission velocity. Eqn. (85) of Chapter 6 
gives, for this case, 



Fig. 13.5. Notation for the IJewclljii electronics equationh. 



therefore 


T 


()-()8 X 



sec. 


Thus, to halve the transit angle we must increase the cathode- 
cuiTcnt density by eight or divide the grid-cathode spacing by 
the same amount. This result is considtTably modified by 
consideration of the potential minimum, but the essential point 
is the close interaction bet^^een emi*-^^!! and transit angle 
which explains the extreme im|H)rtance of improving cathode 
performance. 

The notation for the LIew(‘llyn analysis is shown in fig. 13.5. 
Vi and V 2 are the a.c. voltages across the gaps, and /g are the 
total current densities, i.e. the sum of condu^'tion and displace- 
ment current densities, in the gaps. The grid is negative, and so 
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there is no conduction current in the grid lead; there is, however, 
a displacement current Ig in this lead. The cathode is taken as 
the zero for direct voltages, and the electrons are assumed to 
leave it with zero initial velocity, the a.c. component of conduc- 
tion current being zero at the cathode surface. Two imaginary 
planes, C and B, are located infinitely close to the grid wires in 
such a way that the perturbation due to the wires is included in 
the length CB, but the transit angle across CB is so short that 
the conduction current is unchanged during this transit. Taking 
the a.c. voltage Vi as given, the Llewellyn equations give 


Vy = 

(16) 

— J ^ ' 

(17) 


(18) 


The values of the coefficients are to be taken from Table 2, p. 208, 
with the space-charge factor C = 1, and the direct potential, 
required for the e\aluation of the velocity and transit angle, 
is taken as the effective potential of the grid plane. The theory 
yields an accurate expri&ssion for this (juantity, but an approxi- 

l^v„ + v„ 


mation, valid at high frequencies, is = 


/X + 1 + rf 2M 1 


an 


expression already used in (%‘ipter 1 1. The term evaluated 
under these conditions, thus gives the input impedance of the 
triode. Furthermore, from eqii. (17) the term DJA^ represents 
the mutual conductance ot the triode, for it gives the value of 
the conduction-current density at entrance to the output gap. 
Turning now to the output gap we have in general 


P 2 — Pi — ^2^2"! -^2 

= G^2^2 + ^2?R + J 

In the grid-anode space of the triode it is a reasonable first 
approximation to take ^ = 0. This makes Cg = 2)2 = -^2 = 
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the first two of eqns. (19) become 


^ K ““ ^29 By 

7 = ^29b 

" ^2 Al ’ 


9a ““ ^29b- 



Fipf. 13.C. Triode network from Llewellyn's equation. 


(20) 


Since the term qj^ in eqns. (20) reiiresents the radio frequency 
conduction current driving the output gap (cf. § 7.1), we can 
recognize B^jA^ as the generalized coupling factor, and 
the gap admittance y« 2 - expression for the radio- 

fr(‘quency current induced in the output gai) is thus 


^0 = 


^2 rr 


( 21 ) 


It is clear that we might discuss transadmittance, as a 

generalization of the mutual conductance, but it seems clearer 
to separate out the effects due to the two gaps and maintain 
our distinction between mutual conductance and coupling factor. 

As yet we have said nothing about the grid current and the 
way in which the various quantities measured at the two 
imaginary planes are related to the grid wires, where measure- 
ments are made. Since the total current is continuous through 
the valve, /„ = A - h, (22) 

and, as we are still discussing negative-grid triodes, Ig is a 
displacement current and the grid wires are connected to the 
planes C, £ by a condenser. 

We can now draw an equivalent circuit for our ultra-high- 
frequency triode, which is done in fig. 13.6 (identical with 
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fig. 7.7). The grid terminal is connected to the equivalent grid 
plane through the capacitance Cg. An admittance extends 
from the other side of this to earth. A current generator 
is connected across the grid-anode cai)acitance to the anode. 

From eqri. (16) y^^ = ™ , (23) 

and from eqn. (21 ) ?/ 2 i = 

Writing down the node equation for the currents, we get 


or 


theiefore 


y^yn + (^i- l2)i/22+ 

U21) = Vayg-^ ^ 2 ^ 22 ; 


\!h\ 



[1 fM 

Vri His} 

l yw 


(25) 


Comparing eqn. (25) with the expression for V^g obtained at low 
frequencies but including space charge, 


7 ^2+/^^^ 

^ 1 4 /X 3 ^ 2 !^! 


(26) 


we see tlial a generalized /a is ygly 2 z- "l^hus 

= CaiC,,, or Cg = i^Cgg, (27) 

In all ordinary ultra-high-frequency triodes C„g is a fairly 
large value, of the ordei of a few pF. and /x is large, usually 
greater than 100, bo that Cg is of the order 100 pF. and Cg has 
little effect except as a slight phase shift in the grid current. 

We can now discuss the values of the admittances y^^^ and 
^ 21 * The former, y^^^, has already been discussed in Chapter 7. 
From eqn. (56) of § 7.5 


I 



= ^0 

r 2 12*Sil ’ (28) 
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By definition is the conductance of the diode which has a 
cathode-anode spacing and the direct voltage Ti, given by 
eqn. (26) with d.c. voltages substituted for the a.c. voltages, 
applied to the anode. The d.c. density is 

/ = 2-336 xlO-n>iVrff, 

therefore = 3-564 x (J9) 

The denominator expresses the dependence on transit angle. 
Valuers can be determined by substitution of the values for ^ 
and aS given in Table 2. The result is shown in fig. 13,7. An 



Fi^'. ia.7. Variation of input conductance and susoeptaiu'e with 

frequenev . 


approximation, valid for angles up to about Jtt, is 
!/u - !7o(' 10 ‘ 

A rough approxinnaiion, valid froin d = 0 to is 

( e M\ 

Vii — I®*’*’ ^ J IQj • 

TVT 

Now Hu = 


(30) 
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First consider the factor depending only on the first gap. From 
the table 



(l-c-A-iSje-A) 

+ im) (2 - 2 c-A - e/>-y 



Fip. 13.8. Variation of mutual oonduci ancc with frequency. 


At very low frequencies =J0i-*O, 



At very high frequencies 


A 

A 


Therefore 


= - gr„(co8 e -j sin 0). 



( 31 ) 


( 32 ) 
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Fig. 13.8 shows the modulus and phase of gjg^ plotted as a 
function of 0. 


The factors depending on the second gap can now be dis- 
cussed. ^ 

^ ^ y~ “ P2Q2) ~ (*^ 3 ) 


where Uj^ and represent the velocities at plane B and the 
anode respectively: 


mi 






For small j32, this reduces to - 1. Theretore //21 is essentially 
negative in the notation used. For large jSg the value is 


2 /Ub 

^2' / 


(34) 


In the special case 1 /^ = eqn. (34) reduces to 




sin 1 02 

■ 


(35) 


This will be recognized as the coupling factor used in velocity- 
modulated tube theory. Owing to the fact that the actual 
velocities appear in eqn. (33) it is not easy to give a graphical 
plot which is of general utility. 8ince the average electron 
velocity in the output gap is many times that in the input 
gap, the output -transit angle is less than the input-transit 
angle, in spite of the greater spacing. It can be shown, without 
much difficulty, that in these circumstances the magnitude of 
2/12 not reduced, although tlv're is a noticeable phase shift. 

Another special case of some utility is the case when the 
velocity at the grid plane is negligible in comparison with the 
velocity at the anode plane. In this case 

B2_ 2P2^ 

^2” “iSi PI 

Lastly, 2/22 = I/A 2 . For small currents ^ -^0, j /22 reduces to 
This follows immediately from the definition of Ag, 

1 T2 

i*®» -^2 ” ~ iV'a "I" 9P * 

€ ^P2 
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For zero space charge 


T = 


2(/j 


^ 2 =>^ 2 . 


therefore ® . 

jeo) 

But the capacitance per unit area = f , so ' . 

When the current density is so high tiiat ^ cannot be taken 
as zero, it can be sJiown that ylg is given t)y 

Ai = ^ |^2( 1 - cos^a) - O 2 sin 4 ff 2 ( 1 + ‘ios ^ 2 ) - 2 sin djj 

_ j I - t 

where r„ = “ ^ ^ ) . 

These results an* generalizations of e(pis. (30) and (54) of 
(^hapter 7, so that the curves of hs?. I.*h7 can be used 1o deter- 
mine the frecpiency de*pendciico of The extra term due to 
the capacitauee of the ^ap must not be forgotten, as it ordinarily 
forms the major elejiUMit of the network. 

We have now determined all the quantities necessary for the 
theoretical discussion of triode circuits at ultra high-frequency 
subject to the assum])lions made. We see that the interesting 
fact emerges that the high frecjuency mutual eondu(*tance does 
not vary very much from the low-frequency value. 

Tn the next section we discuss the overall combination of 
valve and circuit in a \ery general w^ay which gives a clear 
insight into the manner in which the operation of the valve 
depends on both electronic and circuit parameters. 


13.4. The combination of valve and circuit 

In this section we treat the combination of valve and circuit 
as an active four-pole with the notation for current and voltage 
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directions shown in fig. 1 3.9. We are not. liere concerned with 
the general theory of such networks, which is discussed in the 
references cited earlier, hut the formalization which results 
from the application of the theory allows the results to bo 
expressed in the simplest and most general forms. Petersonf 
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Fift. 13.9. Four ])ok‘ Inoile nrlwoiLs. 

has given a very full (Ilscussu n of tlie three ])ossible triode 
networks, grounded oatliode, grounded gri<l, and grounded 
anode. Here we confine ourselves to tlie grounded-grid circuit. 
From fig. 13.9 we obtain 

(36) 

^2 “ ^21 K ^22 

where = input admittance \iith oiit])ul short -circuit ed, 


— (*22 = output admittauee with input short-circuited, 

— Ci 2 = feedback admittance with input short-circuited, 
Cji = transfer admittance witli output phort-circuited. 


t I'etetton, Bell Syst. Teih. J. 27 (1018), 503. 
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We require to reduce the actual network, which for grounded- 
grid connexions is given in fig. 13.96 to the tt network of 
fig. 13.9 c. First let us calculate 

Cii = output s.c. = 


output s.c. = 


But, from the current node expressions, 

(V, - F„' )yu = F; + (F; - V^)y^ - 

therefore 

(V V'\ — ^ ^ 2 /( 7 ■!" 2/22) 

" " Vii+yn ’ 

and 

y _ l^a'( 2 /fl + 2/11 + 2/22 + 2/21) 

^ 2/11 + 2/21 

therefore 

^ _ 2/11(2/0 + 2/22) 

“ 2/11 + 2/22 + 2/0 + 2/21' 


Following similar reasoning 
<•81 = ((?) output 
Reduction yields 


output s e = 

■'21 *“ \ 


yzv^a *“ K) +■ //22 


Keauetion yields / 

- -M-"'" fa / ■ 

yn+vt^^ yu+y^i. 

Applying the short circuit to the input, we get 
^ _ 2/22 -( Viily 

<-22 - - j ) • 


*hero (4,) 

Vg 

The four relations Tor the c’s can now be used to determine the 
elements of the equivalent tt of fig. 13.9 c. 

= + = c,, = Yc+Ys. 

From these we find 


■” "" 2^22/^- 
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For some purposes an equivalent circuit based on a constant- 
voltage generator is more convenient. This is shown in fig. 
13.10. Finally, it is worth noting that for the planar grid valves 
used at microwave frequencies is very large, between 100 
and 400, and therefore terms containing Ifix may be neglected. 
The equivalent network reduces to that shovrii in Table 7, 
and the input admittance does not depend on the load. 

In his paper, Peterson gives expressions for the various para- 
meters which are valid at moderate frcquencK'^. These arc not 


yiiji 



Fig. 13.10. Equivalent netwoik tor grouiuled grid tiioclc. 


reproduced here as they do not apply to the regions which are 
of most interest. At high frequencies it is not possible to deduce 
approximate expressions having any general \alidity, and so 
the best technique is to use the curves and data of Table 2 to 
calculate the ^’s for the frequency and geometry considered, 
and to use these values to obtain the icquired results from this 
section. The results for grounded-gnd and grounded-cathode 
circuits are compared in Table 7. 

13.5. The limits of validity of the Llewellyn analysis 

It has been found experimentally that the Llewellyn analysis 
does not give the correct value for the conductance of very 
close-spaced diodes at very high frequencies. vSome of the first 
measurements on this question were made by Smyth, f who 
suggested that the reason for the much higher admittance 
observed was damping introduced by those electrons which 
have only sufficient energy on leaving the cathode surface to 
leach a point in the neighbourhood of the potential minimum 
but not to pass it. A simple calculation Fhows that such 

t Smyth, Nature, Land,, 157 (194b), 841. 
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TABLE 7. NETWORK REPRESENTATION FOR 
HIGH TRIODES 


The networks are valid for all frequencies but the y\ are functions of 
frequency. 



o o 


1. Gioimded 



therefore D=l ^ -v 1 a*. ->oo. 

M2/22 


electrons can liave considerable transit angles and can absorb 
measurable amounts of power. Similar results on triodes have 
been reported by Lavoo,*!* and for extremely close-spaced 
diodes by Diemer and Knoll. J In all cases the observed 

j I^avoo, Pioc. InsL Radio Engn>., N,Y. 35 (1947), 1248. 
t Dieracr and Knoll, Physica, 15 (1949), 459. 
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conductances are greater than theoretical values, the disagree- 
ment being most marked when the conditions are such that the 
potential minimum is very close to the anode. In view of this 
finding, it is very satisfactory that a careful investigation of the 
performance of the Bell Laboratories 1 553 triodo by Robertsonf 
shows that the low-frequency value of the Iransadmittanee 
compares very well with the transadniittance measured at 
4060 Me. /sec. although the input conductance is again con- 
siderably higher than the theoretical value. These experiments 
are particularly important because they ^how that the triode- 
iiiput conductance beha\es in essentially the same way as a 
special test diode with a spacing equal to the 0-00065 in. 
cathode-grid spacing of the triode. The effects due to deflexion 
by the grid wires, irregularity of field, etc., are therefore not 
very important in this particular case. Tl>e inpul siisceptance 
of the triode behaves differently from that of the diode, since 
instead of falling to 60 per cent of the value at current cut off, 
it falls to a much lower value. A correlation l)etweeu the 
depth of the minimum and the (‘athode activity was observed, 
and it is suggested that variations in tlie position and the 
depth of the j)otential minimum (*ause the effect It was also 
observed that the value of //gj beyond current cut-off was 
9000 mhos, insteadof about ISO /xmhos estimated from A grid 

with a mesh instead of parallel wires showed a much smaller 
transadmittance at and beyond cut-off. An investigation 
showed that the effect w^as due to elect romairnetic coupling 
through the grid apertures and not to inductance appearing 
in series with the grid wires whi.di might have inod’ficd 

Experimentally, then, it may be taken as proved that 
Llewellyn’s analysis applies well to the input circuits of valves, 
if the spacing is large in comparison to the distance to the 
minimum, and that it gives substantially correct values for the 
transadmittance. In the case of ^lo-te-spaced valves, the input 
conductance may be much higher than the calculated value. 

Theoretical interpretations of the increased input damping 
have been given, but they do not agree with the observations. 
The main difference is that the increased damping is not 
§ Robertson, Bell Sy\t, Tech, J. 28 (1949), 019, 647. 
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directly proportional to the saturated emission as it theoretically 
should be. Papers by Begovichf and by KnippJ contain the 
most relevant results.§ It should also be remembered that some 
of the damping may be due to series resistance in the core- 
semiconductor interface of the cathode and in the coating 
itself. Finally, because of the practical difficulty of providing 
a good electrical connexion to the cathode and at the same 
time retaining sufficient thermal insulation, there is the possi- 
bility of series resistance and inductance in the cathode lead. 
For all these reasons, departure's from the theoretical values 
arc much more likely to be found in the grid-cathode circuit 
than in the grid-anode circuit. 


13.6. Comparison between grounded grid and grounded 
cathode stages 

Having desciibcd experiments which gi\e a confirmation of 
a considerable part of the Llewellyn analysis, we are now able 
to make a meaningful comparison between the behaviour of 
grounded grid and grounded cathode stages at^ ultra-high- 
frequency and to determine the frequency limitations on the 
performance of both types of stage. 

First, consider some ^approximate expressions valid for small- 
transit angles and large values of anode-load impedance. For 

7 / - 4 - 1 / 

the grounded cathode stage the input admittance is ~ 

Since we are restricting ourselves to large values of /x, 1. 

The input admittance at fairly low frequencies is then 


i e ,U\ I ^ , .3fl\ 

* +1 lo)- 


Q 02 ^0 

For small 6, this is — +/ . But the ordinary mutual con- 

L U 

ductance gm = — input admittance is 

(7 OJ^ 

given by • This is in very fair agreement with the well- 


t Bogovich, J. Appl. Phys. 20 (1949), 457. 
t Knipp, J. Appl. Phys. 20 (1949), 425. 

§ See also, Gray, BellSyst. Tech. J. 30 (1951), 830. 
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known result of Ferris using the small d expansion of all the 

(J Ct)^ 

exponentials. Ferris gives which is easily veri- 

fied by using the correct values of and y^i for 0^ ->• 0. When 
this is done, the leading term in the imaginary part turns out 
to be fCj, C„ = cold input capacitance, instead of ()-6 which 
is the diode value. For the grounded grid, however, the inpui 
admittance . ^ 

The real pari of the admittance therefore dimiiiihhes as the 
frequency increases, according to the Llewellyn theory. We 
have seen that in practice this may not be true, })iit even so 
the increased admittance must be at least 0-1 f/j, to have an 
appreciable effect; whereas in the case of the grounded-cathode 
circuit, the damping becomes objectionable directly it becomes 
comparable with the loss resistance^ of tlie input -tuned circuit, 
i.e. a value of several kl2. 

For large values of 6 the comparison is even more in favour 
of the grounded grid triode, since the in])iit admittance of the 
grounded -cathode stage tends to 

0 0 

0 

For the giounded grid In a sense, the stages have 

changed roles, since the conventional stage is now very heavily 
damped and the grounded-gnd stage lightly dam])ed. 

The transfer admittance is identical for both stages, except 
for the change of sign. 

The output admittances can also be sliovm to be nearly 
identical. For matched input, the grounded-cathode stage has 
an output admittance given b\" 

___ %22(!/iid //21) 

?/22+ 2(^11 + ?/2l)‘ 

Now 3722 =j^^agy normal valves (\g4CaJc' 

capacitative part of y^ is at least 0-0 even for small 0, 


417 


27 



TRIODES AT ULTRA-HIGH FREQUENCIES 

2/22*^ 2(2/11 + Thus The same value holds for the 

grounded-grid stage in the present approximation. 

The last important quantity is the power gain. To calculate 
this we consider a constant-current generator matched to the 
input (fig. 13 . 11 ). The tuned circuits include the susceptive 


Is ] 


L. ■ . 

El 

= \ 



— 0 < 

«v < 

1 




Fiir. I^ojkIccI four pole nel\\ork. 


parts of the \al\e input and output impedances. The loss 
conductances of tlie tuned circuits arc 

load conductance, in wliicli the useful power is dissipated, is gj. 
(^onsider first the grounded-cathode circuit. The available 
power input from the constant -current generator is 


therefore ~ 

-ih 

Tlie output cuiTcnt is then ' approximation 

wo are using the output current divides between g.^ and g^^, 
since ^ pure susce])tance. The power gain is found to be 

.r _ //21 f/L 


For (72 - ( 7 /^, i.e. for maximum power output. 


= 


yi 


The expression for the grounded-grid stage is formally the 
same, as is shown by ecpi. (JO). The difference is the value of 
which in the grounded-cathode ease is determined by the 
required band-width. In the grounded-cathode stage we can 
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assume equal input and output (^\s as a reasonable basis for 
comparison. The overall band-width is then ()-043 times the 
band-width of the individual circuits. Then we have 

_ -A/r;, ^ nAfC^„ 

(I fi4:{ ’ () (>43 ’ 

Then 

For Ihe grounded-giid stage the input l)and-wi(lth is almost 
always tnneh lugger than tlie o\erall hand-width and 






These expressions are ecpial if A/ - 


( 


ifk 


This expression 


ranges in value from several tens to a few liundreds of mega- 
cycles for modern valves. The gain band-width ]»roduct is 
therefore greater for the grounded-cathode stage tlian for the 
grounded-grid stage. In practice, however, this only holds at 
frequencies biifticiently low to allow' pentodes or tetrodes to be 
used, since, at the fre(|ueneies with wliich we are (*oneerned in 
this chapter, it is Jiot possible to neutralize a triode stage of 
the grounded-cathode tyj)e, and the constructional diBieulties 
have so far prevented the use of multigrid valves at frequencies 
above about 500 1000 Me. /see. In s]>ite of the theoretically 
somewhat lower gain x band-width product, the grounded -grid 
stage is seen to have many advantages over the grounded- 
cathode stage, particularly when very wide band-widths, which 
are just beginning to be used in microwave systems, are in 
question. 

To conclude this section we must inquire whether there are 
any other factors which cause the gain of the grounded -grid 
stage U) fall as the frecjuency increases. We have seen tliai the 
input conductance is greater than the calculated value by an 
amount depending on variables such as the cathode tempera- 
ture and dyig, but whose frequency dependence is not known. 
Apart from this, the main reason why the performance of 
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grounded-grid valves falls off is that the circuit losses increase 
at least as fast as/*. Owing to the necessity of insulating grid 
from anode, it is difficult to design the output circuit so as to 
have a sufficiently high Q when unloaded, and the difficulty 
becomes greater as the frequency is raised. It is often found 
that relatively minor changes in anode-circuit design cause 
large variations in efficiency and, if the stated performance is 
not obtained from a valve, the anode circuit is often the cause 
of the trouble. The reader should "consult the papers of Foster,! 
Bell et aL and van der Ziel,! and Volume 7 of the M.l.T. series 
for further practical information on valves and circuits. 

13.7. High efficiency operation 

The work has so far dealt with low efficiency or class A 
amplification. It is an experimental fact that it has not proved 
generally po.ssi])le to operate microwave triodes in the condi- 
tions of high efficiency, known as class B and class operation 
at lower frequencies. It seems to be common experience, how- 
ever, that some individual valves give particularly good results, 
for a very short time. 

The reasons for the failure are not too well understood, but 
some exploratory work has been done by Wang§ and by 
Gundlach,|| while the differential analyser has been used to 
study the operation of the 2039 by Whinnery and Janiie'^on.^ 
In this last study a set of conditions w’^as found which should 
give a power gain of about 9 and an efficiency of 50 per cent 
at 3000 Me. /sec., whereas the 2(\39 does nut yield anything 
like these figures at 3000 Mc./sec., the best valves having 
efficiencies of under 20 per cent. The differential analyser 
study showed one possible reason for the discrepancy, namely, 
that many electrons acquire a large velocity component parallel 
to the cathode surface, since the grid-cathode field is decidedly 
non-uniform. If conditions are unfavourable, many of these 
electrons are turned back to the cathode after having reached 

t Foster, J. ElecL Engrs. 93, pt. iii\, no. 5 (1946), 868. 

j Van der Ziel, PhiUps Res, Rep. 1 (1046), 381, 

§ Wang, Proc. Inst. Radio Engis.y N.Y. 28 (1941), 200. 

II Gundlaeh, Funk u. Ton, nos. 8, 9 and 10 (1948), 407, 154, 516. 

Whinnery and Jamieson, Ptoc. Inst. Radio Engrs., N.Y. 36 (1948), 76. 
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a point in the vicinity of the grid. These electrons constitute 
both a loss of energy, which appears as excessive cathode 
heating, and a diminution in the working current. 

Another point of difficulty is that the output coupling factor 
would be very low if the output voltage swing reached class C 
conditions. For higher efficiency the electron ‘bunch’ must 
reach the anode when the instantaneous anode voltage is not 
much above the instantaneous grid voltage. This means that 
the average electron velocity might be five to ten times smaller 
than in the class A triode. This, in general, would mean a 
serious reduction in the value of the output coupling factor. 

The most fundamental difficulty is that the angle over which 
the electron flow is allowed to take place cannot be reduced 
enough to attain really high-efficiency o])eration. The angle of 
flow should be of the order 60-90° for class V conditions, but 
if this angle is made smaller than the cathode-giid transit 
angle, the fi(*ld will change direction before the electron ‘bunch’ 
reache\s the grid plane and the bunch will be retarded, and 
may even be returned to the cathode. The best operating con- 
ditions are therefore those for which the fiow angle is somewhat 
greater than the cathode-grid transit angle. If the latter is 
much more than 60°, class (' operation will not be attainable, 
and we must therefore conclude that the highest frequency 
for which a particular valve will operate in class C is con- 
siderably lower than the fre(][uency at which the class A per- 
formance of the same valve shows a marked deterioration. 
Taking the as example, the tube will give 70 per cent 

efficiency at frequencies uy> in about 500 Me. /sec., 50 per cent 
at 1000 Me. /sec., and onlj 10-15 per cent at 3000 Mc./sec, 
At higher frequencies the performance deteriorates very 
rapidly. 

Lastly, as the frequency is raised, it becomes more and more 
difficult to make the circuit losses sufficiently small to allow 
high-output amplitudes to build up. This is partly because the 
circuit becomes worse as the fre(}uency increases and partly 
because of the above-mentioned decrease in the working cur- 
rent which means that a higher impedance is needed to match 
the valve. 
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13.8. Noise in ultra-high-frequency triodes 

To conclude this chapter we give a very brief outline of the 
noise behaviour of ultra-high -frequency triodes. Strictly speak- 
ing there are two distinct aspects of the behaviour which we 
should study, first, the behaviour of common cathode triodes 
(or, in practical circuits, ])enlodes) at frequencies sufficiently 
high to cause a real component in the tube-input impedance, 
and secondly, noise behaviour of grounded-grid triodes at 
microwave frequencies. To save space we refer the reader to 
the excellent treatment of the first subject given by Schremp, 
Twiss and Beers, f and merely (piote the results for the noise 
figure, which arc: 

Common ca t liotlc ; ii.f. = 1 + 4 1 ^ ^ I \ (43) 

'/« Ha Ha 


(Grounded grid: ii.f, = i -h 


Hi •'>.7r , JieQl‘‘^\X,+HAl 

Ha Ha !/«(M+1)“ ’ 


(44) 


wliere a(Tial conductance, 

[fj - tnirisit time conductance, 

— noise ecpiivahmt resist «ince of ^ahc. 

These are practically idenlical, unce 1, for all useful valves, 
but it must be remefubered that the \aluc of r/^ is uoi tlu‘ 
same for the sanu' \al\e in diHerent circuits and, in fact, 
(j^ is iiegati\ e, in the Llew ellyn approxiinat ion, for tJie groundeii- 
grid stage. In practice, the grounded-grid lube tnay be worse 
than the grounded -cathode stage because the j)owcr gain may 
not be suflieiciit to make the second stage Tioise negligible, 
particularly for not loo large a band-^\idlh. Beers and Twiss 
give the following figures for twc) 0»]4 stages: 

Neul ralized triode-grounded grid, / - ISO Me. /sec., 

A/ - N,K = h odb. 

(Jrounded grid-grounded grid, / — ISO Me. /sec., 

A/= 2-5, N.F. =- 7 0 db. 

In this case the band-width is rather small in comparison with 
the mid-band frequency, and a larger band-width would reduce 
the difference. To conclude this part of the discussion we point 


t Vol. 18, M.I.T. sciies. Vacuum Tuln Amplifiers, chaps. 12 and 18. 
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out the fact, originally noted by Strutt, that once the input 
impedance departs from a pure reactance it is possible to 
improre the noise figure at a slight loss of signal by slightly 
detuning the input circuit so that there is «t small net capacita- 
tive susceptance, i.e. the circuit is tuned to too low a fre- 
quency. By this means the phase angle between the noise 
voltage induced in the grid circuit and the noise conduction 
current in the anode circuit can b(‘ adjusted so as to minimize 
the noise figure. 

Now consider much higher 
fiequencies. In spite of its 
inade(|uncies the lJe\^ellyn 
Rack analysis i'^ the onl> useful 
tool for this A^ork, and v\e appl^ 
it to the triode of i\<x. i:klJ, 
considering the short-ciicuit 
conditions, i.e. we assume that 
there are large capacitance's 
connected from grid to c<ithode 
and from grid to .mode. The 
analysis of cmh then be 

a])plied to give the initial \(*locity \ariation at the plane of the 
niiniinum, and the Lle^\ell^n ecpiations then >iol(l 


Mjn 

A' I > 



/ 1 


la 1‘2. Notalioii 
loi iioi^o Jinal\sis. 


A., 




U-lii I I’ 

~ir 


From tlie grid-anode i*egion \^e have 


hn = h 




This expression allows us to evaluate the noise current induced 
in the grid-anode circuit when no external n^ise sources are 
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connected to the valve. The general expressions are very com- 
plicated to handle, and we can only deal with the special cases 
of very small or very large transit angles here. 

For small-transit angles (always assuming C = 1 for the 
cathode region), ^ j 

Jil Vi 

„ G.Oi Ml 


For large-transit angles, 


K - -e 


3<h 




(46) 


(^ 7 ) 


In the second region it is usual to take ^ == 0 , and for most 
practical tnodcs the transit angle from grid to cathode is 
rather small. Tlien u / o/j . 

and ejA^ = 0 . For ^ small but not zero 



For microwaves the value of transit angle in the grid-cathode 
space will assume a value which is intei mediate between the 
cases considered, since it will be of the older tt radians. For 
this case it is better to go back to the original expressions and 
plot curv es gi\ ing the variation of the required quani ity . How- 
ever, as an example we evaluate the mean square noise current 
when 6i is large and 62 small. For this case 




(50) 


= 2e/r2A/, 


where 


(61) 
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Here we have used the results for vj and FJ derived in § 8.4. 
It can be seen that the space-charge smoothing factor decreases 
as the transit angle from cathode grid is made larger, as we 
might expect. Many other interesting relations can be derived 
from the Llewellyn noise analysis, but the experimental data 
on the noise performance of triodes at microwave frequencies 
are rather meagre, and it would be unwise to proceed much 
further until it has been established whether the theory is in 
reasonable agreement with careful experiments. 
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TRAVELLING-WAVE TUBES AND 
BEAM INTERACTION TUBES 

We now proceed to discuss two of the more recent develop- 
ments in ultra-hii^h-frequency am])lihers. The travelling-wave 
tube was invcmled by Koinpfner at Birmingham and Oxford 

Universities during the 1939 15 Mar, and was then brought to 
a useful stat(‘ of development hy Bierce at the Bcdl Laboratories 
in 1915 9. The second type of tube, in wdiich there is no 
circuit, but simply two interacting electron beams, seems to 
have been invented simultaneously by Uaeff at the U.vS. Naval 
Besearch Laboratory and l)y grou])s at the R.O.A. and Bell 
Laboratories. A large amount of theoretical and e\[)erimental 
developinent has by now bc‘en a])])lied to the travelling-wave 
tube, and it is ])ossibl(‘ to give a fairly vvt^ll-infonm^l a])])recia- 
tion of its practical advantages and disadvantages. The beam 
interaction tube has not been so deej)1y studied, and its future 
uses are a mat tea* for speculation, but the principle's usc'd are 
of gr(‘at interest and may have considerable bearing on the* 
subjects of noise, oscillation build-up in magnetrons ajid 
galactic radio noise. A brief account is thus worthy of in- 
clusion here. 

14.1. Travelling- wave tube. General description 

In the eha])ter on velocity-TUodulation devices we saw that 
there are rather stiingent limits to the useful length between 
the two gaps of an amjjlifler, caused by space-charge re])iilsion 
betw'cen the bunched electrons. Some of the deleterious effects 
of space charge can be overcome by using more than two gaps 
with their associated resonators. Since the resonators have to 
be tuned, rather accurately in most cases, such a scheme 
rapidly becomes too eomj)lieated, and in ])ractice not more 
than three or four gaps can be used. Kompfner started with 
the idea of increasing the number of gaps without limit, so 
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that the electron beam mo\ed in a continuous b.f. field, and of 
eliminating the sharply tuned resonator. This done by 
enclosing the beam in a wire liclix, on which thi‘ h.f. field pro- 
pagated in the direction of the beam. Without any elaborate 
mathematics it can be seen that, for a liedix of mean diameter 
d and t turns ])er cm., the wa\e must jnoxe rrdl cm. on the 
wire to advance 1 cm. axially. The velocity com])oiieii1 is 
therefore reduced to approx'. cjTrdt cm. /sec. and if 7 rrf/-i= 10 , the 
beam velocity will bo equal to the comjmnent of the wave 
velocity for a \oltago of about kV. It is thus ])ossible to 
obtain a condition in which tl)e electrons tra\cl at very nearly 
the directed W'a\e \clocity, eAcn lor modercilc h.t. ''oltages. 
When this is the case the electnnis travel in a h.1. field whicli 
varies siiuisoiflally at th(‘ impressed Irecjnency but which is of 
constant amplitude. The electrons which enter the helix, when 
the h.f. field at the entrance to the helix is acci^lerating, tend 
to catch up the electrons whicli entered earlier. Hunches there- 
fore tend to form about the electrons \vhi(*h enter as tlie h.f. 
fi(*ld changes fioin lU'gatixe to positive. If the beam velocity 
is not exactly ecpial to the wave vi'locity tlu^ Inimdies, when 
formed, will travel slowly through the h.f. field, and it may be 
(‘Xpected tliat if they go forward tliroiigh tlu' field, the field 
will gain energy from the beam, thus aniplifving the lu^lix 
wave. (Wxersely, if the beam falls back with nxsjiect to the 
field, the field w'lll give more energy to IIk' b(‘am, and the h 1 
wave on the helix w'ill b(' attenuaied. 

It is not too easy to form a mental ])icture of this process, 
since it would appear that the biinchina and energy conversion 
processes should occur simultaneously and the d('\ ice should 
therefore fail to function. Analysis shows that the cuergy 
given to the beam near the input is sufficient to attenuate the 
exciting wave fairl^y^ rajiidly. Bunching tlien takes place in a 
substantially field-free space, un<l at the end of this space the 
bunches create a new field, in ])hasc with their centres, which 
grows exponentially in the direction of the beam and at the 
same time lends to restore the beam to the original unbiinched 
state. This account of the process is made moic realistic by 
the fact that some modern tubes actually have a large, lumped 
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attenuation, one-third to one-half of the way along the helix. 
If such an attenuation is greater than 60 db. the circuit behaves 
much as though it were in two separate parts, with matched 
terminations at the attenuator and input and output trans- 
formers to the drive and load. Actually, it will be shown that 
there is not one wave on the helix, as we have assumed above, 
but four. Three of these propagate in the direction of the 
beam, and the fourth in the opposite direction. Only one of 
the forward waves is eventually amplified, the others merely 
help to satisfy the boundary conditions. I'he existence of the 
backward wave means that the travelling-wave tube can oscil- 
late if the loop gain is high eiiough, even if there is no mis- 
match at the output. It will be shown that attenuation in the 
helix is necessary if the tube is not to self-oscillate at very 
moderate values of forward gain. Al first sight jt seems wrong 
that introducing attenuation should increase the gain. In fact, 
it does not do so, but it allows the beam current to be so much 
increased that the loss due to the attenuation is more than 
compensated and an improvement in forward gain results. 
It is easy to see that this can be the case if a lumped attenuator 
is considered, lor it is clearly possible to locate this at a ])osition 
where the in])ut driving ve has been attenuated to a negligible 
amplitude by interaction with the beam. The lumped attenu- 
ator then has practically no effect on the forward wa\e but a 
marked effect on tlie backward wave, and the gain can be 
increased by increasing the current or the length of the helix. 

The original tubes made by Komxffner were without attenua- 
tion and used very low beam currents. These tubes gave some 
gain and an indication that the noise figure was not too high, 
but they w'ere of no value from an engint'cring viewpoint. 
Pierce designed the first useful tubes using much higher beam 
currents and attenuating heliees and soon realized that the 
most important practical feature of the travelling wave tube 
was the enormous band-width over which amplification can be 
obtained. Improved designs for the devices used for coupling 
the input and output to the helix have been developed, and 
to-day travelling-wave tubes with band-widths of 1400 Mc./sec. 
at a centre frequency of 4000 Mc./sec. are av^ailable. It should 
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be stressed that these band-widths are a property of the helix 
and not of the travelling-wave tube in general. Other circuits 
which have been suggested for travel ling- wave tubes do not 
exhibit this feature, but some have other valuable properties 
such as much increased capability of dissipating power. 

Fig. 14.1 shows a typical helix circuit travelling-wave tube 
using wave-guide input and output. An electron gun produces 
a beam which is prevented from diverging by an axial magnetic 



field produced by a long solenoid surrounding the travelling- 
wave tube. The helix is coupled to the guide by means of some 
kind of transformer, many examples having been described. 
A similar transformer couples the other end of the helix to the 
output guide. Beyond this point the electrons are removed by 
some form of collector, which may be air- or water-cooled. 
Tubes of this type arc capable of outputs up to several watts. 
The efficiency, expressed as the ratio outi)ut-power/beam d.c. 
power, is 2-5 per cent; but the power required to o])erate the 
solenoid is large, and the overall efficiency may be about half 
these figures. The gain is a function of the output power, 
being lower for high powers. Typical figures for the 4000 Me./ 
sec. band are 25- .‘10 db. for a lOO mW. valve, 15 -20 db. for a 
1 W. tube, and less for st ill higher powers. 

These figures are for valves essentially designed as output 
amplifiers. An input amplifier would be designed differently, 
as the gain per unit current is then the main noise determining 
factor. 
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We may summarize the properties of the helix type travelling- 
wave tube and compare them with other ty])es of ultra -high- 
frequency amplifier as follows: 

Travelling- wave 


Properly 

tube 

Triode 

Klystron 

Gain 

Fair 

Fair 

(iood 

Band-width 

Excellent 

Fair 

Poor 

Voltaji{e 

Medium 

Ltiw 

Mcdium-lo\^ 

Oiitpiii 

Medium 

Medium low 

Good 

Noise 

Fair 

Fail 

Very poor 

Elliciency 

Poor 

(iood 

Fair-ftood 

Bulk 

Very jioor 

(>ood 

Fair 

Weiftiit 

Very poor 

(hiod 

Fair 


For other travelling-wave tube circuits the relative assessments 
would be diflerent. The above table indicates that tra\elling- 
wave tub(‘s are more uscTiil in fixed ground stations than in 
mobile ones, and tliat band-width is the main adxantage. 
Travelling-w"a\e tube amplifiers oft(‘n ha\e hand-widths 
greater than the associated wa\ e-guide eomponeiits, etc., and 
it is therefore difficult to use them to the best acUantage. 

14.2. Theory of travelling-wave tubes 

As in the case of velocity-modulated tubes, two types of 
theory have been a])plied to the ira\ elling-wavT tube. The 
first consists in the a])plication of Maxwell’s eipiatioiisf to the 
tube, which is divided into two regions, one of which contains 
all the charges, the other being charge tree. Matching condi- 
tions at the boundary between the charge-containing region 
and the second region iletermine the observed values of the 
fields. Theories of this type ha\e the ad\antage that they are, 
in priiicij)le, capable of including all tlu' relevant phenomena, 
space-charge effects, transverse fields, magnetic effects and so 
on. Against this, the amount of work in obtaining useful 
solutions is very large, and it has to be repeated each time a 
new physical phenomenon is included in the analysis. Dynami- 
cal theories, essentially similar to the theory wo developed in 
( Chapter 12, are less general, but they give results for much 

t Hulin, Gen. Elect. Rev. 42 (1939), ‘i-iS, 497. H>dl)ec*k, Ei lesson Technics, 
no. 46 (1948). Cliu and .Jackson, Proc. Just. Radio Engrs., N.Y. 36 (1948), 853. 
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less work, and new physical situations can be included in the 
initial solutions by perturbation methods or as fairly simple 
extensions of the theory. From an engineering viewpoint the 
dynamical theories seem to offer very many advantages and 
will therefore bo adoptc'd here. The dyjiamical theory divides 
naturally into two parts, the calculation of the effect of the 
field on the beam, and th(‘ calculation of tlie reverse effect, 
the fields induced by a given system of charges. The calcula- 
tion of the field system produced by a gi\eii circuit appears as 
a third distinct ])rohlem. 


14.3. Electron beam in an extended field 

Let us now introduce tlie necessary not at ion. Diiect-current 
quantities are denoted by capital let bus and the s’dliv 0, i.e. 
/j,, IJ,. The corres] Hauling a.c. quantitii^s an' given the suffix 1. 
The ])ropaga1ion constant is V ~ ^ ~ aUenuation con- 
stant, /? - tohi - phas(' conslant, (i^ - “ f>hase constaiit 

for the electrons. is used for the propagation constant of 
the helix vvdth no beam. We use to mean the initial charge 
per unit beam length, instead of the (‘harge d(‘nsity which it 
normally denotes. Thus We now consid«M’ a one- 

dimensional system. At any ]>oint along the beam we have 

u = l-UiC p - 

and i — ^ qe 

We now' make the assumption which limits us to small 
signals but also gives us the great advantage of handling only 
linear ecpiations. This assuin])tion is the neglect of cross- 
products of a.c. quantities so that we ])nt 

'i ■- («oPi 

Next wc ralculatc' tlie a.c. (jiiantities using tiie equation of 
motion and the equation of eontinuiiy: 


(hi 

di 




( 1 ) 


<)(pa) 'dp ^ 
'cz '('t 


4:n 


( 2 ) 



TRAVELLING-WAVE TUBES 


Further, the derivative in eqn. (1) must be taken along the 
trajectory of the electron, so we have 

d _ d d 
dt 

(3) 

Then 

(4) 

Using our approximate in (2), wc get 


t'l'x . 

(5) 


Carrying out the indicated differentiations with res])ect to 2 , 
and solving for and the following results are obtained: 


-= 


- E(z) 
m 

(yoi-lX)’ 


Pi= -} 


r/x 


(«) 


When these are inserted into the original e\presxsion for ?i, 
there results 


'\ •' u) I u?A Hwiu,,)- r\’ 


4\Mu„)-r]’ 

or, putting z/g ~ 2(c//w)fJ, and w/uq = j8^ and rearranging 

_ fp, r,K(z) 

2K„ • 


(7) 


We may, if we like, insert E(z) — —dVI'ch - TV into eqn. (7) 
to yield )T^P,TV 


= 


•^VoUPe-iY 


(8) 


Eqn. (8) is of some interest because the parameter HJdV is of 
the nature of a generalizc'd mutual conductance. 

Eqns. (7) and (8) are the fiist major results of the theory 
since they give the ladio-frequcncy current as a function of the 
impressed field. We next have to obtain a relation giving the 
field at any point along the circuit due to an arbitrary distri- 
bution of current in the beam. This can be done without 
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reference to the actual circuit geometry by assuming a coupling 
impedance relating the axial field component to the current in 
the circuit. The determination of the coupling efficiency 
depends, of course, on the actual geometry of the circuit. 

14.4. The reaction of the beam on the circuit 

In fig. 14.2 we show a line of length /, terminated at either 
end in the eharacteristic impedance. A generator is loeat('d at 



rig. 14 2. A lino ovoitod b> a distiihiitjon of ourronl soiiroc*. 


the origin, and in addition the line is excited by an arbitrary 
distribution of sources of intensity Consider the field 

at a plane a. There are three field components, the field at a 
due to the generator the part of the field f)ropagating to the 
right from all the sources between O and and last, the parr 
of the field pro])agatjng to the left from the sources between 
a and Z. Therefore 

E{a) = A\e + J -'rfz. 

Differentiating twK'e, we obtain 

-T%E{:^ = -r^A(z), (9) 

together with the appropriate boundaiy conditions. Now when 
the beam is present d^E{z)jdz^ - T^E(z) so eqn. (9) becomes 

(P-rg)^?(2)--ro^(2). (10) 

We next introduce our coupling impedance by putting 

^(2) = - nZt,, 

or (n-rg)^(2) = r„r2Zii. (ii) 
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Eqn. (11) is the complement of eqn. (7), so the problem is 
reduced to finding the values of F which satisfy these two 
simultaneous equations, therefore 

i,z^jr^-ri){jp,-rr 
2 % r„r*ji8, • ' ^ 

Before discussing the solution of eqn. (12) we must digress 
for a moment to discuss the validity of the reasoning leading 
to eqn. (11). The derivation has tacitly assumed that, even 
when the beam is on, all the inodes of propagation are ‘active’ 
ones, that is, that they extend throughout the length of the 
helix. This is approximately true for small-beam currents and 
small gains, but it is not true in general. When the beam is 
dense and the bunching pronounced, it is not possible to expand 
the expression for the exact shape of the radio-frequency cur- 
rent wave in terms of the active modes alone. The ‘passive’ 
modes, which attenuate rapidly with distance from the point of 
excitation, must also be included. The situation is analogous 
to that met in wave-guide theory vhen it is desirefl to find the 
effect of a sudden discontinuity, such as an iris or a stub. 
An expansion in terms of active modes alone will not represent 
the field correctly, or,^more strictly, the boundary conditions 
cannot be satisfied at the discontinuity by such an expansion. 
The passive modes have to be included and can be represented 
by a lumped susceptance at the discontinuity. In the same 
way the passive modes contribute a lumped susceptance term 
to eqn. (11) in the travelling- wave tube. The mcagnitude of the 
term depends on the beam current, and for small currents we 
can neglect it for the moment. The effect of the correction will 
be considered later. 

14.5. The solution of the propagation equation 

Since eqn. (12) is of the fourth degree there are four waves, 
as we said in the introduction. In the solution of eqn. (12) we 
are guided by the fact that we wish to find a wave which shows 
amplification when the electronic velocity is about equal to the 
unperturbed wave velocity, i.e. Fq ==jj8g. Let us start by putting 
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^0 r* = C- Putting IqZIWq = (7®, following Pierce, t 

we get 

2C3= 

But and l<2jp„ 

therefore C = (.-j)^P,0- ^13) 

Pc 

Inserting the three roots of ( - j) we olitain 

Iberefore *’■ +?)-'*'!**] . 

therefore + 2 ) + '^' 2 ^ 1 ■ 

^3 = ^/K3)> therefore Tj =i3,| j(l + f ')]. 
and, if these are put back into the original equation, we find 

^ 4 = t therefore ^4 - ^ j|. (15) 

It must be remembered that is usually quite small, so that 
C^C^, Eqn. (14) shows that P^ is an amplified wave since 
-^c(Pi) negative. The phase velocity is very little different 
from that of the unperturbed wave. Tg has the same velocity 
as Fi but is attenuated at the same rate as F^ is amplified. 
F 3 tra\els slightly faster, but its amplitude does not vary along 
the circuit. The fourth wave F^ is in the backward direction 
and its velocity is very nearly that of the uni)erturbed back- 
ward wave. 

These solutions relate to a very special case, and we now 
seek to extend them. Accordingly put F^ = a. This 

means that the circuit has an attenuation of a nepers per unit 



t Pierce, Proc. Inst. Radio Kngrs., N.Y. 35 (1947), 111. 
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length, and that the electron velocity is no longer equal to the 
velocity of the free wave but departs from it by an amount 
proportional to b. Both a and b are considered small compared 
with Pg but not necessarily smaller than P^C. Putting these 
expressions into eqn. (12) we obtain 

^ ^ - “) +jb +® 


or, approximating, 


= iHK-b+ja). 

(16) 

Rewriting, we obtain 


C^+^^{a+jb) + {MC») = 0. 

(17) 


If we putt y = C + ill (17) we find 




(18) 


When (a + jb^y <jPgC^, the solution of eqn. (18) is very closely 




y==(-j)*PeC, 


or 


11 

1 

! 


Then 

11 






(19) 


with corresponding expressions for the other waves. Eqn. (19) 
shows an interesting fact, namely, that only one-third of the 
total attenuation present in the circuit appears in the expression 
for the negative attenuation of the amplified wave. While the 
numerical factor is not, in general, one-third, only a fraction of 
the attenuation is found in less restricted expressions for Pj, 

fThis substitution is simply the first step of Tartaglia's method for 
extracting the roots of cubic equations. See any good text on liigher algebra. 
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which we now proceed to derive. Returning to eqn. (17), put 

^ = tt tjv, 

then 


+ Zju^v — —jv^ + + 2juv — v^) {a + jb) =• 0. 

Equating real and imaginary parts 


{u^ — v^)(ii-\-a) — 2nh(v + b) = 0, | 

(u^ — v^)(v-\-h)-i'2uv{u-\ a) = 


Since all the terms on tlie left-hand side ai-f^ of the third order, 
we can plot these relations conveniently in units of j8, C, starting 
from the approximate values for a and b small. 

Piereef has done this, and his eurv es ( Fig. 14 . 3 ) show a number 
of interesting points. First, the form of eqn . ( 1 9) is not generally 
correct, since the variations of b aflFeets the real part of as 
well as the imaginary part. This is particularly noticeable for 
a = 0. In this case i?^( Fi) falls sharply to 9 at 6=1-9 j8^6\ 
When a=t=(>, the tube continues to amplify, though with very 
small gain, for much greater values of 6, up to apjirox. 5 
As one would expect, eqn. (19) gives much better values for 
/,„(Fi) than for /?^(ri), and the general behaviour of /^^(Fj) is 
that predicted by eqn. (19). Actually, for tlu* special ease a = 0, 


a better solution to eqn. (18) is y = 



This 


makes the forward gain zero for 6 = 2-4 which is not very 
different from the more correct value given above. We may 
supiiose that the general form of F^ is 


ri 




where ki and fcg constants. It is unnecessary to discuss the 
precise values of F^ more closely since the whole derivation is 
approximate, and it is not worth while solving the equations 
more correctly until more of the physical phenomena taking part 
in the operation of the tube have been included in the theory. 
To summarize the results of this analysis, the interaction 


t Pierce, loc. cit. 
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Fip 14.3. Propagation constants for dri\on waves (a) Heal 
and iniaKiiiary parts of propagation t*onstants when the circuit 
attenuation is itero. {b) Heal jiart for a 0 5. (c) Iinapinary parts 
for a 0 5. Data Irom J. H. Pierce, Proc. ins/. Radio Engrs., 
iV.y. 35(1947), 111. 
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of the beam with the field causes the original unperturbed 
wave system to break up into a system of four waves, three 
forward in the direction of motion of the beam, and the fourth 
in the opposite direction. It must be emphasized that this 
wave is quite independent f)f matching; a mismatch at the out- 
put will modify the amplitude and jJiase of the backward 
wave, but in no circumstances can the backward wavo je 
eliminated over a wide band of frccpiencics, althougli cancella- 
tion is possible over a narrow band. 


14.6. The initial amplitude and the gain 

We must now discuss the auiplitudc of the waves set up at 
the input. As yet we ha\e no knowledge of how the input 
power divides between the forward wavv‘s. The ‘inswer to this 
problem is contained in the initial conditions for the ditferential 
eqn. (9) and in eqns. (7) or (S). We assume that the backward 
wave is veiy small at the input. The tirst condition is that 

+ a;, ( 22 ) 

where A, = amplitude of the impressed wa\e. From eqn. (7), 
as the conduction current is zero at tlie irijmt, 


a 



(23) 


Also the radio-fre(pien<*y velocity is zero at tlie input, so from 
the formcT of eqns. (O), 


c. u t. 


(24) 


Rome lengthy, bnt straightforward, algebra leads to the solu- 


tion for £■], 


^1 = 


K, 


(26) 


The values of E^, and ^3 are obtained hy i)ermuting the ^’s. 
Using the first approximations to the ^’s, gi^ en by eqns. (14), 




E, 


1 -h 


1 

M)-i \ 
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E 2 and £?3 are also equal to Thus at the input, the ampli- 
tudes of the three waves are equal. As the waves and beam 
move along the helix, E^ increases in amplitude, E 2 decreases 
and E^ remains the same. After a distance still using the 
first approximation. 



so that if z is large, the first wave will be very much larger 
than either of the others. Since the circuit is continuous, the 
input and output impedances are equal, and the power gain is 
simply 

Cr = 20 logiQ , Ay = field at output. 

For large Eq = E ^ , therefore 

a = [20 logio 3 + 47-3 X db. 

= [4lCL-9-54]db. (28) 

where L - coIjuQ = normalized helix length (see Chapter 12 ). 
Eqn. (28) is accurate for a long, loss-free helix when the electron 
velocity is near to the free-wave velocity, i.e. it is the maximum 
gain for a long loss-free helix. 

When the lielix is not free from loss, and the beam velocity 
is not adjusted for a maximum, eqn. (25) still holds but eqns. 
(26) and (27) are, naturally, no longer correct. Using eqns. ( 20 ) 
we easily find the gain for a long tube, 

O = 47-3ttCL- 201og,o 1 - y* 1 - db. (29) 

bl 

Using the approximations leading to eqn. (19) we can obtain 
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the following result for the value of | | : 



(7 = 47-30Z-^-®®“^ 
3 


'ipeC /’ 

oni . b-J(3)a 

mo ^ 


( 30 ) 


a* 4 6® 

2mo 



For a = 0, eqn. (30) makes the division term —9-54 db. for 
6 = 0,— 6*36 db. for 6=1 and — 1 1*74 db. for 6 = — 1 . These 
figures agree well with those obtained from the more accurate 
expression (29). Eqn. (30) can therefore be considered as valid 
for a and 6 between ± jS^C'. The term 8*66tt//3 is one-third of the 
forward attenuation when there are no electrons flowing. 

We have now completed the calculations giving tlie gain as 
a function of the helix parameters a and 6 and the beam para- 
meter (7, in which everything is knoMn except the coupling 
impedance Z, As yet there appears to be no limit to the gain 
which can be obtained as we increase C. This is not the case, 
because the backward wave sets a limit to the forward gain, 
since if the loop gain is sufficiently great , the valve will burst 
into oscillation. 


14.7. The limit of gain and oscillation 

The conditions for oscillation in travelling-wave tubes are 
those found in all feed back amplifiers, viz. that the loop gain 
must be unity, and the ])hase change between in]>ut and feed- 
back must be 27i7r. The tota^ power feed-back is the vector 
sum of the component due to mismatching of the output circuit 
and that due to the backward wave. The tw^o components can 
be made to cancel at a definite frequency, but it is not, in 
general, possible to achieve cancellation over a broad band. 
The question of oscillation is rather intimately tied up with 
that of band-width, since the power feed-back from the mis- 
match increases as the frequency departs from the mid-band. 
If the reflexion coefficient at the mid-band frequency is 0*02 
(V.S.W.R. = 1*02) the reflexion coefficient at the half-power 
points will be 0*18, or about 4 per cent of the power reaching 
the output will be reflected back to the input. In a tube 
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without added attenuation this would mean that the gain 
would have to be restricted to about 13 db. if the whole band- 
width of the output circuit were to be used. If attenuation 
were inserted, the gain could be increased, at the cost of using 
more current, to approximately 13 db. plus the inserted 
attenuation. Actually matters are not quite so happy, but it 
is a fact that the addition of attenuation does permit higher 
useful gains. Introducing attenuation is not the only method 
of increasing the stability of travel ling- wave tubes; another 
expedient which is often useful is to choose the circuit dimen- 
sions so that it is dispersive, i.e. the })hase velocity becomes a 
function of frequency; by this device the gain at a fixed voltage 
can be reduced for frequencies beyond a desired range. In 
some types of circuit the dispersion is so great fhat the band- 
width is reduced to values which are loo small to be useful. 
An example of this type of failure is the disk- loaded circular 
wave-guide. 

Let us now take up the discussion of the backward wave. 
The simplest method of obtaining the amplitude of the wave 
sent back to the input is to return to th(‘ integral equation for 
the amplitudes of the waves, the equation before eqn. (9). 
The amplitude, observed at the input, of the backward wave 
is the last term with a — 9, that is. 


Putting in tlie values of A(z) and i from eqn. (7) we obtain 

2joO-iS,-r)2-2ro*'“^ ^ 

We now use eqn. (12) for /qZ/2Pq = 2C“, to obtain 




if(r-ro)(r+ro) 


But 




E(z) 

(33) 


442 



THE LIMIT OF GAIN AND OSCILLATION 


therefore f S e-<r.+r.)*d2 

®Joi lo 

V 3 p __ p 

= « S V " (e-**! »+!'•> -1) 

A 0 


_ fc;r® r„-r„ 
6Li r; 


0~^(I « f I'o) 


r r« J' 


(34) 


For the special case of beam velocity equal to the unperturbed 
wave velocity and zero attenuation, the second sum is identically 
zero. Also, since only the current at the output end makes a 
contribution, it will usually be sufficient to consider only the 
amplified wave. For this case then 




« To 


0— 7(I’ot I i) 


But is the out pul wave Eq, therefore 

A;,iro-r, 

1 I ^Fo i’ 

201«gi„j^H = 0 + 20log,„Q. 


(35) 


Since the tube will just oscillate for | E^j^lE^ | = 1, the condition 
on C for oscillation is that 



(36) 


For a gain of 13 dl)., eqn. (36) gives C = 0-447 (which is much 
larger than is used in the small-power tubes made as input 
amplifiers). If such ( ’ value is obtained, eqn. (36) shows that I 
cannot be increased lo give more than 13 db. gain without 
oscillation. A comparison with the figures obtained at the 
beginning of this section for oscillation due to mismatch indi- 
cates that oscillation will usually be due to the latter and not 
to the fourth wave. When attenuation is added, it is easy to 
see that the equivalent of eqn. (36) will then permit much 
bigger values of C or that there will be much less feed-back 
for a given C. However, the mismatch power is also attenuated, 
and the ratio of mismatch power to fourth wave power will 
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be more or less constant. In this case also oscillation is likely 
to be due to mismatching. In some cases radio-frequency 
power may be transferred from the output to the input by 
modes of the helix and, possibly, any surrounding metal tube, 
other than the slow waves which are desired. 

In the above we have assumed that oscillation is an undesir- 
able feature of the travelling-wave tube. In some cases it may 
be useful to make a travelling-wave tube oscillate to act as a 
source of power. For instance, it has been suggested that the 
travelling-wave tube may be a better solution to the local 
oscillator problem at millimetre wave-lengths than are the 
reflex klystrons now used. The travelling-wave tube may be 
made to oscillate by mismatching or by providing a feed-back 
path external to the tube. The latter solution is obviously 
more desirable. The difficulty is that the feed-back path must 
be so arranged that the rate of phase change with wave-length 
is equal and opposite to that in the travelling- wave tube, so 
that the phase condition for oscillation can be satisfied over a 
band of frequencies. Since the travelling-wave tube circuit is 
many wave-lengths long, this is not easy to do. If the travelling- 
wave tube circuit length is I and the phase velocity V, with 
feed-back path UX we must have 

r 

+ 2ttL' f </> = 2ttN, iV = an integer, 

where <j> is a correction term due to the couplings. If w is 
changed to co -I- Aco, 

Acii - -f 27rAZ/' = 0 or A/- -i- AL' = 0, 

V V 

therefore (37) 

df V 

If i = 30 cm., V = c/20, eqn. (37) shows that the external feed- 
back path must change in phase by 360° for a 50 Mc./sec. 
frequency change. Such a figure is rather large to be con- 
venient for a wave-guide feed-back path and rather small for 
a resonant feed-back path. It was assumed in deriving eqn. 
(37) that the circuit was not dispersive over the frequency 
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band considered, i.e. that the phase velocity is independent of 
the frequency. 

For more details and some estimates of performance for 
travelling-wave tube oscillators, the reader is referred to a 
paper by Dohler, Kleen and Palluel.f Another treatment, 
using a very different approach, has been given by Van 

Iperen.J 


14.8. The efficiency of travelling-wave tubes 

The efficiency of the travelling-wave tube is very easily 
evaluated if we assume that the maximum permissible power 
input and the circuit impedance are given. The gain is cal- 
culable from the theory already discussed, and the efficiency 
follows. To calculate the maximum efficiency a more refined 
analysis is necessary in which large signal effects are included. 
Before discussing such a theory we can derive a very simple 
result due to Pierce. Assuming that the maximum alternating 
conduction current just equals the d.c. beam current, an 
assumption which is made plausible by considering that if this 
limit is exceeded the electron motion becomes considerably 
more complicated, we obtain from eqn. (7) 

( 38 ) 


From the definition of the coupling impedance the power in the 
circuit is \E\^ 


Ii|2(-r2) 2Z = 


-r2 2Z’ 


For r = j]3^, therefore 


P = 


But 


2VK!I* 

■ 

and Z = 


h ’ 


therefore 



or 



(39) 


■f D6hlor, Kleen and Palluel, Ann, Radio^Uct, 4 (1049), 68 
t Van Iperen, Philips Res. Rep. 4 (1040), *20. 
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In this approximation the maximum efficiency is about ^C, 
which might be as large as 10 per cent but is unlikely to exceed 
this figure. In fact, however, bigger efficiencies up to 25 per 
cent have been claimed, and it is clear that eqn. (39) is not 
more than a very rough indication of what is to be expected. 

Some discussion of the large signal theory has been given by 
Brillouin.t He shows that the solution dealt with in earlier 
articles varies into another solution with lower gain per unit 
current as the current increases. A final state in which the 
electron beam is broken up into a series of discrete bunches, 
the electrons in each bunch having substantially the same 
velocity, may be reached. 

The efficiency has also been discussed by Hohler and Kleen. J 
They include the effects of circuit attenuation and of beam 
velocities different from the wave velocity. It turns out that 
the maximum electronic efficiency occurs when the beam is 
travelling slightly more slowly than the wave, but that the 
circuit efficiency is maximum for the beam moving faster than 
the wave. This disadvantage can be overconje by using 
localized attenuation rather than distributed attenuation. 

14.9. The helical circuit 

The performance of helical circuits has been investigated 
by many authors dating back to the earliest days of wireless.§ 
The exact theory for helices of arbitrary pitch wound with 
circular wire has not been given, but an exact theory is available 
for a cylinder on whose surface flow is supposed 1o be possible 
only at a definite angle to the axis. A tightly wound helix of 
flat tape is a physical approximation to such a cylinder and is 
also a reasonable approximation to the round wire often used 
in real tubes. Before outlining the results of this analysis as 
given by Schelkunoff and Pierce, we note the major results 

tBrillouin, Phys, ll v. 74 (1948), 90; J, Appl. Phys, 20 (1949), 1196. 

J Dohler and Kleon, Ann, Uadioelect, 4 (1949), 216. 

§ Hertz, ‘Eleetncdl \\aves’ pives experimental results. An important early 
tlieoretical workisPoeklin^on, Proc. Camh, Phil. Soc. 9, (1897), 324. Other 
early analyses are Lenz, Ann. Phys., Lpz. 43 (1914), 749; Drude, Ann, 
Pkys., Lpz. 9 (1902), 590. The analysis due to Sehelkunoff and Pieree is 
usually quoted at present. This is given in Pieree, Ptoc. Inst. Radio Kngrs.^ 
N.Y. 35 (1947), 111. Roubine, Onde Reel, 27 (May 1947), 203, gives another 
treatment. 
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obtained by Pocklington. He showed that (a) if 2ttIXq is not 
small compared with the mean radius of the helix, the phase 
velocity on the wire is c, the velocity of light; (6) if the wave- 
length is long enough for Xr to be much greater than where 
r = radius of wire and a = mean radius of helix, the phase 
velocity along the axis of the helix equals c (which is physically 
obvious as the helix is, in this ease, little different from a 
straight wire); (c) if Xr = a^ the phase velocity is intermediate 
between these two values. In practical travelling wave tube 
circuits we are concerned with cases (a) and (r), since we desire 



I 

Fig. 14.4. Notation for the htli\. 


to obtain a slow' w'ave so that an interaction can be obtained 
with electrons moving with \elocities obtained by acceleration 
through a few kV. (2-5 kV. corresponds to about c/10). It 
turns out that a helix for A = 27r should have a diameier oi 
2-3 mm., so that case (r) is often encountered and is important 
because of the new effects ])roduced by dispersion. 

Let us now' consider the helically conducting cylinder of 
fig. 14.4, where the current is constrained to flow at an angle <j> 
with a plane normal to the axis. We assume a loshless helix 
throughout the section. This problem in electromagnetic 
theory is usually solved by introducing a Hertzian vector n 
w’hich completely determines the fields through the equations, 

E=VxVx7r, H = ^e^-ferjv X n. (40) 

For our case € = and u, the conductivity of the medium, = 0. 
By requiring that n shall only possess a component in the z 
direction, the restriction to transverse magnetic waves can be 
introduced. A second Hertzian vector defined by eqns. (40) 
with E and H interchanged, gives the transverse electric modes. 
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It can then be proved that the field is a superposition of waves 
of the formf 

0, = e^*«^ZJrV(i3g-iS2)]e^^V?.+i< (41) 

Here 9 = angular coordinate, 
r = radial coordinate, 

j8q = iojc = phase constant for a wave with velocity of light, 
^ = ojjv = phase constant for the wave component, 

Z„ = generalized Bessel function. 

For our case we require that the wave function must be 
independent of 6, Therefore n = 0 and e-'”^ = cosO = 1. Also 
as c> V, so that the root is — jSg) = jy, w here y is 
real. Then the appropriate circular functions are 7^ and Kq, of 
which Iq->1 as yr-*i) and Kq->co as yr-^0. At infinity the 
behaviour of the functions is reversed. Thus the function from 
which we build our solution is 


^0 = [Akiyr) + BK^iyr)] (42) 

The field is divided into tMO regions: that insi3e the helix, 
for which JS = 0 since the region contains r = 0 and the solution 
must remain finite at the origii]; and the region outside the 
helix, r><7, where A ^ 0 since the function must remain finite 
as r->oo. The lielical conductor acts as a boundary between 
the regions. On the helix the following boundary conditions 
must be satisfied. The current flow is in the <f> direction. The 
tangential electric field must be perpendicular to the direction 
of current flow, since there is no loss in the helix, and it must 
be continuous. The field components for the total field found 
by superposing transverse magnetic and transverse electric 
waves, are 




r 






(43) 


t Stratton, Jilectromagnetic Theory, McGraw Hill, chap, i, §§ 6-1-6-4 1041. 
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fJLO) 


cfr 

n 


with n = 0 for our H])ecial case. At the wire, tlie 
conditions give the following i-esults; 

r — a — €, e 0; E.^ sin <f> + Kg^ cos ^ 

r = a + e, t >- 0; E .^ sin (f> + Eg^ eos ^ = 0; 


( 44 ) 


boundary 


(45 a) 
(45 6) 


also a;, -- E^, Eg^ ^ Eg^. 

Finally, 

ll„^ sin (f) + oos (j) = IJ„^ sin f- cos <l>, (40) 


Let «oi’^o 2 coefficients of K inside and outside the helix 

respectively, and coetlicients of Kq (or //,). The 

continuity relations then show tliat 


^^02 ^ ^ 


fn'V,,) 

Ko(Y..r 


'02 




My a) 
MWaY 


(47) 


Eqn. 


(45 a) 


Sives 


bin 

<hn 


\\hjcJi can be put 

/i(ya) 


into eqn. (40) to yield 


y2 =r filcoi-J) 


I^(ya)K^(yu) ' 


(48) 


Thus y is determined by the helix dimensions, and the four 
adjustable constants can all be expressed in terms of a single 
one, say We put — y^.^oi — £^(0), the field along the axis. 
Explicit relations for the field components are given in Table 8. 
By putting the asymptotic expi<‘ssions for the cylinder func- 
tions into (‘qn. (48) it can be sho^ii that for ya large (i.e. 
ya>3 about) 1^ >7j and >A\. The square bracket is thus 
unity, and for yet > 3 we have y = jSoCotijt, which is equivalent 
to t; = ctan<^. This proves that slow waves propagate with a 
velocity, in the direction of the helix, equal to that of light, 
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TABLE 8. EXPLICIT EXPRESSIONS FOR THE FIELD 
COMPONENTS OF THE HELIX WAVE 

The coinponcnU arc derived from eqns. (43) and (44) of Chapter 14, using 
the value of the field on the axis where yr > 0, (yr) - ► 1, 

therefore Eg{0) = - y^a^i. 

(1) Inside the helix : 

Kr = jP ;(««< jS*)] 

Eq ^ /((yriexpl^X^^-ZSz)] 

^ A’,( 0 )i„(yr)<-Mt|j(ui/ ^2)1 

Ilg - JESO) h /,(yr).-xi,| j{a,l -pz)] 

\ fiy 


H.- pjt 


(2) Outside the hehx : 


Numerically, 


E, - -j/iz(0) J J A'„(ya)exi,| J(a,^ 

Eg -E,{0)Um^^^J^^K,(yr)cxi,\,(o,t p,)\ * 
A’. - /';.(0)^r^’^\A„(yr)<.-xpI;(cu< pj) 

hai^ya) 

//„ -mO)J" ®’’ J‘^,’'"U\(yr)cxp|jM-^,)| 

V ^ 7 A„(yn) 

--yA'.(0)y' tan A„(yr)c\p[j(a)<-/8j)l 

*’ - 

/y /X, 1207 r 


ohms. 


when ya is large enough. For smaller values of ya we rewrite 
eqn. (48) in a form which can be plotted, that is, 

(yafF(ya) = (jS^a cot (49) 

where ^{y») = (60) 

This relationship is plotted in fig. I4.r). The figure shows that 
a given helix is non-dispersive so long as ya>()-8 about. In 
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non-dispersive helices the band-width is normally determined 
by the coupling devices. 

The adjustable constant has to be determined from the 
power input to the helix, assumed to be known. The power 
flow is related to the electromagnetic fields by Poynting’s 



Fift. 14.5. Radial propagation constant for lielioal circuits. 


theorem which states that the power is given by 

taken over the plane normal to the axis. Both the interior 
and exterior regions contribute, so 

In eqn. (52) (ya) after a group of symbols representing cylinder 
functions means that they have the common argument ya. 
Evaluating the definite integrals sivo get 

p = +/;^^(y«)] Uliyn)-hiM 

+ [^?(y«)]'[l+y;^;(y«)] [A'„A',{ya)-/i7(y«)jj. (53) 
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Sinoe ^" = -/(/“.) ” ^ 377 

Eqn. (53) gives the relation between the power flowing in the 
circuit and the axial field. For a low-loss circuit we can put 
r = j8 and then | F | = 1 |, where = the field at the helix 

surface. Since we are only interested in peak voltages, an 
impedance can be defined by P = \ V \ ^I2Z or Z = \V |^/2P. 
We must now establish that this Z is the same as the Z defined 
in § 14.4. Consider a modulated beam entering a short length 
of helix. The current in the beam induces a field in the helix 
which is in antiphase with the existing current. If the radio- 
frequency current is i and the length of helix is short enough, 
the power given to the helix is T/^ longitudinal Voltage’. 
We can introduce an im]>edance by putting Fy = V^j'lZ, or 
\i^Z, However, if the same power is excited in the helix by 
another method the voltage must be the same and the effects 
arc reciprocal. The impedance defined above is thus the same 
as that of § J4.4. Then 




(yar 




(54) 


where Fy(ya) is the quantity in the bracket in eqn. (53). 

plotted in fig. 14.6. It will be noted that 
this function -> \ya for yor > 3. We have already shown that, 
in the same approximation, y — /S^cotc^, and for the values of 
<f> userl to obtain slow \^aves this makes y very nearly equal to jS. 
Using this fact we find that a useful approximation for Z is 

30 cot (j) 

Z = — 

y(l 

Experimental studies on the fields in helices and on the 
helix impedance have been made by (^.utlerf and by Jessel and 
W allauschek. % The agreement with theory is fair, the theoretical 
impedance being somewhat larger than those observed. 

In eqn. (54) the impedance is e^"aluated at the helix surface 
and thus is correct only for a thin hollow cylindrical beam of 


t Cutler, Proc, Inst, liadio Engrs,^ N.Y, 36 (1948), 230. 

I JesscI and Wallauscliek, .Inn. Tilicummun. 3 (1048), 201. 
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the same radius as that of the helix. If a hollow beam of 
smaller mean radius b is used, eqn. (64) must be multiplied by 

the factor If the beam is solid and of radius c, we 



era) 

Fig. 14 0. liiipcdaiK'c purainftci for helix. 

can evaluate the niean-square field acting on the beam by 
integration: 

% [rIS(yr)dr = El[i))m{yc) - I^(yc)l (55) 
Jo 

so the multiplying factor for this case is The 

^ /2(yc/) 

resulting expressions for Z can be used together with the known 

beam current and voltage to calculate C, For a given helix, 

Z is a function of co, through y and jS, so that a variation of 

gain with frequency is introduced independently of dispersion. 

It is a simple matter, however, to choose the helix dimensions 

so that Z is independent of w in the desired operating range. 
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The electric field also has a radial component which is zero 
on the axis and a maximum at a. The beam can interact with 
the radial field as well as with the axial field. Piercef has 
worked out the consequences of this type of interaction and 
has found that the interchange of energy between the radial 
field and the beam is small in helix circuits. Dohler and KleenJ 
have examined the same problem in somewhat greater detail, 
and find that cross-terms arise because the oscillations about 
the original trajectory, which are caused by the radial field, 
are coupled to the axial field by the fact that the latter is a 


TT 


(a) 


TT 


Beam 




Beam 


waveguide Beam Disk-loaded 
Inner loaded 



Coaxial line 
Beam Outer loaded 



14.7. Some otluT t>pes of traxdljn^-wuve lube circuit. 


function of r. This effect is also small in the helical circuit but 
may be appreciable in other circuits. One example of sueli a 
circuit is the disk-loaded coaxial line. They also consider the 
effect of radial field in causing electron current to the circuit, 
which is thus lost from the beam. 

Various circuits other than the helix have been studied to 
determine their usefulness in travelling-wave tubes. Some 
examples are shown in fig. 14.7. The disk-loaded wave-guide 
has been closely studied because of its usf‘ in linear accelerators. 
As a travelling-wave tube circuit it has the insupiTable defect 
that the dispersion ij so gieat that the band-width is reduced 
to the order of OT per cent. The disk-loaded coaxial with disks 
on the inner axis has been tried§ and seems to ha\e had a 

t Picict, Hell SysL Teth, J. 27 (IJMS), 7:12. 

J Dohler and Kleen, Arm. Radioeied. 4 (11140), 76. 

§ Field, Ptoc. In^tL Radto Engrs., N.Y. 37 (1949), 34. Dewey, Purzen and 
Marehese, Proc. Inst. Radio Engrs., N.Y. 39 (1951), 158. 
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certain degree of success. By correct choice of dimensions, 
useful band-widths can be obtained, but only about 1 per cent 
of those obtained from helical tubes. The major advantages 
of such structures are the ease with which they can be made 
to dissipate large amounts of power and their mechanical 
rigidity, which overcomes the manufa(*turing difficulty of sup- 
porting the flimsy helix. The gain per unit length also tends 
to be higher than that of the hehx. Piercef has given valuable 
general criteria for assessing Ihe ])erfoi*mance of circuits. If 
the group velocity is Ug and the energy stored = H^uiiit length, 
the power is P = WUg, Iherefore 




and ( 




FP 

In this relation W is the enerj^y sloreci wlien the field is JS. 
Eqn. (56) shows that Ug must be small for large 6'. On the 
other hand 




where = })habe velocity. For a fixed i.e. fixed beam 
voltage, Ug can only be made small by using a dispersive 
l ircuit. But we have already seen that gain is only possible for 
dUplUp^ +()-02, so that the band-width gets smaller as the 
velocity difference allowed gets larger. By finding relations 
giving the stored energy, Pierce has dibcussed various circuits 
in very general terms. 


14.10. Some factors omitted in the simple theory 

We must now say a little about the factors omitted from 
the simple travelling-wave tube theory given abov^e. The most 
important of these is the effect of space charge. Space charge 
can make its presence felt in several Tvayf'. First, there are the 
gross effects such as defocusing the beam, with consequent 
electron loss to the helix. With properly designed guns and 
solenoids this can be overcome, but only at the cost of fairly 
careful adjustment. Secondly, there are the effects of space 
charge debunching mentioned in (‘hapter 12. These are less 

t Pierce, Pioc. Imt. Radiv Engrs., S.Y. 37 (1949), 510. 
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important in the travelling- wave tube because the a c. velocities 
are fairly small and the bunching probably never becomes 
sufficiently pronounced to produce large space-charge devia- 
tions. Lastly, there are the effects of passive modes already 
noted in § 14.4. To discuss this question we must consider the 
system of field and beam from the viewpoint of Maxwell’s 
equations. The electric field is then formed by an expansion 
in terms of the normal modes which now relate to the circuit 
plus electrons. This gives rise to nn equation analogous to 
eqn. (11) but with extra terms. Since we know the approximate 
values of F for which gam is to be expected, this new equation 
can be solved for Z, which turns out complex instead of real . 
The imaginary part increases as the current increases, since it 
depends on F— Fq, i.e. on the gain. The details of this calcu- 
lation are given b}^ Bernier.f PierceJ has also studied the 
effects of varying which can be summed up as reducing 

the gain, increasing the beam velocity for which the gain is a 
maximum, and reducing the gain to zero for beam velocities 
below the maximum. (In the simple theory there^is always 
some gain in this case.) These papers do not deal with the 
actual calculation of the passive mode parameters. This has 
been covered recently by Fletcher,§ who matches the radial 
impedances, derived from field theory by the use of boundary 
conditions and /L —IL — il27rh (o = outside the beam, 

i -= inside), with those of Pierce’s theory to obtain the follow- 
ing equation: 

F2-Fg j8, 27r6};’ ^ ^ 

where 3^ = an impedance given by the field theory, Q = passive 
mode parameter. Eqn. (57) can be solved for Q. The result is 
somewhat elaborate, but is fully graphed in the reference given. 
The question of sf»ace charge has also been considered by 
Dohler and Kleen|l by a direct kinetic method. In their treat- 
ment it appears that the space charge acts to increase or 

t Bernier, Ann, Radiodect. 2 (1047), 87, Appendix, 
t Pierce, Proc. Inst. Radio Engrs.^ N.Y. 36 (1948), 993. 

§ Fletcher, Proc. Inst. Radio Engrs.^ N.Y. 38 (1950), 413. 
i| Dohler and Kleen, Ann. Radioelect. 3 (1948), 184. 
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decrease the value of the circuit attenuation depending on the 
relative velocity of the field and the beam. 

Perhaps the major outstanding problem in travelling wave 
tube theory is to determine how the small signal theory goes 
over into the intermediate and large signal cases. 


14.11. Noise in travelling-wave tubes 

Kompfnerf and PierceJ in their earliest work both derived 
the same expression for Ihe noise factor of the travelling-wave 
tube. The derivation of this ex])ression is simple, it is assumed 
that the noise current in the beam at entry to the helix is 
given by 

7-2 = 2c/«y2A/, 


where = space charge smoothing facloi (using a small letter 
to prevent confusion with the propagation constant). This can 
be put into eqn. (23) which is solved with eqns. (22) and (24) 
for = 0, ?/| = 0. The noise from the input circuit gives rise 
to an input of i’TA/ watts and, knowing the gain, the output 
due to this noise is easilj calculated The result is 






I A’ 


/ 1 


(58) 


where Ei ^ - output am])litude due to thermal noise, Ejy^ = out- 
put amplitude due to shot noise. For the case of beam velo- 
city = unperturbed wave velocity. 




2y2 


2 ( 4 ^ 

iT 


= ^()y^]l(\ (59) 

if T = 290^^ K. 

It was soon found that experimental valves constructed to 
give low noise figures, i.e, with low voltage and small C (low 
current) gave values of y^ in e(pi. '59) of 0-02 or smaller. These 
figures are lower than low-frequency \ allies of y^, which is not 
to be expected. Also the behaviour of the noise figure with 
voltage and current does not agree with the forecast of eqn. (59)^ 


t Koinpfner, Wireless 24 (1947), 2.W. 

J Pierce, Proc. Just. Radio Engrs., N.Y. 33 (1947) 111. 
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Smullin,t following suggestions of Pierce, has applied the 
Llewellyn analysis to the travelling-wave tube. The electrons 
pass through the space-charge limited space between the 
cathode and first anode and then through a constant potential 
region before they reach the commencement of the helix. 
Applying the analysis in the way that we have done in the last 
section of Chapter 1 3, Smiillin finds a very different answer in 
which the tube parameters appear differently and which 
depends on the ratio of the transit angles cathode-anode, 
anode entry-helix commencement. However, Smullin’s analysis 
is also open to objection because lie considers that the space 
charge in the second region is zero. The space-charge para- 
meter depends on the current density which need not bf' small 
even for the small beam cuiTents used in low noise travelling- 
wave tubes (a few hundred ^A,), The neglect of space charge, 
which should reduce the noise, means that Smullin’s result is an 
upper limit to the noise factor. The Llewellyn results are, 
of course, derived for purely electrostatic fields, and it is not 
immediately obvious how they should be modified to allow for 
intense magnetic focusing fields. Howe\ei, tlie indication that 
the transit angles in the giin-starl of helix region are important 
seems to be a step in the right direction and some improve- 
ment in noise performance, which is already within a few 
decibels of 10 cm. crystals, is to be looked for.J 

14.12. Space-charge wave tubes 

Soon after the general theory of the travelling-wave tube 
was widely appreciated, a new type of amplifier was simul- 
taneously invented in several laboratories. § In this amplifier 
there is no circuit joining the input to the output, the waves 
propagate solely on the electron beam The electron beam 
consists of dual, or a plurality of, elementary beams travelling 

t Smullin, Research Lab, of Electronics Progress Report^ Jan. 1950. 

Research Lab, of Electronics Technical Report, No. 142, 1949 (this report 
contains some errors which arc correc‘ted in the Progress Report), 

t An account of recent work is jfivcii below, pp. 559 65. 

§ HaefI, Proc. Just. Radio Kngrs., N.Y. 37 (1919), 4. Nergaard, R,(\A. 
Rev, 9 (1948), 585. Pierce and Uelienstreit, Rell Syst, Tech, J. 28 (1949), 33. 
Pierce, Proc. Inst. Radio Engrs., N.Y. 37 (1949), 980. 
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with slightly diflFering velocities. Velocity modulation is im- 
pressed on the beams. The beams moving parallel to each 
other build up a density modulation, and for cei*tain values 
of the velocity difference growing waves are found to propa- 
gate. Fig. 14.8 shows a schematic form of a two-beam tube 



Vi sinwr 


Tj sin (ij£ 


Fiff. 14.8. SpacT-ehar^e wave tube with two beams. 


in which a cylindrical lieam from moves inside an annular 
beam from and the potential difi’ercnee between and 
regulates the velocity difference between the beams. Fig. 14.9 



shows another tyj^e in which the axial magnetic field is used 
to focus an intense electron beam through the long t unn el 
As we saw in Chapter 6, the pott*ntial varies across the beam 
in such a case, being a minimum on the axis. This continuous 
distribution of velocity is simply the limiting case of a large 
number of elementary beams, each with a predetermined 
velocity. 

For the sake of concreteness let us confine ourselves to the 
case of two beams. The suffices a and b refer to the two beams. 
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The equations required for the analysis are (1) and (2) of this 
chapter and Poisson’s equation which in rectangular co- 
ordinates is ^2 y 

8z^ 




(60) 


It is this equation which introduces the coupling between the 
two beams because p is a scalar quantity, the total space charge 
at a given point. The derivation of eqn. (6), (7) and (8) is not 
modified, so that we can put eqn. (8) into the second of eqn. (6) 

to obtain _ alternating component of p„ 

Pm 


Similarly, 


Oa T 12 y 

a>(j)3,,-iy2Fo/ 

^Oa p2 y 


^ 1^2 y 


(61) 


(62) 


Taking those with eqn, (GO) gives 

1 


‘0 


^06 


J- 


(63) 


therefore 1 = f +/ > r/ r 

Eqn. (63) plays the same role in the theory of the space-charge 
wave tube as eqn. (12) did in the tlieory of the travel ling-wave 
tube, for it determines the ])ropagation constants for the 
allowed waves. Haeff’st raetliod of procedure is to put 


Ui 


Ort^Oa 


^ Pin 


T'' m 
-“^0 * {)a ^0 

with a similar expression for oi^. These expressions are recog- 
nizable as the electron plasma frequencies. Then, if there is 
only one homogeneous beam, 


1 


\ =ji ±^“)- 

t Ilaelf, loc. eit. 
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Thus two waves propagate along the beam with velocities just 
above and below the beam velocity. To solve eqn. (63) he puts 

= = r=j— +jy. Eqn. (63) then 

becomes 


1 = 

(Soil u„ + y«o)* (Stu/^o - y '*o)® 


Eqn. (64) is easily solved if to^ = for in this case 


(64) 


(65) 


3r 


3 


_ (0 


-Phase velocity 


ih 




Amplihcation 


-L 


-L 


-L 


0 4 


1 0 


1 2 


06 08 

o, 

Fij*. 1 t.lO. constant lor two beam space charf^c wave tube. 


I 4 


The left-hand side of eq»'. (6')) is proportional to the perturba- 
tion introduced into the projiagation constant and the right- 
hand side is a function of 8, which for a fixed mean velocity Uq 
is half the difference m velocity between the t^\o beams. Eqn. 
(65) is plotted in fig 14.10. For some values of 8, F has a 
negative real part, and therefore an amplified A^ave can be 
propagated down the tube. The negatuc attenuation takes its 
maximum \alue of 0*5 

So) ^ .i 

WqCOi 2 

More general solutions of eqn. (63) in which + have 
been discussed by Nergaard.f 


i Ncrgaard, loc. cit. 
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To deduce the performance of the tube we must introduce a 
set of boundary conditions, which of course depend on the 
particular geometry used. Taking the structure of fig. 14.8 as 
an example, we could take the zero jJane at the centre of the 
first h.f. circuit. Velocity modulations are imposed on the 
beam at this point and their values can be written down in 
terms of the impressed voltage and the gap dimensions, using 
the expressions given in Chapter 12. Then at a = 0 we have 
prescribed values of u^a and u^b and the additional fact that 
Pia = Pib = These relations determine all the arbitrary con- 
stants, so that when this is done the complete expressions for 
the amplitude of the growing wave can be written down 
immediately. Other types of input and output circuits, such 
as short lengths of helix, can be similarly handled by methods 
which have been discussed earlier in the book. 

At the moment, we shall not carry the discussion of the 
space-charge wave tube very lar, because, at the time of 
writing, its intrinsic importance seems less than the value of 
the ideas suggested which have applications in nojse theory 
and in the rather poorly understood theory of magnetron 
oscillation build-up. We may, however, state a few general 
conclusions. It has been shown that the limiting gain for large 
current densities is 27*3 db./wa\ e-length. The usefulness of 
the tube is somewhat limited by the fact that it tends to give 
maximum output at rather low voltages which make it diffi- 
cult to obtain enough beam current to work at reasonable 
power levels. It is therefore to be regarded as a signal ampli- 
fier rather than as a power amplifier. It also becomes clear 
from fig. 14.10 that only a limited degree of velocity variation 
is permitted if the space charge waves are to be amplified. 
Saturation with increasing input is tlierefore to be expected 
and is, in fact, marked in the tube described by Hollenberg.t 
The electronic band -width is very large, so that the overall band- 
width is determined by the input and output circuits. Finally, 
the tube is noisy, at any rate according to the experimental 
results of Haeff,J for no theory of the noise has yet been given. 

t Ilollenberg, Bell Sysf. Tech. J. 28 (1949). 52. 

I llaell, loc. rit. 
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Chapter 15 
MAGNETRONS 
15.1. Introductory 

The magnetron has been known as a generator of micro- 
waves since its invention in 1921 hy Hnllf, but it was only in 
the late thirties that magnetrons were transformed from 
laboratory devices to practical oscillators for high powers, by 
the addition of cavity circuits built integrally with the anode. 
Early types of magnetron, using either solid anodes or split 
anodes, functioned in several ways of which the most important 
were the dynatron regime and space-charge modes. An early 
example of the use of magnetrons at about 1 cm. wave-length 
is given by Oleeton and Williams.J 

The original magnetron was simply a cylindrical diode with 
an axial magnetic field. If the magnetic field is increased, at 
a constant 1^, the anode current remains constant until it drops 
rather suddenly to zero. This critical point is called ‘cut-off’. 
Fig. L5.1 shows a single-anode magnetron with a family of 
characteristics taken at various values of V„, It can be shown 
that the paths of the electrons are cycloids when the field is 
adjusted for cut-off. Oscillations are detected if a resonant 
circuit is connected bet>\een the filament and anode, and the 
dimensions of the de\ice are made such that the transit time 
round the cycloidal orbit is approximately equal to the period 
of the circuit. 

Dynatron oscillations are normally encountered in split- 
anode magnetrons working with magnetic fields considerably 
greater than that at cut-off. Fig. 15.1 d shows a two-gap 
magnetron, with an indication of the field between the two 
segments at a particular instant of time. A d.c. bias is applied 
to the segments and the valve yields static characteristics of 
the form shown. Since more current goes to the plate at a 

t Hull, P%.v. Rev. 18 (1921), 81. 
t Cleeton and Uilliams, Phys. Rev. 50 (193G), 1091. 
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lower potential, the device has a negative resistance character- 
istic and will sustain oscillations in a resonant circuit, con- 
nected between the two anode segments. Often more than one 
pair of segments is used. 

Other types of oscillation, which in the light of present-day 
knowledge can be ascribed to tra\ oiling wave interactions, 
were observed. Since these are the iypes of oscillation used in 



Fir. 15.1, MaRiirtron Mitli out off oharactcnstio and othits for assumed 
field \aiiation. 


cavity magnetrons we shall describe them in some detail 
later on. 

A good description of the state of knowledge on magnetrons 
immediately before the war w^ill be lound in Groos.t The great 
step forward was made by Randall and Boot at the University 
of Birmingham, who tried a magnetron of the form shown in 
fig. 15.2.J Much the same scheme had been described in various 
patents,§ but apparently without any practical realization. 

t Groos, Theoiie und Techntk der DezimctfmeUen^ S. Hirzel, Leipzig, 1937. 

t Randall and Boot, J. Jiistn, Elect, hnurx. 93, pt. iiia, no. 5 (1946), 928. 
Megaw, J. Imtn. Elect. Efigr^., X.Y. 93, pt. iiia, no. 5 (1946), 077.). 

§ Samuel, u.s.p. 2,063,341 (1047). Clavier, b.p. 510, 232 (1941 
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Russian investigatorsf had also worked with successful con- 
tinuous-wave magnetrons of the same form, obtaining results 
which were extremely good at that date. However, these dis- 
closures were not known to the Birmingham investigators 
whose interests were, in any case, mainly in the direction of 
pulsed generators. This fact had an important result in that 



Fig. 15.2. Section throiii»li cavity inafinelroii. 


it led to the trial of o-vde-coated cathodes whose diameters 
were quite a large fraction of the diameter of the central hole 
in the anode block. Large efficiencies were obtained in this 
condition, for reasons now understood, but not tlien obvious. 
Since 1940 most magnetrons have been of the cavity type and 
enormous advances liave been made. At a wave-length of 
10 cm., pulse powers of at least 3 megawatts can be obtained. 
Magnetrons working at wave-lengths well below 1 cm. have 
been made. CVmtinuous-wave results are not so spectacular, 
but outputs of 250 W. at approx. 3 cm. have been obtained. 
The efficiency of puhed magnetrons is high, values of up to 
70 or 80 per cent having been obtained. The major defects of 
magnetrons are that they are noisy, which limits their use as 
local oscillators, and that they are not easy to modulate either 
for amplitude modulation or broad-band frequency modulation. 

t Alokserev and Maliurov, J. Tech, Phy^. U.S,S.R. 10 (1940), 1292; trans> 
lated in Proc. Inst. Radio Engrs., N.Y. 32 (1944), 136. 
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Small values of frequency deviation are not difficult to obtain. 
Magnetrons are therefore used as the transmitting oscillators 
in radar s^ts, as sources of pulsed energy for linear accelerators, 
etc., for pulsed communication systems in a few instances and 
as continuous-wave sources where high power and efficiency is 
important and noise is no object. Tlie magnetron principle has 
often been studied with a view to its use in amplifiers. Some 
success seems at last to attend these efforts, but it is too early 
to assess the value of such devices. 

From the theoretical point of \ iew, the magnetron is by far 
the most difficult device used in electronics. A useful theory 
must be a large-signal theory for obvious reasons. The large 
values of magnetic* field and space charge used mean that 
nothing can be neglected, so that the theory is necessarily 
involved. The mam problem is to obtain a theory which shows 
how the oscillations build up from noise, since it is fairly easy 
to obtain enough experimental data to explain the operation 
in the stable state. Tn spite of all this, progress made since 
the war in understanding tra\elling-wave tubes and space- 
charge wave tubes has introduced beneficial new ideas, and it 
may be hoped that the production of adequate theories is now 
only a question of time. Ho\^e\er, the iiresent state of mag- 
netron theory is by no means adeejuate for the full discussion 
of even simple cases. For instance, the d.c. conditions in the 
magnetron operated bejond cut-off are still a matter for argu- 
ment. In this chapter we can therefore do little more than 
indicate the main ideas of magn'^tron operation without much 
detail. 


15.2. Magnetrons without space charge 

As a preliminary step we shall treat electron motions in 
magnetrons, assuming that the saturated emission is so low 
and the anode voltage so higli that sjiace charge can be 
neglected. These assumptions are very far from the truth in 
modern magnetrons, and we must be wary of carrjdng over 
results into the discussion of real magnetions. The relative 
simplicity of this analysis makes it possible to obtain a quali- 
tative understanding w ithout too much effort, and also allows 
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US to introduce some of the mathematics useful in more realistic 
analyses. 

Consider first the planar magnetron (fig. 15.3) with a positive 
voltage applied to the anode and a magnetic field in the 
direction indicated by the vector B. We briefly discussed this 


Anode 



Fig. 15.3. Fileetioii motion in planar nuignetron. 


situation in Chapter 5, and wc there found tliat for zero 
initial velocity 


af a . 

y- - 2 bill ‘"0^. 

Wo wg 


^ (l-eoswoO, 

wg 


X = 0, 


( 1 ) 


where 


a = " wo= "b. 


( 2 ) 


These expressions are the equations of a cycloid generated by 
a point on the circumference of a circle radius u/oig rolling on 
the cathode plane. The angular velocity of a point on the 
circumference of the circle is and the axis of the circle is 
translated in the direction parallel to the cathode plane with 
a E 

a linear velocity u= — / . The frequency corresponding 

^0 •‘*x 

to (x}q is termed the cyclotron frequency, as it is the frequency 
of rotation of an electron of arbitrary velocity injected into a 
uniform magnetic field when the electric field is zero. 

When the initial velocities arc not zero, the trajectories can 
easily be calculated using the initial conditions x = y = 

2 = 2^02 at i = 0 in the analysis given in Chapter 5. The results 
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show that the paths are then trochoidal, i.c. they are generated 
by a point on an arm extending from the axis of the generating 
circle. Owing to the large electric fields used in practical 
magnetrons, the initial velocities are negligible and we need 
discuss this case no further, although these paths have a certain 
interest in the treatment of magnetic focusing. 

Next consider a cylindrical magnetron whose cathode is a 
thin cylinder radius extending along the z axis. The magnetic 
field is along the same axis and the electric field is radial. 
We use cylinder coordinates r, 6, z. As always the basic equa- 
tion is the Lorentz force law 


F = — e(E -f u X B) = c grad F - eu x B. (3) 

Writing this for our coordinate system and remembering that 
f)r f'F 


we obtaini 

r - / ^ 1 

m 


(4) 




(fl) 


Putting (jDj^ = eBj2m (the Larmor pulsatance) to save writing, 
we integrate eqn. (5) to give r^O = Or, if we assume 

that the electrons have no initial velocities, 

r2\ 

(«) 


- 3 - 


Thus the angular velocity is alwavs less than and is smaller 
the larger becomes. Eqn. (6) i' then put into eqn. (4) giving 




Now 


r + rtof 


“ln{r„/r,) 


r dV 
m dr ' 
dV ^ V„ 1 
dr \n{rjr^)r 


k 

r’ 


or 


r-hrto 


r*} m r 


(7) 


(») 


This equation can easily be integrated once by writing p = f. 

tin cylindrical coordinates Qf - flj.cos 0-f-aySiii 0, sin ^ t fly 0. 

The results quoted follow from differentiating x = r cos «/ = r sin 0 twice 
with respect to t. 
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Then 

Thus 

or 


dp _dpdr _ dp 
dt ~ dr dt~ ^dr ’ 


= 2 ^ L\nr — a)lr^ — a)l^l + C. 


Again we assume that tlie initial velocities are zero, so that 
^ = 0 at /• = Solving for C and sid)stituting we find 

pi = {i f -- 2 k In Q . (9) 

Eqn. (9) can be used directlj" to determine the cut-off condi- 
tion, for by definition cut-off occurs when r = 0 on the anode 
surface, i.e. the t'lectrons just graze the anode. For tins con- 
dition eqn. (9) giv^es 

<>»> 

For a given magnelron the values of Vf, and B„ whicl^ cause the 
anode current to diop to zero are related by the parabolic 
expression (10). Tins curve is often referred to as the Hull 
cut-off parabola, as it vai^ first investigated by Hull.t Numeri- 
cally, for radii in cm., induction in gauss. 




Blr^. 

45-5 



( 11 ) 


Eqn. (10) is important in the study of magnetrons in which 
the space charge is not negligible. This is because tlie necessary 
and sufficient condition for eqn. (10) to hold is that the potential 
V in the anode-cathode space should be a function of r alone, 
and eqn. (10) docs not depend on any particular assumption 
as to the functional form of F(/). 

Returning to the integration of eqn. (9) we find 


■ L{2( 


dr 

(elm)k In (r /r J - a>£/ 2[ 1 - ’ 

k = VJn{r,lr„). 


t Hull, Phys. Nfv. 18 (1921), 31. 
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To proceed further we must approximate. This is done by 
noting that if the cathode is much smaller than the anode. 

is much less than unity over most of the range of integ- 
ration. The second term under the radical is thus put equal to 
This argument is not strictly correct as the electron is 
travelling slowly in the region where r is small. Secondly, we 
may without error omit the bracket in eqn. (10) as I 

certainly. Finally, instead of putting r{r) = 1^1n(r/ro), let us 
put V{r) = (^^<P < 2), and study the integral as a func- 

tion of p. Making these substitutions eqn. (12) becomes 

^ Jo - «f,) ’ ^ ^ ^ 

or //, — (sin" j»). (14) 

Putting p = § we get 7?^^ = (sinfaij /)^, a result originally given 
by Hull. This is the e(]|uation of a cardioid. Values of p near 
I give similar curves, up to /) = I for which Kf^ = J(1 — cos ojf t). 
For p > 1 the cardioids become convoluted as shown in 
fig. 15.1 c. 

For = 2 > = 1 (1 -cosa>^//2)2 which is sketched. 

These results on orbits are of little direct interest in' real 
magnetrons, except that they indicate that the trajectories 
depend very much on the way in which the radial field varies. 
In view of this indicatii^ i, and the fact that the assumptions 
made are open to objection, it is hardly surprising that transit- 
time calculations made on the ba^ is of these orbits are seriously 
in error. 

To conclude these remarks on orbits let us calculate the 
angular velocit 3 ’ for an electron in a stable circular orbit. The 
equation of motion is (4) with r = 0, i.e. 

6^-2cjj6+~''!'f<:r = o, (15) 

riy^ 

or + 

(16) 
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The first term represents the contribution made by circular 
motion round the line of translation, while the second term is 
due to the translation. The linear translation velocity is thus 

= r 6(t) = Ej,IBg, very similar to the planar result. 

15.3. Magnetrons with space charge 

The problem of the magnetron with space charge is much 
more complicated than the case dealt with above, not only 
because of the increased mathematical difficulties in handling 
the expressions, but also because the question of the stability 
of the solutions derived is a complicated matter. This question 
arises in the following way. A possible method of procedure in 
the space-charge limited case is to use the Langmuir solution 
for the cylinder diode (Chapter 6) to obtain F(r). This is 
physically correct if we consider that the anode voltage is 
switched on and the anode current reaches its equihbrium 
value before the magnetic field is increased from zero. For 
magnetic fields well below cut-oflF, the anode current remains 
constant at the zero field value, and all that happens is that the 
electron paths are curved instead of being radial. At cut-off 
the anode current suddenly drops to zero, and all the electrons 
which originally reached the anode now return to the cathode. 
After the period of the transient, which occurs as goes 
through cut-off, conditions must be as follows. As many elec- 
trons leave the cathode as return to it, because the net current 
is zero and each of these contributions must be half the zero 
field anode current since the total space charge is the same as 
it was originally. The state in which there is no emission and 
no space charge is not allowed because there is no magnetic 
force acting at the cathode surface where the velocities are 
zero and, however la^^ge the magnetic field, the electrons must 
leave the cathode surface before they can be influenced by it 
In a real valve the initial velocities are not zero, and what 
happens is that the number of electrons with velocities in a 
certain range fluctuates so that when there is an excess of high 
initial velocity electrons, more low-velocity ones are returned 
to the cathode and vice versa. 
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As far as the orbits are concerned there are two possibilities, 
first orbits which are broadly similar to those in the absence of 
space charge, and secondly, circular orbits round the cathode. 
The first case is a double-stream flow, and the second one a 
single-stream flow, the effect of the fluctuation being taken up 
as a slight expansion or contraction of the space-charge rinp 
as a whole. The case of circular orbiis has been fully investi- 
gated by Brillouint and is usually described as the Brillouin 
steady state. A very convincing case for the existence of this 
state can be built up for the system we are considering by 
plotting the trajectories with gradually increasing B.. It is not 
obvious that this is the correct stale when the more practical 
case of fixed and suddenly apphed is considered. On the 
whole, the Brillouin steady state is accepted as reprtsenling 
the space-charge conditions beyond cut-off, but it cannot be 
regarded as proven without doubt that this is the case. 

We now take up the discussion of the Brillouin steady state. 
This is done by introducing an apparent spheiical potential 
function P(r) such that 

dP 

mr — e , . 
dr 

(Comparing this with eqn. (7) or eqn. (9) w^e see that 

eP{r) = cIVr)- (17) 

6 is still given by eqn. (6). The study of the motion is thus 
reduced to the study of the ftou tion P(r). Wo now consider 
the potential distribution in a space-charge limited system. 
In our coordinates Poisson’s equation reduces to 



where p is defined by I = 27rrpr, I = current per unit cathode 
length. Now r is given by eqn. (9) which we have already seen 

t Hnllouin, KU(U. Commun, 20 (1941), 112; Phys, Pev. 60 (1941), 385 
(steady state); 62 (1942), 106 (split-anode magnetron); 63 (1943), 127; 
Pror. Insln, Jtadio Engrs, 32 (1941), 216 (re\iew of results). 
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to be independent of the existence of space charge. Therefore 



Tliis has to be solved subject to the conditions that 


V{r,) = 0 , 


dv 

dr 


= 0 , 


which are those used in the simple theory of spaee-charge 
limitation, when the initial velocities are neglected. Brillouin 
starts the discussion by taking the current / ~ 0, i.e. the 
magnetron is cut-off. There are two possibilities, (a) r = 0, 
p + O, (6) p = 0, r + 0; the second is of no interest, as it simply 
relates to the cylinder condenser and gives the solution 
V == A\nr-\-C. The first ease gives P{r) = 0 or 

= ( 19 ) 


lQ(r) is the maximum potential for which a given magnetron 
can be cut-off as has already been said. The space-charge 
density is easily evaluated by putting this expression into 
Poisson's equation and carrying out the indicated differentia- 
tions The result is 


PoW = - 




( 20 ) 


These equations give the full results for the actual cut-off 
voltage; if the anode voltage is below the cut-off voltage the 
space charge does not extend out to the anode but only to 
some smaller radius a. The potential from a to r must be 
logarithmic and the constants can be evaluated by making the 
potential and field continuous at the boundary r = a. Thus 


m 

2e 




( 21 ) 
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This completes the discussion for the magnetron in wliich 
the magnetic field is greater than that required for cut-oflF. 
For fields below cut-off, a rigorous solution is rather difficult. 
Brillouin divides the anode-cathode region into two zones, one 
near to the cathode and the other far distant from it. In the 
first zone the magnetic forces are small because the velocities' 
are small, the solution is then only a perturbation of the solution 
for the Langmuir diode. Far from the cathode the magnetic 
forces are much bigger than the electrostatic ones. A solution 
neglecting the lattc^r then holds for large radii. The inter- 
mediate region naturally piesenls difficulties, but it is easy 
enough to get a general idea of the behaviour in tliis zone. 
We first observe that tP(r) f rTo(r) = < r(/) from eqiiKS. (17) and 
(19). Therefore 



But ]^(r) is given by eqn. (19). Inserting this we have 



This equation has to be solved for P subject to the conditions 
Pir^ = 0, I =0. The solution is carried out by approxi- 

Ir— 

mation. Near the cathode we can assume a power expansion. 
y^vA, P(r) — A{r-r^)”. Then, since r^r„ 




+ nA[n- 







If we put n = 4/3, suggested by the cpace-chargc limited planar 
diode, to which the solution must reduce for r-r, small, w'c 
find that the first two terms are zero and P is given by 



-9 I 
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This approximation is only true for r/r^ <1-5. A better approxi- 
mation is obtained by using Langmuir’s solution for the 
cylindrical diode 

The numeric has been defined in Chapter 6. 

The second region is that in which the magnetic forces are 

^ / ^P\ 

the only important ones. Then Ar --I can be neglected and 
is given by ^ 

/2 






(26) 


(-r- 

Now / \ r , since in the derivation we have assumed 

dr\ dr) r 

that r is large and thus is negligible. The condition for eqn. 
(26) to be valid is then that 


or 


/2 ( I 2ma)lr 


( ^ 

Wi/ 




(27) 


Brillouin uses the symbol for the characteristic radius 
I e 

^ . We use the more apyn-opriate R^. Numerically 

27^€QCU£7/^ 

2*3 X 10® 7 

= ~jp cm. 2, I in amp./em., length H in oersteds. 

Inserting values encountered in modern magnetrons, R is a 
few millimetres. As the magnetron dimensions are scaled down 
to shorter wave-lengths, R tends to remain a constant pro- 
portion of the cathode-anode space. In fig. 15.4 we have indi- 
cated Langmuir’s distribution and the form of P for three 
values of 7, showing how the Langmuir distribution must vary 
into the asymptotic distribution with increasing r.l Clearly the 
larger 7 is the greater is the radius at which the potential 
distribution departs from the Langmuir distribution. If ^ 


fThii is discussed in detail by Brillouin, Electr. Commun. 20 (1941), 112. 
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we find, by equating P{r) with P{co), that i?* = 3j8(2r^)t r*. This 
gives the value of r beyond which the Langmuir distribution is 
seriously in error. 



15.4. llnllduhrs polenlial distribuljoii. 



(fl) (fc) 

Fig. 15.5. Oibil formation arc-ordiiif; f*> Brilloum. 

The physical meaning of P(r) is that it is the amount by 
which the potential at any point in the magnetron is depressed 
below the potential To(r), valid in the absence of space charge. 
Since eP{}) is the radial energy the electrons are accelerated 
from to R and then retarded. Fig. 15.5 a shows an orbit for 
an electron just reaching the anode; fig. 15.5 6 shows orbits 
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in a cut-off magnetron, each electron moving with the linear 
velocity r,B Another point which is worthy of mention is 
that P(r) exhibits a minimum when R is small, the minimum 
being located around the radius -R. This means, when we 
think for a moment of electrons ^ith finite initial velocities, 
that some of the electrons will be trapped in this region so that 
the anode current will decrease somewhat even before the 
magnetron is cut off. This is w'hat is observed experimentally. 

We have not answered the question whether other types of 
motion, e.g. double stream flow, are possible. We refer the 
reader to the discussion in Microwave Magntirons.^ The con- 
clusion is that such states can only exist in magnetrons for 
which rJr^>2-2 and in these only for limited ranges cf anode 
voltage. Since the question of the stability of these types of 
flow is a very delicate one, we shall not pursue the topic hero. 


1S.4. Space-charge oscillations in magnetrons. Small 
signals 

Having found the necessary expiessions for the radial poten- 
tial it is a straightfoiA\<ird application of the small signal theory 
developed in earlier chapters to write down the electionic 
impedance of a single-anode magnetion. We shall not give 
the derivation here,;!, it is of only minor interest, since the pro- 
cesses are not those (qieiating in cavity magnetrons. The 
result is 




( 28 ) 


where cj = resonant frequency of circuit, 

T = period of the oscillation. 


Ra- > 00 as aj2(r) ci>2. A more exact theory would not 
show this property, but will still have a large maximum in 

t Miermvave Magnetrims, M.I.T. senes, vol. 6 chap. 6, by L. R Walker, 
i See BnUouin, /'%v. Hev. 60 11041), 385; 63 (1943), 127. 
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this region, i.e. where <«>==^{2)a>i. 

RM = sin a,T. (29) 

The behaviour is sketched in fig. 15.6, where the function 
crosses the axis at w = ^ . Oscillations are possible for all thr 
regions in which is negative, but the most powerful ones 



are those lor which w is a little less than 

oscillation can he shown lO coriespond to a radial expansion 
and contraction of the space charge, i.e. an oscillation with 
cylindrical symmetry The othei oscillations represent more 
complicated motions of the space charge cloud. 

It is known experimentally that electronic oscillations of 
this type are not efficient mechamsms for the transfer of d.c. 
energy into r.f. energy. This is physically rxther easy to under- 
stand, since there is no coupling with the tangential motion of 
the electrons which in the case of ocular orbits accounts for 
practically the whole k.e. We expect , t herefore, that to generate 
r.f. power with efficiency it will be necessary to operate on the 
tangential velocity. Before discussing this type of magnetron, 
which is that used to-ila> , we must digress somewhat to discuss 
the circuit problem. 
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15.5. Circuits for cavity magnetrons 

One very obvious diflFerence between the simple cylindrical 
magnetron which we have hitherto discussed and the multi- 
anode magnetron or the modern cavil y magnetron is the fact 
that the r.f. field distribution varies round the anode. Consider 
the six-anode magnetron of fig. 15.7. Since the connexion 
constrains neighbouring segments to be 180" out of phase, 
the potential round the anode is as shown, where Tq = d.c. 



Fi^j. V multi anode rnapnclron. 


anode potential, 1^ =- ])eak r.f. \ oltage. The potential can bo 
decomposed into a Fouiier series. In the case of the cavity 
magnetron, matteis are more complicated since the phase 
difference between adjacent lands is not necessaiily ISC'" or 
7T radians, although neaily all modern magnetrons are designed 
to work on the tt mode and the other modes only appear as 
unwanted perturbations. Since each cavity may be represented 
by a mesh in a chain of resonant circuits, there are very many 
resonances permitted to the whole block and only one of these 
gives the desired tt mode. A change of mode is accompanied 
therefore by a change of frequency as well as a drop in output 
due to the less favourable electronic interaction. In most 
practical applications the frequency change is more objection- 
able than the change in power. The purposes of magnetron 
circuit theory are therefore to determine, at any rate approxi- 
mately, the few lowest frequencies of the block, to determine 
the frequency of the tt mode; to suggest, if necessary, methods 
by which the tt mode frequency can be shifted away from the 
frequencies of interfering modes in order to make the excitation 
of these less likely at the specified working point (voltage, 
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current and field): and lastly to give information about the 
r.f. field in the interaction space. 

The behaviour of magnetron blocks has been extensively 
studied by equivalent circuit methods and by direct use of 
Maxwell’s equations. The latter approach is much more useful, 
but it is very lengthy; so, since it is not difficult, we refer the 



TT section 

Vi^r, 15.8. E(iuivalent circuit of resonant cavity. 


reader to the excellent treatments by Kroll and Walkerf and 
by Kroll and Lamb.f Here we only deal with the simplest 
possible equivalent circuit method (fig. 15.8) in which each 
cavity is represented by a parallel L.C. circuit with an extra 
capacitance across the lips and equal capacitances C 2 to 
cathode. Such a treatment clearly neglects the infinite number 
of resonances actually occurring in a distributed circuit. These 
resonances are at much highei* frequencies than those of interest 
in the present work. The block is rejuesented by a ring of 

1 Kroll and Walker, Micrmvnvc Magnetrons, M.J.T. series, vol. 6. 

+ Kroll and I.anib, J. Jppl. Phys. 19 (1» W), lOd. 
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identical rr sections (fig. 15.8 6), one for each cavity. The 
phase constant of each section is given by 

co&<f>= l+ZJ2Z^ (30) 

Zj = impedance of the parallel L, (6^ + Ci) circuit, 

Zg = impedance of the capacitance C^j^. 

This result can be found in any text -book on filter theory 
(e.g. Guillemm. Communication Networks, vol. 2, p. 179), if results 



0 2 3 4 

Mode no 

Fi^». 15 Fieqnciu Jr \urmlion with mode number. 


for a non-dissi])ati^ e netw oi k aie inserted in the equations there 
deduced. Since the netijvoik is closed on itself only the phases 
(f) = "iTTnjN are alloi^ed, N = number of ca\itieb, n = 0, 1, 2, 
.. , Nj2, Putting in the values of Z^ and 2 Z 2 we obtain 




4L{c+c\y 


or, using the condition on 


\lOjff 


2[ 1 - coH (2imlN) ] (C + 

/ 1 

i.e. (31) 

^ ^ — cos(277-w/i\^)| 

Fig. 15.9 shows the behaviour of eqn. (31) for an 8-cavity 
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magnetron, which indicates that there is very little diiference 
in frequency between the lowest wave-length modes, i.e. that 
the 7T mode, n = iV^/2, is very close in frequency to the = 3 
mode. Bj adjustment of the parameters eqn. (31) agrees 
reasonably well with experiment. This fact makes the simple 
iV'-cavity magnetron block very susceptible to mode changes 
and the early NT 98 and CV41 magnetrons \^ere very variable 
in efficiency which ranged from 10 to over 40 per cent for 
this reason. 

(fl) W 




Fig. 15.10. Tyjies of straj)i)iiig. Dots represent a join l^etween strap 
and segiiitiit. 

In 1941 Sayers at Birmingham University introduced a tech- 
nique for increasing the separation between the desired tt mode 
and the adjacent modes. This expedient is known as strapping, 
and the essential point is that alternate anode segments are 
joined together by metallic bars located in the end space of 
the magnetron. For modes other than the tt mode, current 
flows in the straps and constitutes a damping load on the 
resonator so tliat, in addition to the frequency shift caused by 
the mutual reactance elements introduced into alternate ring 
sections, the circuit losses for the undesired modes are increased. 
In this way the operation of the magnetron can be stabilized 
on the TT mode. The use of strapping in NT 98 v alves immediately 
brought the efficiency up to 50-00 per cent, since the valve 
operated invariably on the tt mode and the input could also be 
increased without mode changes occurring. Various types of 
strapping can be used, some of which are shown in fig. 15.10. 
Fig. 15.10 a is the so-called echelon strapping and fig. 15.10 6 
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the double-ring strapping which is commonly used to-day. 
The strapping system is broken on the bottom end of the 
resonator in such a way that the wave patterns due to the 
unwanted modes are correctly loaded. This is important 
because the unwanted modes turn out to be doublet modes and, 
if one component is not loaded, moding may still occur. The 



Mode no 

Fi^. 15.11. ICHcct of strappiii«? on frc(iuency curve. 

degree of separation betwe(‘n modes depends on th(^ effective- 
ness of the strapping, tlie double-ring strapping being the most 
effective. Fig. 15.11 indicates the way in which the resonant 
wave-lengths of a magnetron block change as the strapping is 
applied. It can be seen that a very considerable increase in 
spacing beti^een the tt- mode and the = 3 inode is obtained. 

The behaviour of the strapping ean be understood qualita- 
tively as follows. For the tt mode the straps merely increase 
the parallel capacitance of each resonator slightly since no r.f. 
current flows in them. In the other modes current flows in the 
straps, which is equivalent to decreasing the inductance of the 
individual resonators. Thus the decrease in inductance offsets 
the increased capacitance and experiment shows that there is 
a net increase in frequency for the non-7r modes. 

For wave-lengths below 3 cm., e.g. for K band (1-25 cm.), 
the block and the straps become so small that constructional 
difficulties are very formidable. The Columbia Radiation 
Laboratoryt group overcame this difficulty by making a block 

t Millnian and Nordsieck, J. Appl, Phys. 19 (1948), 1.50. Ilollenberg, 
Kroll and Millman, J. AppL Phys. 19 (1918), 621. 
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with alternate large and small resonators sketched in fig. 15.12. 
This block is known as the ‘Rising Sun’ and it introduces a 
very different type of behaviour. The resonances occur in two 



Fif» 15 Rising Sun nicif,nction block. 


Mode no 

Fi^. 1.5.10. Ficquciuy va-iiation for .i Rising Sun block 


groups, one set belonging to the LM.;e resonators and the other 
to the small, as shown in fig. 15.13, where Xq is the resonant 
wave-length of the smaller resonator. Fig. 15.13 is drawn for 
an 18 resonator block, i.e. 76 = 9 is the tt mode which is seen 
to be well separated from the n = S and /i = 4 modes. Because 
of its simplicity, the Rising Sun block is now used for high 
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power 3 cm, magnetrons, as well as for the very shortest wave- 
length magnetrons. The full theory of the Rising Sun magnetron 
is given in the references cited, and we shall not discuss it here. 

This is a suitable point at which to make some remarks on 
the tuning of magnetrons. Because the magnetron circuit is a 
coupled ring, methods of tuning which alter the parameters of 
every unit resonator are to be preferred to methods which 
simply alter a single resonator, and thereby upset the elec- 
tronic behaviour of the valve. 

Tuning can be accomplished by varying either the inductance 
or the capacitance of tlie ca\ ities. Metal rods inserted into the 
cavities decrease their inductance and lower the wave-length. 
The capacitance can be altered by bringing a ring up towards 
the open ends of the block; or a bigger effect is obtained in a 
double-ring strapped magnetron by varying the insertion of a 
metal <*ylinder placed between the two straps, (^apacitance 
can also be varied by inserting metal blocks into the gap 
region of the cavities. It can be shown by perturbation theoiy 
that the change in reactance produced by a metal insert 

depends on — taken over the volume of the insei*t. 

Where E>H, the insertion increases ('' and wliere 11 >E the 
insertion decreases L, When an extended tuning lange is 
desired, both melhods are apjdied simultaneously v^ith mech- 
anical motions ganged that motion in one direction increases 
both L and (J while in the opposite ilin'ction both decrease. 
Using combined L and O tuning, ranges of as much as 30 per 
cent have been obtained, about twice as much as is obtainable 
with only L or variation. 

Some good magnetrons have been made with c(iuplcd tuning 
elements but this expedient is only workable over ranges of tlie 
order ±5 per cent. This is, however, suflicient for radar pur- 
poses where the problem is usually one of keeping within a 
fairly wide band and the receiver is tuned to a particular trans- 
mitter. More extensive band-widths are necessary for com- 
munication and other purposes, and the tuning problem is of 
more importance in c.w. magnetron design than it is in pulsed 
magnetrons. 
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It should be clear from what has been said above that a small 
variation in strap spacing will change the wave-length. This is 
found experimentally to be the case, and deformation of the 
straps is a well-known method of pre-setting the oscillation 
frequency of fixed tuned magnetrons so as to reduce the 
importance of mechanical tolerances in the resonator dimen- 
sions. 


15.6. The radio-frequency field in the interaction space 

Having established the main features of the behaviour of the 
circuits we must discuss qualitatively the behaviour of the 




n \ «-=2 ;/ = 3 4 

Fi^f. l.'j.l i. Klc(*tri(» fi< l<l (list ribiil ion for several modes. 


r.f. fields in the interaction space. For the tt mode, the spatial 
variation of the field at the anode surface is as shown in fig. 
15.7 5, since there is very little potential drop across the anode 
segments. The field on the anode surface for oscillation in 
other inodes is determined by the condition that the variation 
of potential after a complete rotation round the cathode must 
return to the initial value, i.e. the potential wave has n com- 
plete cycles. C^learly n can only take on the values 0. 1, 2, ..., 
Nj'l where N - number of resonators. These values of w give 
the field y)eriodicities at the corresponding froipiencies given by 
eqn. (31). Fig. 15.14 show^s the approximate configuration of 
the interaction field for several of the modes. It should be 
noted at this point that the r.f. fiftld of the tt mode does not 
penetrate so far into the interaction space as do the lower 
modes. Thus the interaction between the electrons and the tt 
mode is only strong when the cathode approaches the anode 
fairly closely. For a thin cathode the low modes have strong 
components near the cathode surface. This is one of the reasons 
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why pre-war magnetrons with many anode segments and thin 
cathodes oi)erated erratically and with low efficiencies. 

The field configurations sketched in fig. 15.14 are, of course, 
rotating so that, taking the tt mode, for example, during one 
half-cycle of the oscillation frequency the field configuration 
will have rotated by one anode segment. It is important to 
understand the peculiarities of the tt mode; a rotation through 
an anode segment simply reverses the sense of the fields and 
does not alter the shape of the field; moreover, it is immaterial 
in which direction we consider the rotation to have taken place. 
For the other modes the configuration is not simply changed 
in sense by rotation through a single anode segment and the 
sense of the rotation is also important. 

Let us now put these ideas into mathematical form by con- 
sidering a Fourier expansion for the voltage at the anode 
surface for an arbitrary mode number n. Since by definition 
there are n cycles of the potential wave round the complete 
anode, we make the expansion in terms of o), the resonant fre- 
quenej" of mode n, and the spatial factor k defined in n -hpN, 
P = ± L ±2, etc. Each value of k therefore defines a spatial 

harmonic of the fundamental mode n. These harmonics are 
termed Hartree harmonics because they were first extensively 
investigated by J^rofessor Hadree's group at Manchester 
University. The Fourier series for l[ is then 

= V (32) 

k k 

where 0 = angular coordinate, (f> and 6 are phase factors. The 
amplitudes Af^ and are, in general, not identical. A little 
manipulation yields 

K = S - Bj,) cos {ud ~ A-0 4- <^) + 2 V B, cos 
X cos -f ^ ^ COS kB 2,^ Bjf sin 

X Costco/ + ^ j sin kO. (33) 

Eqn. (32) rc^presents the anode a.c. potential as two travelling 
waves moving in opposite directions, while eqn. (33) exhibits V 
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as a travelling wave superposed on two standing waves. It is 
fairly easy to demonstrate that the amplitudes of the Hartree 
harmonics tall oflF rapidly as one approaches the cathode sur- 
face, so that only the fundamental is of importance in this 
region. Eqns. (32) and (33) contain four arbitrary constants 
<f> and S which can be fixed ])y comparison with the 
electromagnetic field equations. On tlie other hand, the solu- 
tions of the mesh e<juaiions of the equivalent circuit theory 
only give rise to two sueh constants unless each solution is 
assumed to be a degenerate doublet. (A solution of a wave 
equation is said to be degenerate if there are two possible 
oscillations at tlie same frequency.) On further investigation, 
however, it is easilj^ seen that only the modes other than n = 0 
or n = N/2 are de'generate, the 0 and X/2 modes re])resenl ing 
simple standing waves. The = 0 mode is trivial because 
there is no space variation in field, but the pure standing wave 
nature of the A^/2 mode is \ery imporlant. It means that 
when th(' magnetron is o})erated on the tt mode there is little 
chance of interaction with harmoiiie fields in the operating 
v^oltagc range, since tlie velocities favouring interaction with 
the harmonics are xeiy different from those favouring the 
fundamental. 

15.7. The interaction of the electrons with the field 

We now ask the (^ueslion what are the fixvourable condi- 
tions for interaction betw’een tlic electrons and the field ? First 
consider a standing wave mode. t)n the basis of the considera- 
tions discussed in Chapter 12, we should expect tliat a favour- 
able condition for iiiteracdion would exist when the electrons 
reach the centres of conseeutive gaps at instants so related 
that tlie field is always acting on the elt'ctrons in the same 
sense. Now in the magnetron wc note that it the r.f. field at 
the cathode aecelerales an electron, the magnetic forces arc 
stronger than they w^ould be in the absence of r.f. field, so 
that the trajcctoty is at all points more curved than it would 
be with zero field. The increase in curvature is also greater 
the larger the field. Thus the electrons, which leave the cathode 
when the r.f. field is accelerating, follow paths more curved 
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than the neutral reference electrons and are turned back to the 
cathode if the field is strong enough. Therefore in the magnetron 
there is a fundamental mechanism which operates so that 
electrons which gain energy from the field are very soon 
returned to the cathode, the excess energy being given up as 
back heating. On the other hand, those electrons which enter 
the r.f. field when it is in the decelerating direction are moving 
more slowly than they would be if there were no field. Their 
trajectories are less eurved and they move out towards the 
anode. If the circumferential velocity is adjusted so that they 
reach the centre of a second gap when 1 he field is also decelerat- 
ing, some more energy is lost to the field and the electrons 
drift further towards the anode. Thus, an electron which enters 
the field when the latter is decelerating, drifts out towards the 
anode giving up ])art of its energ}^ to the field at each inter- 
action. If there are many such interactions, the electron will 
reach the anode with only a small proportion of the energy 
corresponding to the d.e. anode voltage and since the unfavour- 
able electrons have been rejected, the j)r(>cess of energy con- 
version should be very efficient; as it is experimentally known 
to be. 

The interaction with a travelling wa\e can be explained in 
exactly the same way, for we can dc'^cribe the interaction in a 
coordinate system rotating with the same angular velocity as 
the w«i\e. Then, at the optimum eireumferential voltage, the 
wave and electron velocities are equal and the tdeedrons give 
up maximum energy to the beam. The elect roni(‘ behaviour is 
sketched in fig. ir).ir». It will be obvious that the field will 
gain energy from the beam if the electron is travelling cir- 
cumferentially w'lth 1, etc. of the w^ave velocity, for in this 
ease it will be deecderated correspondingly by ea(di second, 
third, resonator, and so on. Naturally this process would be 
less efficient than the fundamental interaction. This point is 
made clear by fig. 1 5. 1 0, which show^s the standing and tra\ elling 
wave components for the « = 2 mode in an eight-resonator 
magnetron, chosen as being the simplest travelling wave case. 
Here the lines going through the dots represent favourable 
electrons in a space time plot. For the standing wave case, 
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Fif;. 1,* 1(> h. liit< i<u hont lUttioiis and llu* 


^ 1 , 1 w (JJ u> CD Ui 

fig. M.KW/, tlu' \elocities aie ^ ^ 

For the trcivelimg wave ease the forward velocities me 

T ^ • f‘fe. but the l)aelvWdr(l velocities etc. are 

2 10 IS 0 14 

also allowed Modes in winch the electrons travel in the direc- 
tion opposite to that cd’ the wave are calU'd reversed inodes. 

Now we liave introduced already the mini her k which deter- 
mines the spatial distribution of the voltage. For the /i = 2 
inode, /; = 2, 10, —0, 18, — li, etc. and one obtains for the 

favourable angulm velocities 6 — Tn geneial if t = the 

k j 

period of tlie oseillation, the electron must rotate through the 
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arc subtending 7r/k radians in t/2 seconds for a correct phasing, i.e. 



(O 


(34) 


proving that the above result is general. We now wish to use 
eqn. (34) to obtain a relation between the observable para- 
meters for the tube. An approximate expression is easily 
obtained. Using the translation term in eqn. (16), evaluated 
half-way across the interaction space, we find that the angular 
velocity of the electron round tlie cathode is given by 


2E^ 

\-r,y 


but we assume that 

Ej, is constant and is gi\en b\ 

the linear 

Y 

value . Tims 



(35) 



or 

y = Br'^ [ 1 - 

2i/.r'^"L tfj- 

(36) 


Eejn. (36) was originally derived by Posthunnisf in a paper 
which contains the first Iroatnient of travelling wave mag- 
netrons. A more accural e expression for the translational 
velocity lias been used by SlaterJ to show that eqn. (36) some- 
what overestimates T. iJns is of little conseciuence, however, 
since magnetrons work oxer such wide ranges of voltages and 
current that it is unnecessary to 1. ‘*ate accurately. What 
is more important is the question of the minimum voltage at 
which oscillations start. We can begin to answer this question 
with the information already at our disposal bj" plotting the 
Hull cut-off parabola ami eqn. (36) on a basis. Since 

we know that the operating point must be to the right of the 
cut-off parabola, it is reasonable i take the point of inter- 
section of the two curves as a first approximation to the 
operating point. The starting condition has been calculated by 
Hartree's group but is essentially contained in the paper by 

t Postliuinus, mrelcsH Kngi. 12 (1935), 120. 

j Slater, Mit'iotmirt Elrctronici>, Van Xostrund, 1950. 
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Posthumus. Hartree’s relation, which Slater derives by simple 
reasoning, is 

(37) 


V = 


lie 


In practical units 


V 

^min. 


f38) 

- 10,100 I )0,700» n^y 


H is measured in oersteds. 


Cut“oft parabola 



Fij;. 15.17. Starting voltage c*nr\cs. 


The first term in eqii. (37) is just the resonance condition 
(3(5). The second term is proportional to the additional k.e. 
gained by an electron acted on by an infinitesimal r.f. field. 
Eqn. (38) is easily shoi^n to be tangent to the cut-off parabola 
at the point 

1 m/(D I? ^ 

" li TU ^‘7 ■ “ “ e n [ l - {r,/r„)f ' 

and the Hartrce curve (37) reduces to 


K_ 2il 

V^'\ 


(39) 


Some Hartree linos are indicated in fig. 15.17 showing clearly 
the way in which increased n reduces the starting voltage at 
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any specified magnetic field. Experimental values of starting 
voltage usually lie on a tangent line somewhat displaced above 
or below tJie theoretical line. 

It must be emphasized that it is not the radial component 
of r.f. electric field which is effective in causing the electrons 
to reach the anode, but the fact that the circumferential com- 
ponent, by decelerating the electrons in their orbits, deflects 
them slightly outwards from the d.c. orbit, as has already been 
discussed. In the case of the infinitesimal r.f. voltage used for 



Fij?. 15.1S. Rudio lre(|uencv field in aiiode-ealhode space and its 
phasing effect. 


the starting calculation, the radial r.f. field is quite negligible 
by comparison with the d.c. field. 

We have now to discuss another feature of magnetron opera- 
tion which also has a considerable effect in producing a high 
efficiency, this is the phasing of the electrons. Fig. 15. IS shows 
an enlarged and de\ eloped sketch of the r.f. field for the tt 
mode in the vicinity of t>^o ta\ity gaps. An electron at point 
A is decelerated by the field of gap 2. To the right of the 
centre line of gap 2 the radial f eld is directed towards the 
cathode, and to the left of the ceiFre line it is directed towards 
the anode so that an electron reaching the gap centre at the 
instant of maximum r.f, deceleration experiences little radial 
deflexion (w^e are now’ talking of finite r.f, field strengths). 
However, an electron at B, which will rf^ach the gap centre 
after the maximum, is shifted radially towards the cathode 


E 

and, since the angular velocity is the angular velocity is 

increased and this electron tends to catch up with electron A. 
Similar considerations applied to an electron to the right of 
the centre line show that it is slowed dowTi and therefore a 
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bunch of electrons forms about electron A which is the electron 
giving maximum energy to the field. This bunching or phase- 
focusing process contributes materially to the high electronic 
efficiency of magnetrons. 


15.8. The maximum efficiency in a cavity magnetron 

We have now described all the more important processes in 
the cavity magnetron, and on this l^asis we can make a very 
elementary and approximate estimate of the electronic effici- 
ency. This is (lone by assuming that each electron arrives 

F txiY 

tangentially at the anode with the velocity • If the 

electrons were acted on h} the d.c. field alone, they would 
arrive with energy so the efficiency is gi\en hy 






eV 

^ 'ft 


(40) 


If write for the starfing \oltage at a specified li, and 
for the Hull \oltage, e(pi. (40) can bo transformedt 4o 
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The value of if is ])lott(‘d against nX in fig. I .“>.19, from which 
it is seen that the elficien(\v tends to unity as II for a fixed 
set of parameters. Slatei \ prefers to consider each electron as 


t VNiIlsiiaw, UuslifortJi, Lsifliatn, Hulls and Kjii^, J. Instn, Elect, 

Engrs, 93, pt. uia, no. 5 (lOlti)? 

J Slater, oj). cil. 
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Fip 15.19. Tlu'ontujl .iiid (xi)erimental (IlineiUMes Copied 
fioni Willslun^, Kadiforlh, Stainsl)>, LatlMin. Ualh and King, 

J. Ifistn. El((t, JKwgrs 93, jd. iii v (194f>), 992 

arriving at the anode with four tin’* the energy here allowed. 

His final result is £21’ 

which show's the same sort of behaviour but naturally gives 
lower values. Kqn. (44) is in better agreement with experi- 
ment than is eqn. (43). It is interesting that experiment shows 
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that extremely liigh electronic efficiencies are obtained if H is 
made very large. 

Clearly eqns. (43) and (44) are not expected to be more 
than very rough. For instance, they completely neglect the 
r.f. power taken out by the electrons returned to the cathode, 
which is known experimentally to be considerable, and they 
assume perfect phasing which is not particularly probable. 

The electronic efficiency given above has to be multiplied 
by the circuit efficienc}'^ to give the overall efficiency, which is 
the measurable parameter. In general, it is much too difficult 
a problem to calculate the losses in magnetron blocks, and the 
losses have to be measured on a separate cold test. The 
observed output efficiencies can then be corrected to obtain 
the measured electronic efficiency which is compared with the 
theoretical value. 


15.9. Magnetron scaling 

We conclude our remarks on magnetron oscillators by con- 
sidering the very important ciuestion of scaling. Since rela- 
tively little is known about the detailed design methods for 
magnetrons, a proven method of scaling a design, known to be 
successful at one wavelength, to another, larger or smaller, 
W’ave-length is of great practical value. Scaling relations have 
been much studied at the M.I.T. Radiation Laboratoryf by 
Slater and others Here we can only quote their results. It is 
found that magnetron theory can be expressed in terms of a 
set of characteristic parameters, ])roportional to the magnetic 
field, voltage, current, d.c. conductance and d.c. power input. 
These characteristic variables are 
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Here is a function of rjr^, which varies little from unity, for 
usual values of this ratio, and h = height of anode block. 

G = l/V, (48) 

P =- IV. (49) 


The performance of the experimentally good design is 
measured and plotted in terms of these variables by dividing 
the observed experimental quantity by the characteristic 
quantity to obtain the ‘normalized’ quantity. The observed 
parameters for the desired new magnetron are then obtained 
by multiplying the normalized quantities by the characteristic 
values for the new design. Practi(*all3" the problem is more 
often to adjust the design to tit predetermined values e.g. of 
B and I , both of which are limited by ])resent-day materials. 

In addition to the factors included above, K. rjr^ and the 
slot width/segment width ratio must be specified. The measured 
performance chart naturally only relates to a specified load 
impedance. 

As we have said earlier, there is an optimum ratio of rjr^ 
depending on the number of resonators and on the mode. 
A useful criterion is that 


^e^N-4 


( 50 ) 


15.10. Unsolved theoretical problems 

We have now very briefly sur'^eyed the existing knowledge 
of magnetrons and it is \^orth vhile listing some of the remain- 
ing theoretical problems. We have already mentioned the 
unsatisfactory state of the d.c. theory. As tor the r.f. theory, 
there is no method of calculating the el* ctronic conductance 
from purely theoretical considen terns. A tieginning has been 
made with a starting current theorj, the Bunemannt theory, 
but this work is of a tentative nature. Another problem of 
considerable interest, about which little is known, is that of 

to. Bunemann, Manchei%ttr C.V.D, Rep, no. 37 (1944); Summarized in 
M.I.T. series, vol. 6, chap. 0. 
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noise. Magnetrons are known to be extremely noisy, but the 
basic reasons for this are not yet known. It seems possible 
that there is a starting mechanism by w^hich the shot noise in 
the electron current from the cathode is amplified by Haeff’s 
multiple velocity effect (Chapter 14) so that the noise voltage 
induced in the resonators is much greater than would be 
expected a priori, A similar explanation could partially, at 
least, account for the anode current observed in cut-off mag- 
netrons in which there is no coherent r.f. oscillation. 

IS.ll. The magnetron amplifier 

There have been many af tempts to make a magnetron ampli- 
fier, none of which has been successful, until very recently 
when the Societe Fran^aise Radioelectrique workersf pro- 
duced such a device by substituting a zigzag wire or flattened 
helix for the cavities in the magnetron oscillator. By correctly 
matching the helix a slow travelling wave is set up which inter- 
acts with the beam as described in this chapter. Published 
results indicate that the device is characterized by Jpw gain, 
good poww output, moderate band-width and good efficiency. 

Two embodiments have been described which are sketched 
in figs. 15.20 and 15.21. In the former, an electron beam is 
injected through a screen electrode into tin* space between a 
flattened helical circuit bent round into a cylinder, and a 
cylindrical cathode inside the helix. The helix is at HT and 
the field is therefore identical with that in a magnetron except 
for the short input region. The beam is arranged to move 
close to the helix so that it is in the strongest possible r.f. field. 
In the latter type, the actual emitter is a short sector of the 
inner cylinder and the rest of the system is as before. There is 
an axial magnetic field in each case. 

The operation is almost exactly the same «as that of the 
cavity magnetron in a travelling wave mode described in 
§ 16.7. The linear electron velocity EfB is made nearly equal 
to that of the slow wave on the circuit, and electron bunches 
build up in the planes of maximum retarding circumferential 

t Brossart and Dohicr, Ann, Radioeiect. 3 (1948), 328. Warnecke, Kleen, 
Lerbs, Dolder and Huber, Proc, Jmt, Radio Engrs,^ N,Y, 38 (1950), 486. 
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field since the radial field acts as a phase-focusing device. The 
bunches gradually extend outwards towards the circuit, and, 
since their circumferential velocity is not altered, the potential 
energy gained from the d.c. field is fed into the circuit as r.f. 
power. The magnetron amplifier is thus analogous to a trans- 
verse field travelling wave tube. The references quoted contain 
a fairly extensive theory of the tube from which it appears 
that the gain oc/g*, instead of ig* as in the travelling wave tube. 

Experimental results quoted show that, when A = 23 cm., 
f^ = 2 kV., J5=880 gauss, and 110 mA., a power output of 
55 W. was obtained with an efficiency of over 24 per cent. 
The gain at this level was, hove\er, only 2 db. For very small 
signals the gain was 8 db. The band- width was 100-150 Me. /sec. 
The utility of a tube with such characteristics is naturally ^^ery 
limited and it will be interesting to see whetlu'r tubes with 
reasonable gains and high efficieiuies will be realized. 

ADDITIONAL K K FK K K N C K S 

Fisk, Hu.srniM and IImmman, Bril Ttdi. J. 25 09 tO), 

Hok, (i., Adtances lu Khctimius^ \nl. ii, 

PiDDi CK, Qmut, J. Math. 7 201. 
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PICTURE CONVERTORS AND 
STORAGE TUBES 

It was ini ended to include a treatment of cathode ray tubes in 
this chapter, but this intention has been modified for the 
reason that tliese devices are well described in many easily 
available books, and it therefore seemed preferable to devote 
the space thus gained to the description of some types of 
storage tube. These latter instruments are at ])resent increasing 
very rapidly in importance in view of the extensive intercept in 
television, electronic computers and certain specialized types 
of radar. We may define a storage tube in general terms as a 
device in which a pattern of events, either spatial or temporal, 
can be stored in such a way that the information can be subse- 
quently obtained as a time sequence of electrical signals. 
Examples are the tele\i^ion picture convertors, in which the 
light from the object falls on a screen consisting of very large 
numbers of minute photo-sensitive elements. Elements in 
highly illuminated areas acquire a strong positive charge, those 
in dark areas a .>mall charge. The screen is subsequently 
scanned by an electron oeam which returns the elements to a 
state of equilibrium and, in so doing, produces a time sequence 
of electric signals vhich can be loconstituted into the picture. 

Another type of storage can be exemplified by counter 
systems. A chain of pulses fed into a conventional counter 
operates each pair or decade until the chain has been counted. 
Normally the counter is used with many more pulses entering 
than there are stable circuit conditions and the information 
proceeds straight through the de\ice, but if only a few pulses 
are fed in, there will be no output from the end of the chain. 
However, the information is not lost, for hy examining the 
condition of the elements of the counter electrically, e.g. by 
moni+oring the several cathode loads, etc., one can find out 
what information was initially fed in. A sequence of temporal 
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events has thus been stored until it is convenient to utilize 
the information. 

Until the last few years special electronic devices for storage 
have been confined to television picture convertors, other stor- 
age devices being synthesized from large numbers of ordinary 
receiving valves. Recently, however, the use of special devices 
has been much extended and we shall here be concerned with 
some of these special tubes. 


16.1. Storage by photo-electric emission 

One of the most important and widely used methods of 
storage is by photo-electric emission. This principle is used in 



modern television picture convertors and in some storage de- 
vices for computing. In this section we give a general account 
of this type of storage, the basic principles of which have 
already received some attention in (liapter 2. 

Before we start this work it is advisable to clarify the great 
advantages gained by iht‘ ini rod action of storage. To do this 
we use televisicm as an example, contrasting the performance 
of an early non-storage systimi with that of a modern system. 
A simple and practical mechanical television system is the 
Nipkow disk shown in fig. 16.1. A disk is perforated with a 
series of holes which are located at constant angular spacings. 
The r«adial distance of the holes from the axis of the disk is 
arranged so that the difference in radial dimension between 
successive holes is equal to the diameter of the holes. The 
optical image is formed on the disk and each hole scans a strip 
of the image. This strip illuminates a photocell during the 
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time it takes for the aperture to scan the image. The photo- 
electric cell thus produces a signal which varies with the 
illumination along the path of the particular hole under the 
image at the instant under consideration. If the width of the 
picture is a cm. and the height 6, and there are n holes of 
diameter d, wc have vd = b and the mean radius of the spiral 
of holes is r = ari/ 27r. Clearly n also equals the number of Kncs 
in the picture. If the total luminous flux is B, the flux entering 

the cell at any instant is Since n is at least 400 in 

Tnodern systems, nearly all the original light is wasted in this 
type of transmitter. 

In a modern system the light falls continuously on a mosaic 
of tiny photo-eleiiients which are insulated from a single 
metallic plate which ads as signal electrode. The elementary 
condensers are discharged seciuentially by scanning with an 
electron beam which only remains on the element for an 
extremely short time. In this case the useful flux is roughly 

b{\-Z if we take d as the spot diameter in this case. 

\ 4an^i ^ 

Thus the storage system is more efficient than the non-storage 
system by a factor of the order of i.e. of the order 10®. 
This enormous degree of improvement cannot be obtained in 
practice, but it can l)e seen that even if storage systems fall 
very far short of their theoretical performance, they will still 
be much belt(T than non-storage systems. 

The first i)ractical storage picture convertors were described 
by Zworykin and his colleagues of the R.C.A. in 11)33. Very 
similar devices were developed in this country by E.M.I. at 
about the same time and were used in the B.B.C. London 
television station which w'as opened at the end of 1936. The 
R.r.A. tubes are called iconoscopes and the E.M.I. tubes 
emitrons. Later and improved vCi^ions were called the image 
iconoscope and the super-emitron respectively. All these tubes 
have features in common, viz. the use of a high voltage 
(1-1*5 kV.) electron beam to discharge the mosaic of photo- 
elements. Theory showed that advantages could be obtained 
by using very low voltage beams to discharge an element at 
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about cathode potential, and this work has resulted in the 
R.C.A. orthicon and the E.M.T. cathode potential stabilized 
emitron (C.P.S. emitron). Tubes of the latter class are the 
most sensitive available to-day and their sensitivities are, in 
fact, approximately equal to that of the human eye, though 
the electronic devices have a much more restricted range than 
that of the eye. When high intensity illumination is available, 
as in the studio, the earlier tubes still have advantages in 
definition and freedom from distortion. 

16.2. Iconoscopes and emitrons 

We next proceed to consider in more detail the ojK^ration of 
the iconoscope or emitron. f The device is shown schematically 
in fig. 16.2. The mosaic is formed on an insulating layer backed 



by a metal signal plate. Light is focused through the plane end 
of the tube on to the mcKsaie, which is also scanned by a low 
current electron beam from a gun located in a side arm of the 
main bulb. Appropriate focusing potentials are applied to the 
gun to produce a very well defined spot with a current of about 
0-1 jjlA, at a voltage of about 1-5 kV. The walls of the main 
bulb in the Aicinity of the mosaic are conduct ively coated so 
that photo- and secondary emission can be taken from the 
mosaic. 

t Zworykin, J. Itisin. Elect. Enffrs. 73 (]9a3), 437, Zworykin, Morton and 
Flory, Proc. Inst. Radio Engis.^ N.V. 25 (1937), 1071. Mr(»cc and Lubszynski, 
J. Imtn. Elect. Enffrs. 84 (1939), 438. Zvorykin and Morton, Television^ 
John Wiley, 1940. McGee, Electronics^ Pilot l*Tess, 1947, chap. iv. 

506 



ICONOSCOPES AND EMITRONS 

The mosaic is made by forming a semi-transparent film of 
silver on a clean mica sheet and causing it to break up into 
minute globules of silver. This can be done by baking in air 
at approx. 700° C. or it can be done by means of an oxygen 
discharge run in the tube while on the pump. Later in the 
pumping the mosaic is activated as a photo-electric and second- 
ary emitter by the admission of caesium and baking at low 
tem})eratures in the usual way. Jt may be noted at this point 
that the optimum i)hotosensitivity cannot be attained as the 
amount of cae*sium needed to reach the peak is sufficient to 
lower the transverse resistance of Ihe mosaic and thereby 
causes loss of signal and definition. A correctly activated 
mosaic, however, can be considered as (*onsisting of a very 
large nTimber (10® 10^) of minut<* condensers having one u»m- 
mon plate. The other plate, (‘X])osed to the electron beam, is 
photosensitive and has a ftiirly high secondary emission co- 
efficient. 

To understand the operation of the device, consider first that 
tlie mosaic is scanned in the dark. The electrons arrive with a 
v(*locity \vell above the lower value for which S = 1, so that, 
as discussed in C1iapt(‘r 2, the mosaic charges up to approxi- 
mately the ])otentiaI of the conducting coating in the bulb. 
As we know, the potential of the mosaic surface will be slightly 
below this potential so that on the average the primary and 
secondary currents are etjual. The actual value of this small 
potential difference depends on the detailed velocity distribu- 
tion of the secondaries and on tin geometry of the tube which 
naturallj" determines the field strength at the mosaic surface. 
McGee gives the experimental figure as 1-2 volts negative to 
ground. The simjile explanation of the signal formation is now 
as follows. When the mosaic is expose(l to light, the mosaic 
emits photo-electrons some of which are drawn to the coating, 
leaving the blight areas of the piciure less negatively charged 
than the dark areas. The b(‘am scans the mosaic and dis- 
charges each condenser in turn returning it to the — 1 volt 
mean level and the discharge current in the condenser forms 
the signal current. This process would not be expected to be very 
efficient since the held needed to saturate the photo-emission 
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from the mosaic is much greater than the existing value, 
but even with such a low efficiency as 1 per cent the 
storage tube would be much better than a mechanical system. 

In fact, the theory of the iconoscope is a little more compli- 
cated, for the reason that the beam does not simply discharge 
each element but carries it severtal volts positive during the 
time it is bombarded. Thus, the succeeding mosaic elements 
are located in a region of strong j)Ositive field (the distances are 



Time — 


Fig. lO.S. Potential distribution in emitron screen. 

SO small that very small jiotentials produce large fields) which 
tends to produce local saturation of the photo-emission and 
therefore increased sensitivity in the direction of the scan. 
The beam carries each element to such a positive potential that 
the primary and si^condaTy cunents to tlie single element are 
equal, in the presence of tlie other elements which tend to repel 
secondaries towards tin* element under the beam. Fig. 16.3 
demonstrates the charging of two successive elements in the 
mosaic showing that the field in the direction of motion of the 
spot tends to saturate the photo-electric emission while behind 
the spot it tends to suppress the photo-emission entirely. 
McGee quotes the following figures: the average duration of 
the bombardment of each element is 0-2 jusec., the average 
capacitance of each element is 0 05 pF. and the storage takes 
place in the period of about 0-004 sec. immediately before the 
element under consideration is scanned by the beam. Thus the 
photo-electric efficiency is much increased at the expense of a 
considerably diminution in the duration of the integrating 
effect. 
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The operation of the iconoscope is subject to several disturb- 
ing influences which we shall not discuss here as they are fully 
dealt with in the references cited. The main defects of the 
device are its only moderate sensitivit}", poor depth of focus 
and much background signal. The consideration of depth of 
focus arises from the consideration that the spot size or picture 
element must not be made too small or else the lateral capacit- 
ance between elements will be c'omparable with the capacitance 
to the signal plate, an obviously undesirable state of affairs. 
The minimum si)ot size for a reasonable insulator thickness is 
about 0*010 in., and for a 400 line picture this leads to a 
5x4 in. mosaic. A lens of focal length ^^(52-r 4^) = 6*5 in. is 
required for adequate field coverage, which in turn means that 
fairly small apertui* s, J/3 or less, must be used. 

16.3. The image iconoscope and super-emitron 

In these devices a considerable improvement is brought about 
by separating the functions of photo-emission and secondary 
emission. They uie shown schematically in fig. 16.4. Here the 



picture is optically focused oii a transparent plioto -surface 
close to the optically flat window^ The photo-electrons are 
then magnetically focused on the mosaic which is now 
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prepared for maximum secondary emission. The rest of the tube 
is nearly identical with the normal iconoscope. The photo- 
surface is held well below the potential of the conducting 
coating (ground) by a separate bias so that the photo-emission 
is saturated and the magnetic focusing has a small magnifica- 
tion so that the glass lenses can have shorter focal lengths. 
Thus the improvements are: 

(1) The photo-surface can be activated for optimum sensi- 
tivity as leakage is not now a problem. This gives 30-40 ^A./ 
lumen as against 10 /xA. /lumen in the earlier tube. 

(2) The photo-electrons reach Ihe secondary emitting mosaic 
with about 500 volts energy, i.e. the energy for maximum S, 
and the mosaic has a S of about 5. 

(3) The first two effects give about a twenty-fold increase in 
current per unit illumination. The use of magnif3dng magnetic 
lenses reduces the current density but allows the optical system 
to be made cheaper and better. 

The overall gain in sensitivitj’^ is usually about five times. 

An important incidental advantage of this type iof tube is 
that the life is much better than that of the iconoscope because 
the delicate photo-surface is not exj)Osed to the thermionic 
cathode, only the much less sensitive secondary emission sur- 
face being in any danger of contamination. 

16.4. The orthicon and image orthicon 

We next studj" the operation of picture tubes in which a 
low primary energy is used instead of the 1-2 kV. used in the 
convertors so far described. Successful tubes were first des- 
cribed by Rose and lamsf of the R.C.A. who gave them the 
generic name ‘orthicon’. The basic principle is to use a beam 
energy below the lower value required to make 8=1. The 
target then stabilizes at about cathode potential and the photo- 
emission from it is collected by the field due to the difference 
in potential between the mosaic and the final anode, i.e. approxi- 
mately the accelerating potential. Thus this scheme has the 
advantage over the emitron that the photo-emission can be 

t Rose and lams, Proc. Inst. Radio JCngrs., N.Y. 27 (1939), 547. R.C.A, 
Rev. 4 (1939), 18G. 
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saturated and also the secondary emission is prevented from 
scattering over the mosaic and partially removing the storage 
pattern. To offset these advantages one must consider the fact 
that there are severe practical difficulties in forming and main- 
taining such low voltage beams. These difficulties have been 
overcome by the use of magnetic focusing in conjunction with 
a highly ingenious deflexion system. 

An orthicon tube is shown in fig 16 . 5 . An electron beam is 
formed by a low voltage gun. The gun is provided with limiting 



apertures so that the emergent beam consists only of the pencil 
of electrons whose trajectories are very nearly axial. The beam 
passes through a hole iiiro the region containing two curved 
deflexion plates which are electrostatically shielded from the 
rest of the tube. The beam is iluis deflected along one co- 
ordinate axis and emerges through a long slot into a region 
where it is magnetically deflected by a system of coils verj" 
similar to the ordinary yoke used in television reception. The 
object of this rather elaborate deflexion system is to ensure 
that the beam falls normally on to the surface of the mosaic. 
The long solenoid surrounding the »v)iole device serves to main- 
tain the initial beam diameter. 

The mosaic is transparent; it might be, for instance, formed 
by coating a sheet of mica with a semi-transparent layer of 
some refractory metal to act as the signal plate on one side 
and forming the ordinary photo-emissive mosaic, as used in 
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the emitron, on th(? other. A loss of light obviously results in 
this process but it can be made up for by improved efficiency 
elsewhere. The photo and secondary electrons emitted by the 
mosaic are collected on a deep ring electrode biased slightly 
negative to earth so that the primary beam is not intercepted. 

In the image orthiconf the arrangement at the right-hand 
end of the tube is modified by replacing the mosaic by a trans- 



parent photo-cathode, the electrons from which are accelerated 
by a few hundred volts and made to fall on a two-sided mosaic. 
The secondary electrons from the side of the mosaic bombarded 
by the photo-electrons are suppressed by means of a fine- 
meshed grid. The other side of the mosaic is scanned by the 
low velocity electron beam used in the odhicon. The signal is, 
however, taken out (juite differently; the secondary or reflected 
electrons from the mosaic return along paths nearly identical 
with those along which they reached the mosaic and they 
return to tlie gun close to the final defining apertures. A secon- 
ary emission multiplier of the slat type is built round the gim 
so that several stages of secondary emission multiplication are 
built into the tube. Gains of several hundred are obtained in 
this way, the useful limit being defined by the signal-to-noise 
ratio. The general arrangements of the image orthicon is shown 
in fig. 10. 6. In modern tubes the electrostatic plates are dis- 
pensed with in favour of magneti(^ deflexion in two directions 
t Hose, Weimer and Law, I^roc. Inst. Radio Engrs., N.Y.H (IMO), 424. 
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at right angles. This deflexion field is superposed on the focusing 
field of 50-1 00 oersteds. The photo-cathode is held at a potential 
a few hundred volts negative to ground, while the mosaic and 
screen are grounded. The beam is accelerated to about 200 volts 
velocity and the final anode of the emission multiplier is made 
1-2 kV. positive so that each stage of secondary emission multi- 
plication may be adjusted to give the maximum 8. 

The funclioning of the magnetic deflexion system is worthy 
of a brief descri])tion. F'ig. 16.7 shows a pair of pancake coils 



Kij*. 10.7. niustr«itintj the acticm of the tleflevion system superimposed 
on llw‘ foeusmg held. 


producing a ^ertical magnetic field 11 jy. The coils are immersed 
in an axial magnetic iield of strength //„. Above the axis 
fig. 16,7 indicates the directions oi the tvo component fields 
vhile below the axis we ha\e skefehed the lines of force of the 
resultant field drawn, naturally, for a specific value of 11^, 
i.e. at a specific instant u the scanning cycle. It is easily 
proved that the trajectory of an electron in such a field is 
along the field lines of the result ' it field. If the coils shown 
produce the .r deflexion, another pair placed at right angles 
will produce the y deflexion by adding a y component to the 
resultant field 

Another question of great technical interest in the image 
orthieon is the target .structure. Earlier approaches to the 
two-sided target problem had bee^ ^ ased on \arious methods 
of inserting metallic ])lugs into a lattice-like insulator so that, 
although the conductivity between opposite faces of tl\e target 
was good, tlie lateral eondiieti\ity was zero. Early techniques 
are described bj" Zworykin and Moil on. t In the miage orthieon 

t ZMcn>km and Morton. Op cit. 
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the double-side mosaic consists of a mosaic on a very thin plate 
of conducting glass only 2-4 x 10“® mm. thick, the thickness 
being chosen by the requirement that the charge shall not 
spread laterally during the storage period { 2 V “aV sec.) by an 
amount sufficient seriously to impair the resolution. f Since 
Cozt~^ (t = thickness) and Hoct, the lime constant of each ele- 
mentary condenser depends only on e and p for the conducting 
glass. The mosaic is a disk about 1 i in. in diameter which has 
to be held flat to within a few' thousandths of an inch. It is 
spaced about 0-002 in. from a fine-meshed grid w'hieh must be 
as flat. A rigid structure whicli conforms to these requirements 
and whicli can be baked is made by attacjhirig the mosaic and 
screen to metal tensioning rings. 

The target output versus illumination curve of the imago 
orthicon is showTi in fig. 10. S. For small illuminations the 



Fijr. 16.8. Current -illiifnimitioii eharueleristie of inm^o oiihieon. 

signal is directly proportional to the illumination. The low'cst 
point on the curve is the value of illumination for which llu‘ 
video signal just equals the shot noise in the scanning beam, 
when the latter is adjusted so that it is just sufficient to dis- 
charge the screen, i.e. so that increasing the beam current does 

t A study of limiting resolution is piven by I)c V(»rp, Proc. hist. Itadio 
Kngrs., N. V. 36 ( 1 9 1-8). 
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not make any appreciable difference to the signal amplitude. 
At the end of the proportional part of the curve the illumination 
is sufficient to charge the mosaic to saturation, i.e. to the screen 
potential, in the frame time. Once tlu* curve has flattened out, 
one would expect that further increase in illumination would 
merely make the tube produce a uniform white image. This is 
found not to be the case because the low velocity secondaries 
from a very intensely illuminated spot tend to discharge the 
area round the spot, which iJicrefore appears as a white area 
with a dark halo. Thus the redistribution of secondary emission 
tends to maintain the contrast of tlie picture, and the range of 
illumination over which the device functions is much increased 
thereby. 

16.5. The cathode potential stabilized emitron 

The C.P.S. emitron. although very similar to the image 
orthicon, shows some differences which make it worthy of 
description. The major point of difference lies in the target, t 
whi(‘h consists of a photosensitive mosciic deposited on a 
0-0()2 ()-0()4 in. glass or mica sheet hacked by a signal plate 
which is about 70 per cent transparent. The photosensitive 
mosaic is formed in a novel way. The technical problem of 
})roducing an extn mcly fine metal mesli has been solved, and a 
mesh of 1000 lines per inch or 10® elements per inch has been 
produced. Antimony is evaporated on to the target through 
this mesh, which is then removed. The activalion is carried out 
by eva])ora(ing caesium on top o* the antimony and the final 
result is a surface with a M‘iisiti\ily of 12-15 juA. /lumen which 
has a spectral curve very nearly the same as that of tlie ej’e. 
The standard mosaic is 35x44 mm. and tlierefore there are 
about 2-5 X 10® elements. Such a mosnic is capable of resolu- 
tions better than 1000 lines. The final aperture in the gun is 
only 0 002 in. in diameter, and is focused magnetically 
on the mosaic by a field of about 50 oersteds. 

Another difference between the C.P.S. emitron and the orthi- 
con tubes is that the beam is passed through a grid spaced 

t McGee, Proc. Inst, Radio Engrs,, AM'. 38 598; Instn. Elect, 

Engrs. 97, pt. iii (1950), 377. 
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an inch or so away from the mosaic. This grid is at full 
accelerating potential, about 2-0 kV. when switching on, the 
beam is cut-off and the mosaic is darkened. The electrode 
voltages are gradually increased so that the mosaic stays at 
cathode potential and the beam is then switched on. In the 
space between tlie grid and the mosaic it is decelerated and the 
electrons therefore have little energy when they impinge on the 
mosaic and S < I . The beam thus biases the mosaic back to 
substantially cathode potential. 

The mask is now remov’^ed and the picture causes photo- 
emission from the mosaic. This emission is saturated by the 
field due to the grid and so the full charge pattern is built up 
instead of only a small ])ercentage as is the case in the emitron. 
The beam discharges those areas of tlie mosaic which are posi- 
tively charged and thus causes capacitative signals to the 
signal plate. 

The main operating fealiires of the (M\S. emitron are its 
exceptionally high resolution, high sensith ity without the com- 
plication of el(‘ctron multifdication, and the smallness of the 
mosaic which makes it possible to use lenses of shoit focal 
length and with large dejitlis of focus. A defecd is that there is 
some blurring of moving objects because the decay time of the 
mosaic is considerable. 

16.6. Storage by secondary emission 

We now pass on to a second generic type of storage device 
in which secondary emission is used as the storage agency, 
instead of photo-emission. If w^e consider a sheet of insulator 
or semi-conductor of low conductivity, liacked l)y a metal signal 
plate, exposed to a beam of higli vollage electrons, with a 
velocity great enough to give a secondary emission of velocity 
greater than unity 1 ut below the ‘sticking’ velocity, we see 
that we can write a message on the plate either by deflecting 
the beam in a desired manner so that some parts of the screen 
are charged while others are at the equilibrium potential or by 
deflecting the beam in a raster and applying the intelligence to 
be stored in the form of pulse signals which cause 100 per 
cent amplitude modulation in the beam i.e. in the form of 
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on-ofF pulses. An ordinary cathode ray tube can be used as 
a storage device of this type if the outer face of the bulb is 
metallized, although better results can be obtained with special 
tubes in which the insulating layer is thinner and more uniform. 

This simple type of secondary emission storage tube is some- 
what limited in application since the functions of storage and 
pick-off are performed by a single beam so that a complete 
raster of intelligence has to be stored before any part can be 
picked off, which is done by one of the subsequent scans. A 
more versatile tube is one containing two electron guns, one 
for use as the storing or writing beam, the other as the pick-ofiF 
beam. The electron velocities need not be the same and there- 
fore they can be separately adjusted for optimum performance. 

Several such tubes Jiave been described in the literature, f 
and have found ajiplicfition in electronic computers and in 
radar for moving target indication, etc. One of the roost inter- 
esting, which embodies a new jihysical principle, is the 
‘graphecon’ dexeioiied by Pensak at the R.C.A. laboratories.! 

16.7. The graphecon 

The graphecon is a two-beam secondary emission storage 
tube developed for use in the ‘teleran’ system of air navigation 
in which a groi nd radar P.IM. picture of the surroundings of 
an air-field is jjrojected o\er a map of the same area. The 
combination is then traiu-milted from the ground to the air- 
craft so that the pilot can follow his own approach to the 
air-field. The system is somewlu.t more complicated in fact, 
e.g. the radar picture is limited to a pic determined height 
interval and the radar pulses trigger transponder beacons on 
the planes in its jiarticular height range, the ground transmitter 
working on a time-sharing multiplex schedule. However, the 
details of the system are not material to the understanding of 
the grajihecon except in so far a^ they pose the problem of 
storing a relatively infrequent group of signals (the radar scan 
takes about 10 seconds to complete) which has subsequently 

t McConnell. Proc. insL Hadio Engts,. N,Y. 35 (1917), 1258. llaefT, 
ElectronicSy 20 (Sept. 1947), 80 

t Pensak, K.C.-I. Hev. 10 (1949), 59. 
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to be retransmitted many times before a new set of signals is 
written on the storage screen. 

A double-ended version of the graphecon is shown in fig. 16.9. 
The writing gun is a standard cathode ray tube gun for 6- 10 kV. 
operation and therefore produces a current of several tens of 
fiA. The pick-off gun is a low current iconoscope gun working 
at about 1 kV. The storage screen consists of a fine-meshed 
grid on which a thin continuous film of organic material is 



10.9. Tlic frrapUccon. 


deposited. A layer of aluminium is then evaporated over the 
organic layer. The secondary emitter, a thin insulator, is 
evaporated on to the aluminium. Suitable materials are silica 
or magnesium fluoride. 

The method of operation of the device is as follows. The 
voltage of the writing beam is made large enough to reduce the 
secondary emission coefficient to less than one, so that it dri\es 
the target slightly Jiegative to the conduct i\e coating on the 
bulb. The ]ow-\oltage pick-off beam on the otl'(U' hand causes 
8 to be greater than 1, so that secondaries are set free which 
discharge those regions 'which 'were negatively charged by the 
writing beam. Thus when the writing potential is just equal to 
the sticking potential, the target surface is in equilibrium and 
there is no signal from the pick-off beam. When the writing 
potential is above the sticking potential, the target is negative 
to the collector by the difference between the two potentials. 
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A difference of 20-50 volts is sufficient to saturate the secondary 
emission from the pick-off beam. 

A new phenomenon is used in the double-sided target tube 
here described. Vensakf has found that if a very thin (|/x) 
insulating film is bombarded with electrons, currents flow in 
the film which arc greater than the bombarding current. It is 
as though the insulation breaks down witli electron multiplica- 
tion as is, for instance, observed in the case of a gas discharge. 
The insulation, however, reforms directly the bombardment 
ceases. The current s flow in the direction of a potent ial gradient. 
The high energy beam thus peiu^trates the insulating target to 
the side facing the low voltage beam, whicli is driven positive 
by the secondary emission except in those regions where it is 
discharged by th^ high energy beam. By adjustiiig the 
equilibnum potential difference between the target and the 
collector coating, the discharge process can be controlled so 
that in saturation conditions it takes j)lace in a single scanning 
period; or, if desired, oTily partial discharge lakes place and 
storage over manj scanning periods is possible and times of 
about live minutes liave beoji observed. 

It is interesting to note that this tube has been developed in 
competition with a special storaee orthicon J which is a standard 
orthicon (not an image orthicon) in which the target consists 
of a ])hotosensitive mosaic on the beam side, which is formed 
on a thin highly insulating glass plate backed with a transparent 
metal signal electrode. Storage for jieriods longer than a single 
frame time is accomplished by sing a very thin insulator, 
thereby increasing the capacitance and >»y using smaller 
beam current than usual. 

16.8. The barrier grid storage tube 

Another novel type of secondary emission storage tube has 
been developed by the R.C,A.,§ ])ii: rily for signal comparison 
purposes. This problem might arise, for instance, in the follow- 
ing way. A ground radar station used for early warning of 

I Pensak, Phys. . 7S (lOW), 472. 

J Farpuf, 1U\A. Iht.S (191.7), 033. 

§ Jensen, Sinitli, Mestn i aiul Klorj, Rn. 9 (1948), 112, 
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aircraft presents, in addition to the wanted data on aircraft 
movement, a large number of more or less permanent signals 
from the terrain in the vicinity of the transmitter. It is highly 
desirable to remove these permanent signals, called ‘clutter’, 
and leave only the signals from moving objects. One way in 
which this can, in principle, be done is to store the radar 
picture for a predetermined time and then subtract it from a 
subsequent picture. The signals due to the fixed objects cancel 
out, but a moving object will produce signals at different 
positions in the two scanning cycles which will not cancel, and 
thus the system discriminates in favour of the desired informa- 
tion. The barrier grid storage tube is fed ^^ith a voltage wave- 
form representing the intelligence to be stored. This storage is 
accomplished by scanning the target with a beam which im- 
presses on it a charge pattern directly prc)])ortionaI to the 
instantaneous potential. When the scanning cycle has been 
completed, the target is isolated from the inj)ut signal and a 
second identical scanning cycle reads off the stored information 
by discharging each element of the target in turn. 

To understand the operation in more detail, consider fig. 
16.10 a. The signal plate is mounted on an insulator which is 
mounted very close to a fine-meshed grid through which the 
beam passes to charge or discharge the insulator. The bom- 
barding velocity is above the first critical voltage so that the 
equilibrium condition of the insulator surface is a fi'w volts 
negative to the grid, which now determines the surface field, 
since it is (a) close and {h) fine-meshed. At equilibrium the 
number of secondaries which have enough energy to overcome 
the retarding field of the grid is just equal to the number of 
electrons in the beam (fig. 16.10 ft). Those secondaries which 
cannot penetrate through the grid are returned to the target 
nearly at their points of origin, since the retarding field is 
planar and thus charge is hindered from spreading. In fig. 
16.10 c we show the velocity distribution of the secondaries 
and the current flowing to or from the grid when the target is 
not at equilibrium. This latter curve is simply the integral of 
the former with the scales displaced so that zero current flows 
for F = PJ. Because of the broad flat maximum of the velocity 
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Hearn current If, 



Fip. 16 10 A bamcr grid storage tube. 
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distribution the integrated curve is linear around the equilibrium 
position. 

If we now consider that the input applied to the signal plate 
at a particular instant drives the target positive, more than the 
equilibrium number of secondary electrons will be returned to 
the target so that the latter will be negatively charged on the 
inner surface. Similarly, a negative signal will produce a posi- 
tive stored charge. During the next scanning operation with 
no applied signal each of the charged ureas is returned more or 
less to equilibrium and the secondary emission penetrating 
back through the grid will bo an inverse replica of the stored 
signals. The edges of the input signals however, arc rounded 
off because the distribution current in the spot is not uniform 
over it but follows an approximately Gaussian distribution. 

In our description of the system for cancellation of per- 
manent echoes v e inferred that the ])rocess of subtracting the 
stored signal from the signal received during the next scanning 
cycle was a separate operation. In fact, the barrier grid storage 
tube performs this function automatically. This is because the 
strong permanent signals drive the target a long way negative 
during the first storing scanning cycle. During the second 
scanning cycle the permanent signal will drive the negatively 
charged area positive during the interval in which the beam is 
on it, and the net current Mill be small. Expressed in other 
terms, the first scan will bias the target to some such point as 
A on the characteristic of fig. Ifi.lOc, and the second signal 
will tend to restore the system to ccpiilibrium. On the other 
hand, a new signal starts off from equilibrium, and therefore 
gives a large output. In practice the output from steady signals 
can be reduced to less than 10 per cent of the output from 
variable signals. Storage for at least sec. is possible, but 
there are reasons for thinking that \ery much longer times, 
up to 100 hr., are attainable, 

16.9. The selectron 

A storage tube specially designed for use in computing 
machines has been described by Rajchman.f Although the 

t Rajchman, Harvard Symposium on ralculating Machines (Jan. 8, 1047). 
Mathematical Tables and Aids lo Camputaiion, 2 (1947), 359. 
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storage principle is the same as that used in the tubes already 
described, the conception of the rest of the device is radically 
difiFerent. The structure of the tube is indicated by the section 
of fig, 16 . 11 . A concentric geometry is used. The cathode is 
surrounded by an accelerating grid which draws off the elec- 
trons. The electrons move llirough this accelerator toward^ 


V <icleLtor 



^wo selecting slriicturcb formed of \ertical tapes for the X 
selection and horizontal tapes for the Y selection. Beyond the 
selector section there is a mica target backed with a metal 
signal plate and a collector giid ocated just in front of the 
mica. The selector functions as follows ^iig. 16 . 12 j. In the 
quiescent state all the tapes are biased negati^ely so that no 
electrons can pass through to the screen, [f, however, four 
tapes, two adjacent vertical ones and lw(. adjacent horizontal 
ones, are pulsed positi\ely, electrons can pass through the 
shaded area surrounded by positi\ tapes, all the other gates, 
including those having one, two or even three positive walls, 
remaining closed. Thus a charge is stored on the mica sheet 
behind the single open gate and nowhere else. The sequence 
of operations in storing a signal is to open all ttie gates simul- 
taneously, allowing the mica sheet to be bombarded and thus 
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brought to the collector potential. AU the gates are then closed 
except the desired one and simultaneously a pulse is put on 
the signal plate. A negative going pulse prevents the stream 
of electrons through the open gate from reaching the screen 
so that the potential returns to the collector level when the 
pulse is removed. If, however, the pulse is positive, the electron 
beam reaches the mica with considerable energy but the 





secondaries are returned by the negative held between the 
mica and the collector sfo that a zero charge is stored under 
the gate. The signal can be stored on the mica sheet, one 
element at a time, either as a patch at cathode potential or as 
a patch at collector potential. Reading the stored signal is 
performed by closing all the gates except the desired one and 
determining whether the equilibrium potential is that of the 
cathode or collector. This can be done either bj" using the 
current pulse in the signal plate or by the collector current, 
or it may be done visually by using a semi-transparent signal 
plate and a thin coating of j>lio.sphor on the mica. 

The selector wires are grouped in a special way so that the 
number of leads which have to be sealed through the bulb is 
much reduced. Since four positive sides are required to open 
the gate, this is not difficult and it can be shown that N leads 

can control gates. Experimental tubes using 32 leads to 

control 4096 gates have been made. 
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TABLE 9. LANGMUIR’S 
jS* applies where r>re. 


r/r, or r^/r 

iS* 

-P* 

100 

0 0000 

0-0000 

101 

000010 

0*00010 

102 

0 00039 

0*00040 

104 

0*00149 

0*00159 
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0*00.324 

0*00356 

108 

0*00557 

0*00630 

110 

0*00842 

0*00980 

115 

0*01747 

0*02186 

1 -20 

0*02815 

0*03849 

1-30 

0*05589 

0*08504 

1-40 
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0*14856 

1-50 

0*11934 

0*2282 

1-60 

0*1525 

0 3233 

1-70 

0*1854 

0*4332 

1-80 

0*2177 

0*5572 

1*90 

0*2491 

0*6947 

20 

0*2793 

0*8454 

21 

0*3083 

1 *0086 

2*2 

0*3361 

1-1840 

2-.S 

0*3626 

1*..<12 

2*4 

0*3879 

1 *5697 

2*5 

0*4121 

1 *7792 

2*G 

04351 

1*9995 

2*7 

0*4571 

2 2301 

2*8 

0*4780 

2*4708 

2*9 

0*4980 

2*': 21 4 

3*0 

0-5170 

2*9814 

3*2 

0*5526 

3*5293 

3*4 

0*5851 

4*1126 

3*6 

0*6148 

4*7298 


FOR CYLINDRICAL DIODES 
— /3* applies where r<r,. 


r/r^ or r Jr 

/3» 

-/s* 

3*8 

0*6420 

5*3795 

4*0 

0*6671 

6*0601 

4*2 

0*6902 

6*7705 

4*4 

0*7115 

7*5096 

4*6 

0*7313 

8*2763 

4*8 

0*7496 

9*0696 

5-0 

0*7666 

9*887 

5*2 

0-7825 

10*733 

5*4 

0*7973 

11*601 

5*6 

0-8111 

12*493 

5*8 

0*8241 
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6*0 

0*8.362 

14-.343 

6*5 

0-8635 

16*777 

7*0 

0*8870 

19-387 

7*5 

0*9074 

22-015 

8*0 
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24*805 

8*5 

0*9410 

27*701 
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0*9548 
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33*791 
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0*9782 

36*976 

12*0 

1*0122 
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1*0513 
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20*0 
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40*0 
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1174*9 

200*0 

• 1*0562 

2946*1 

0 

1*0307 

9502*2 

CO 

1*000 

c» 
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TABLE 10. LANGMUIR’S qc» FOR SPHERICAL DIODES 

(Tc = radius of emitter ; r — radius at any point P ; a* applies to case where 
P is outside emitter, t>t^j —a* applies to case where P is inside emitter, 

Tf -r.) 


rife or r,lT 


00000 
0*0023 
00086 
0*0180 
0*0299 
0*0437 
0*0591 
0*0756 
0*0931 
0*1 114 
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0*1688 
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8*0 
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10 
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12 
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14 
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16 
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18 
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20 
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30 
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40 
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50 
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60 
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70 
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663*3 
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80 
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90 
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4*669 
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7*334 
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5000 
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TABLK 11 (PART 1). TABLE OF ri AGAINST 
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11 
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1-470 
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0*38 
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0*46 
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1*5 

0*4481 

20 

1*6 

0*5036 

21 

1*7 

0*5017 

22 

1*8 

0*6223 

23 

1*9 

0*6854 

24 

2*0 

0*7510 

25 

2*1 

0*8190 

26 

2*2 

0*8801 

27 

2*3 

0*0612 

28 

2*4 

1036 

29 

2 5 

1*112 

30 

2 6 

1*191 

82 

2*7 

1-272 

34 

2*8 

1*354 

36 

2-9 

1-439 

40 

3*0 

1-526 

50 

3*1 

1-614 

60 

3*2 

1-704 

80 

3*3 

1-796 

100 

3*4 

1 *890 

120 

3*5 

1*986 

140 

3 6 

2*083 

160 

8*7 
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2*282 

2*384 

2*488 

2*700 

2*915 

3*140 

3*370 

3*004 

3*844 

4*002 

4*343 

4*856 

5*526 

6*224 

6*948 

7*097 

8*471 

9*272 

10*09 

10*93 

12*67 

14*49 

16*38 
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20*35 

22*43 

24*60 

26*76 

29*03 

31*35 

33*71 

36*09 

38*53 

41*04 

43*56 

46*16 

48*77 

51*41 

54*14 

56*86 

62*42 

68*09 

74*02 

86*11 

118*6 

153*5 

230*2 

313*8 

403*8 

499*7 

600*9 
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Appendix 1 

RECENT WORK ON OXIDE CATHODES 

Chapter I was written in 1949. In the intervening years the 
oxide cathode has been the subject of much interest and many 
workers have attempted to eluciflate the* phenomena concerned 
These efforts have not been successful and there is no general 
agreement on the theory of the conduction process. T>e Boer’s 
theory is now of only historical interest but the semi-conductor 
theory now lias to share the field with a thoorj", due to Loosjes 
and Vinkjt which ascribes the emission, at the working tempera- 
ture, to gaseous conduction through the pores left in th‘‘ loose 
mass of crystallites after activation. At low temperatures, 
below 750° K., Loosjes and Vink believe that the cathode 
behaves as a semi-conductor. Whether their theory is correct 
or not, it is clear that the oxide cathode is a much more compli- 
cated system than the simple excess semi-conductor which was 
at first used as a model for its behaviour. It is highly probable 
that acceptor levels are located onl}^ slightly above the filled 
band. The existence of such lev^els with consequent T’ type 
conductivity considerably complicated the behaviour of a semi- 
conduct oi especially when second order effects such as the Hall 
effect and thermo-electn,. effect are under discussion. In this 
Appendix we shall only describe the main experimental evidence 
for the semi-conductor theory an for the Loosjes-Vink theory 
and indicate some of the important work on m(#re complicated 
semi-conductor models. 

The major experimental support for the semi-conductor 
theory is to be found in a j)aper by Hannay MacNair and 
White. J: In this vork the conductivity and thermionic emission 
of (Ba, Sr)ff cathodes were measm ' 1 as a function of tempera- 
ture. The cathodes were v^ery carefully prepared on magnesia 
sleeves, to eliminate any activation or contamination due to 
impurities in a metal sleeve. Activation was carried out by 

t Loo<>jes and Vink, Philips Res. Rep. 4 (1949), 449. 

J Hannay, MacNair ,uid White, J. Appl. Phys. 20 (1949), 669. 
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heating the cathode to approximately 1320'' K. in methane at a 
pressure of about 10 “^ mm. Hg. The methane was then pumped 
away and the cathode lieated in vacuum until a steady state 
was attained. Platinum wires were embedded in the coating to 
allow the conductivity to be measured and current was drawn 
to an anode to measure the thermionic emission. The major 
conclusion drawn from the measurements are the following. 

1. The log (conductivity) IjT curve is made up from two 
straight lines, one with a slope of 1*1 < P for temperatures below 
about 1200° K. and the other with slope 0-3-0-45 eV for higher 
temperatures. 

2. Activation with methane increases the conductivity by a 
factor of up to 3000 and the change of conductivity took place 
in the first two minutes of exposure to the gas. 

3. A plot of log (thermionic emission) log (conductivity) 
for a given cathode is a straight line with a slope of 45°. Tt is 
immaterial whether the cathode is active or inactive, whether 
it is aged or poisoned, the points still lie on this line. 

The possibility of conduction through the pores^was con- 
sidered and the conductivity was measured in tubes containing 
He at 1 atmosphere pressure. This reduced the mean free path 
to about 10 * mm. vkiclyvas smaller than the observed cracks 
in the coating. Then, if pore conduction were present, the elec- 
trons would make collisions with gas molecules and the conduc- 
tivity would be changed. The changes observed were small and 
random in sense. 

The experimenters conclude that (Ba, Sr)0 is a reduction 
semi-conductor, probably an electronic semi-conductor with 
stoichiometric excess of (Ba, Sr) atoins in solid solution. The 
fact that the conducti\iiy and theimionic emission are directly 
proportional over three orders of magnitude verifies the theory 
of Section 1 .3.4. 

Tn the work of Loosjes and Vink, the experimental apparatus 
consisted of two disk cathodes, similar to those used in cathode 
ray tubes, which were both sprayed and then assembled with 
the two oxide layers pressed together by springs, so that con- 
traction of the coating during processing could not alter the 
pressure. The conductivity was measured on an A.C. bridge 
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connected between the cathode supports. The /, V charac- 
teristic of the same tubes was studied under pulse conditions. 
In this work the temperature of the cathode supports, which 
was measured by means of two thermocouples, was taken as 
low as 500° K. This figure is about 300° lower than the lowest 
results reported by Hannay et al. The curves of log cr^ 1 /T, for 
all but the state of poorest activation can be approximated by 
two straight lines which join at temperatures between 760° K. 
and 850° K. The slope of the low temperature line is much less 
than that of the high temperature line. At temperatures in 
excess of 1050° K. the line sometimes showed another departure 
from the intermediate temperature line. In Fig. 1 we show two 
linear functions plotted together with a dotted line representing 
their sum. The dotted curve gives a very good representation 
of the variation actually observed by Loosjes and Vink. 'J'hese 
authors therefore advanced the hypothesis that the conductivity 
of oxide cathodes is due to two conduction mechanisms, of 
different activation energies, operating m parallel. For the low 
temperature range, the activation energy decreases as the 
activity of the cathode increases, the limits being 0-6 and 
0-()9 The activation energy for the intermediate tempera- 
ture range decreases from 2*2 to 0*8 c V. 

Loosjes and Vink then suggest that the conductivity observed 
in the lower temperature range is that to be expected from a 
normal excess semi-conductor while the intei mediate tempera- 
ture conductivity, which includes the leiniieraturc range in 
which cathodes are used in practice, is due to conduction 
through an electron gas filling the jiores of the cathode. It 
should, perhaps, be stressed at this point that the supposition 
that two conductivities are operating in parallel may well be 
correct even if the models assumed for the conductivities are 
completely wnrong. Consideration of the mean free path of a 
thermal electron in the electron g^s filling the pores shows that 



where E = electric field strength, 
1 = mean free path. 
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The other symbols have their usual meanings. 

The measured I, V characteristics were of this form at high 
enough temperatures. A further experiment was performed to 
support the hypotheses. Tubes were arranged so that the 
cathodes could be separated after conductivity measurements 
had been made, an anode inserted between them and the work 
function measured. This work function was found to equal, 
within the experimental error, the activation energy deduced 
from the slope of the intermediate temperature characteristic 
(6) in fig. A.1.1. 



The paper concludes by pointing out that Hannay’s experi- 
ments with helium do not disprove the possibility of pore 
eonduction as the mean free path was still too long to alter the 
conductivity greatly. It has recently been reportedf that 
measurements of the conductivity in helium at pressures much 
in excess of one atmosphere are in progress and these should 
give direct evidence as to the role played by pore conduction. 

In the meantime other properties of the oxide cathode have 
been measured which may thiow light on the energetic struc- 
ture. hlxamples are the Hall constant, the thermo-electric 
power, the spectral distribution of the photo-emission, secondary 
emission and luminescence. 

The Hall effect, whose measurement was first reported by 
Wright,! is perhaps the most important of these properties. 

t M.I.T. Research Lab. of Electronics Quarterly Progress Report, April 1952. 

t Wright, Nature, 164 (1940), 714 ; Rrit. J. Appl. Phys. 1 (1050), 150. 
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These measurements, Jike those of Hannay et aL, were made 
using sprayed coating on a magnesia base. Gas activation was 
used when high activities were desired. Simultaneous measure- 
ments of conductivity and Hall e.m.f. permit one to calculate 
the density of free electrons if it is assumed that the coating 
behaves as a semi-conductor. Wright finds that the cathode 
exhibits at least two typical states of activity. The first of these 
which he terms the ‘reproducible’ state, is at once established 
after outgassing at 1300° K. For this state 

0 -= 10~^ cm.“^ at 1100° K., Js = 4:00 mA./cm.^ 

and the activation energy of the conductivity ==1-] e.V. The 
Hall e.m.f. gives rj = ryx 10 ^^ electrons/cm. at the above tempera- 
ture. The cathode tends always to return to this state either if 
current is drawn after poisoning or if current is drawn after 
activation. The second state is one of high activity and for it 

(T= 10”2 cm. ^ Js = 6-0 A./cm.2, n=10^^. 

The activation energy of a is 0*5-0*7 e.V. at about 1000° K. but 
below 800° K. it drops to 0*2 e.V. Wright states that Hannay 
et al, did not observe this state because they always flashed 
their cathodes at 1300° K. after gas activation, which returns 
the cathode to the stable state. He also observes T’ type 
conductivity at low temperatures in some circumstances. 
Wright’s results may h\. summarized as indicating a stable 
state which may be directly explained by a homogeneous semi- 
conductor model. The active sta^e, however, requires a more 
complicated model which may be that of Loosjes and Vink. 

In his latest paper Wrightf considers the effect of an accelerat- 
ing field acting at the cathode surface. Since the surface has a 
relatively low conductivity, the field penetrates into the surface 
and lowers the level of the conduction band, causing a decrease 
in net work function. The voltage* drop across the coating is 
also assumed to have a finite value. The energy level diagram 
is shown in fig. A. 1 . 2. A similar model but without a voltage drop 
in the coating, has been studied by Morgulis.J Wright obtains 

t Wright, Proc. Phys. Soc, B, 65 (1952), 1934. 
t Morgulis, J, Phys, U.S.SM. 11 (1947), 67. 
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the following expression which may be solved for 8x. 

E J l2TTn^kT\ , , 8x /a i 

where E = field strength, volts/cm. 

K = permittivity of coating ( = 10 ). 

8x is defined in fig. A. 1 . 2 and the other symbols have their earlier 
meanings. 



This lowering of work function is then added to that due to 
the Scliottky effect ((^hapter 1 ) and the field at the cathode can 
be determined from the space charge conditions, following 
Tvey.t Diode characteristics can then bo plotted for 

assumed values of a and A comparison with experimental 
characteristics then discloses the yjrobable values of these 
quantities. Thus, an independent method for the estimation of 
cr and has been devised. 

Wright concludes that 

nQ = 10 ^^ elect rons/cm.^ and ( 7 = 7 - 3 x IO -2 cm.“^ 
are probable values and that is certainly less than 10 ^®. 
These values confirm those from Hall effect measurements and 
indicate that pore conductivity, if present , did not invalidate 
the earlier measurements. 

Experimental work on luminescencej provides some direct 
evidence for locating the energy levels, but the results are con- 
flicting and it is clear that the ordinary oxide cathode is too 
complicated a system for profitable study as yet. However, a 
systematic study of the behaviour of large single crystals of 

t Ivey, Phys. Rep, 76 (1949), 554. 

X Aitchison, Nature, 164 (1949), 1088. 
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BaO is being undertaken by Sproullt and his co-workers at 
Cornell University and this work will facilitate the understand- 
ing of the more involved problem. 

To conclude this review of recent progress we wish to draw 
attention to the work of the Japanese investigators in this field. 
These workers have published many experimental studies on 
the oxide cathode, but their major contribution is the calcula- 
tion of the thermionic emission from a semi-conductor model 
modified to include so-called ‘frozen holes’ some of which arc 
assumed to (*ontain trapped electrons. Tlie concept of hole 
defects frozen into the crystal structure was introduced into 
semi-conductor theory by Nijboer.J The full consequences for 
the thermionic emission were calculated by Watanabc, Tokagi 
and Katsura.§ Their paper shows that if N is the deu'-ity of 
frozen holes and Uq the density of trapi)ed electrons at 0 ° K., the 
emission law may be of three types, the "Richardson (T^), 
Wilson (T 4 ), or Nijboer (7’®) types, depending on the ratio 
nJN and tlie temperature. Critical temperature values should be 
observed at which the ordinary Richardson lines (plots of 
In I IT) ^how marked changes of slope. These tempera- 

tures represent a change of the dominant emission mechanism. 
In a well -activated diode a change from the law to the Tl 
law was observed at a temperature of about 850° K. The 
electron density was about 3 x lO^^^cm.®, in moderate agree- 
ment with Wright’s woru. It will be clear that this work illus- 
trates an alternative hypothesis capable of explaining the 
results of Loosjes and Vink on th^ electric conductivity. While 
the experimental evidence, as has already l)een said, is not yet 
complete, we mi ght risk the guess that suitably modified semi- 
conductor models will explain the facts without making it 
necessary to include pore conduction. 

1.2. Interface resistance effects 

Since Chapter 1 was written the effects of the interface 
resistance between the metal core and the semi-conducting 

t Tyler and Sproull, Phys, Rev, 83 (1951), 548 ; Bever and Sproiill, Phys, 
Rev. 83 (1951), 801 ; DeVore and Dewdney, Phys. Rev. 83 (1951), 805. 

J Nijboer, Proc. Phys. Soc. 51 (1939), 573. 

§ Watanabe, Tokagi and Katsura, Techn. Rep. TohoJcu Vniv. 14 (1949), 26. 
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oxide, which were briefly discussed there, have assumed 
practical importance. It has been found that receiver valves 
used in pulse circuits where the valve is non-conducting for 
most of the time may have a very short life due to the growth 
of the interface resistance*! Moreover, since the interface resis- 
tance is shunted by a capacitance the apparent of the valve 
becomes frequency sensitive, as first pointed out by Raudorf.J 

The effects are explicable if we 
consider that the valve is represented 
by the circuit of fig. A. 1.3, where R 
and C are the interface resistance and 
capacitance respectively. R varies 
according to the duration of life and 
operating conditions from zero to ta few 
hundred ohms while C is of the order 
0*()01-l‘0/LtF. Consideration of these 
values shows that for frequencies of a 
few kilocycles, the valve behaves as 
though a current feedback resistor R 
were connected in the cathode lead while 
at frequencies of a few megacycles this 
resistor is shorted out. Jhe current 
feedback reduces the stage gain at low 
frequencies in the usual way. 

Raudorf explained the phenomenon as due to the loosening 
of the mechanical bond between the sleeve and cathode with 
consequent appearance of resistance. There may be effects of 
this sort, but interface resistance growth is observed even in 
valves for which there is no such mechanical defect. The funda- 
mental mechanism has been given by Eisenstein§ who ascribes 
the growth of interface resistance to reaction between the 
activating additions to the core metal and the free barium. In 
the silicon-containing nickel, used by Eisenstein, the interfa(je 
compound was Ba 2 Si 04 . The interface layer grows thicker with 

t Waymouth, J. Appl. Phys, 22 (1951), 80 ; Eisenstein, J. Appl. Phys, 22 
(1951), 188. 

t Raudorf, Wireless Engr, 26 (1949), 331. 

§ Eisenstein, letter in Wireless Engr. 27 (1950), 100. 
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life so that R increases and C decreases with life, as observed. 
The phenomenon is more pronounced in valves which are 
operated without a standing current because there is then no 
electrolytic decomposition of BaO 3delding a flow of Ba-^^ ions 
to the interface layer where they provide an impurity agent for 
the Ba2Si04 which increases its conductivity. 

This picture is probably over-simplified but basically correct. 
It has an important practical consequence in that it means that 
cathodes should not be operated at too low a current density. 
Unpublished work by the author shows that 30 niA./cm.^ is 
about the lower limit. 

Work has also been directed towards the elimination of the 
effect. It would appear that this could be done either by using 
a very pure nickel core or by using activating agents which 
produce high-conduclivity interfaces. The first possibility has 
the disadvantage that such cathodes may be difficult to activate 
under manufacturing conditions Tlu're is some controversy as 
to whether the use of jiure nickel is completely efficacious. The 
American authors claim that it is; in the author’s experience it 
is not. 

The reader is leferred to papers by Eagle&field,t Metson*]; H ah 
and rhild§ for further details of the behaviour of various tjqies 
of valve which have been tested for long jieriods of time. 

1.3. The Lemmens o L cathode 

A recent development which is of considerable practical 
interest is the use of a new type of -lispcnser cathode. The form 
most widely known is that using a porous tungsten plug the 
underside of which is coated with (BaSr)C'03 spray. This 
cathode was first described by Lemmens, Jansen and Loosjes. 1 | 
The tungsten plug is attached to the front of a molybdenum 
cylinder which is divided into a large and a small compartment. 
The large compartment contains tiio heater, and the small one, 

t Eaglesfield, Electr. Commim. 28 (1951), 95. 

i Metson, Wagencr, Holmes and Child, JJ,E.E, 99, pt. iii (1952), 69. 

§ Child, P.0, Elect. Engrs. J. 44 (1952). 176. 

II Lemmens, Jansen and Ix^osjes, Philips Tech. Pet. 11 (1950), 805. 
Further particulars arc given by Espersen, Proc. Inst. Radio Engrs.^ N.Y. 
40 (1952), 248. 
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which is closed by the W plug, contains the (BaSr)C 03 . The 
cathode temperature is gradually raised, in a good vacuum, to 
about 1100° (.\ It is then flashed at 1270° C. for I minute. The 
anode is then outgassed and current drawn from the cathode, 
still at 1270° C., until the emission reaches 3-0 A./cm.^. 

It is supposed that this cathode functions by means of a 
mono-molecular layer of barium, which diffuses through the 
pores of the tungsten plug and which is replenished from the 
relatively large mass of available barium as soon as it has been 
evaporated from the outside surface. This picture is borne out 
by the thermionic constants which are 

<l> = l-()--2*0 e.V., A = 1 — 15 A./cm.2/dcg.2. 

These figures might easily be olflained from a rough surface 
partially covered with barium. The emission is considerably 
less than that from an oxide cathode at the same temperature. 
For instance, at 1000° K. agood oxide cathode gives l-lOA./em^ 
while the L catliode only gives a few tens of milIiam|W5. How- 
ever, the L cathode has a useful life at much higher temperatures 
than the maximum at which the oxide cathode can operate and 
the life is, in fact, determirjed by the heater, which, if it is of the 
normal alumina-coated tungsten wire, cannot be used to heat 
the cathode above about 1500° K. for more than a few hours. 
At ]300°K. the emission is 2-0 A./cm.^ and the life is deter- 
mined by the amount of barium available, Espersen quoting 
a figure of 20,000 hours for a particular cathode. Thus, 
the cathode can be used to provide C.W. emissions over 
10 A. /cm,® while the oxide cathode can only be rated at 
about 1 A./cm.®. 

The L cathode is less efficient thermally than the oxide 
cathode and requires about seven times the power per unit 
area to reach a given emission density. About 7 watts/cm.® are 
required to obtain a density of I A. /cm.®. 

Another advantage of the L cathode, which is particularly 
important in short wave magnetrons and in planar triodes, is 
that the surface can be machined very flat so that small 
clearances can be set and maintained in use. 
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Cathodes, similar to the L cathode, but with emitting agents 
other than (BaSr)C 03 have been described by Katz and Rau.f 
These authors compared (BaSr)C 03 with thoria and with a 
filling of a barium metal alloy. The thoria filled cathode gave 
{f> = 2*80 e.V., A = loo A./cm.^/deg.^. This corresponds with an 
emission density of lA./cm.^ at ir)40°K. The barium metal 
alloy cathodes were superior to the L cathode and for them 
<f> = 1-48 e.V., A = 2-3 A./cm.^/deg.^. This leads to an emission 
of about 2*0 A./cm.2 at 1200^ K., i.e. about 100° cooler than the 
L cathode for the same density. In these cathodes precautions 
have to be taken to prevent an excessively rapid evolution of 
barium and this is done by enclosing the barium alloy in a 
subsidiary container some distance behind the porous tungsten 
plug. 

Tt is not yet possible to evaluate fully the practical impor- 
tance of these cathodes, but their most important use will be in 
valves for extremely short wavelengths where the cathode 
dimensions must be small and the current density must be 
correspondingly high. Jn these circumstances the large amount 
of heater power will have to bo accepted. Another field of use 
is in projection cathode ray tubes where the use of a very high 
current density leads to an overall improvement in the electron 
optical system. 

Nergaardf has recentlj^ proposed a theory of the oxide cathode 
in which the donors are mobile and can electrolyse and diffuse. 
While speculative in nature, this theory appears to throw light 
on an extremely wide range of phe nomena. 

t KatK and Ran, Frequenz, 5 (1951), 102. 
i NtTsaurd, Kev. 13 (1952), 461.. 
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SPACE-CHARGE WAVES 

In this section we develop some general results on the 
propagation of space-charge waves on electron beams. These 
results are due to Hahnf and to RainoJ. They provide an 
alternative and more general approach to the theory of velocity 
modulation described in Chapter 12. The ballistic approach 
there used has been preferred by most writers on this subject, 
mainly because the initial conditions at the gaps can be inserted 
in a simpler and more natural way and because it is easier to 
introduce successive refinements in the ballistic theory. How- 
ever, recent work on noise in travelling wave tubes and other 
devices with long beams and the development ol space-charge 
wave tubes has shown that the wave approach is of considerable 
utility. To facilitate the understanding of this work trfie main 
results are derived below. 


2.1. Derivation of the wave equation 

We consider a region in which a beam of electrons moves to 
right (positive 2 direction) with a velocity of The beam is 
prevented from spreading transversely by a strong magnetic 
field. This not only prevents d.c. space-charge forces from 
spreading the beam but also stops the electrons from moving 
transversely under the action of h.f. fields. In addition, the 
average negative space-charge density is compensated by an 
equal positive ion density. This ensures that the potential is 
uniform throughout the region occupied by the beam and that 
electrons near the axis have the same velocity as peripheral 
electrons. Owing to their mass, the positive ions can be 
assumed stationary in the h.f. fields. 

t Hahn, Gen, Elect, Reo, 42 (1939), 258 and 497. 

X Ramo, Phys, Rev, 56 (1939), 276. 
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The following notation is used: 

d.c. beam current = h, 
d.c. potential = 
beam area = 2, 
d.c. charge density = 
a.c. charge density = 

a.c. velocity = Wj, 
a.c. beam current density = 

wave numl)er — i* = ajjC. 


we then have 

« - 

{A.2 1) 


«0 - K.- 

(A.2.2) 


We next seek wave functions, of the form (/> (x, y) exp ( — Tz +ja}t) 
which are solutions of Maxwell’s Kquations. If we replace the 
operators Sjdt and djdz by jw and -* T respectively, we can write 
Maxwell’s equations! as 


V.E = 

(A.2.3) 

«o 

V.B=- 0 

(A.2.4) 

V X E = — /u>B 

(A.2.5) 


(A.2.6) 


The wave equation is derived by takiiig the curl of eqn. 
(A.2.5), using the vector relation cuH curl = grad, div - and 
substituting V x B from eqn. (A.2.6). The result is 

V*E + PE = - -jio ( A.2.7) 

^0 


t See e.g. Stratton, Electromagnetic Theory^ McGraw Hill, 1941, p. 208. 
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Now 

Therefore 
or for the 


V2E = ^+^? + r*E. 
^-?+S+(n+P)E = 


c)x^ dy^ 
z component 


r^i 




(A.2.8) 


(A.2.9) 


To carry the solution further we must introduce the con- 
tinuity equation and the force equation, as was done in § 14.3. 
Furthermore, to linearize the expressions we use the small 
signal assumption, i.e. we neglect the cross product of a.c. 
quantities in the expression for jf|, putting 
This was also done in the analysis of § 14.3. Eqns. (0) of § 1 4.3 give 


-(eltn)E^ 

^ Oa.-r«o) 


(A 2.10) 
(A 2.11) 


and putting these into the eipreh&ion for jj, we obtain 


ci>po{elm)Eg 

■^Ocu-r«o)2 


(A.2.12) 


When eqns. (A.2.11) and (A, 2. 12) are put into eqn. (A.2.9), they 
yield 


— 4- + 

dx^ dif 



ojp^ 

-Tu,f 


+ 1 


E^ = 0 (A.2.13) 


where 


loielm) 

*0 


(A.2.14) 


The quantity is often referred to as the plasma frequency 
for a reason which will become obvious in the next section. 


2.2. Solution for an unbounded beam of very large 
cross section 

Since we are assuming that the steady axial magnetic field is 
very strong, the electrons cannot move in the xory directions 
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and the wave will propagate so that all electrons in a plane of 
constant z have the same instantaneous velocity, or, in other 


, S^E, 

words, -^^2 = ^2 = (A.2.13) is then 



(A.2.15) 

The four roots of this quartic are, by inspection. 


2 = 

{A.2.16) 

/a>±a>A 

A », r 

(A.2.17) 

The first two waves propagated with the velocity of light and 
are essentially independent of the beam. The remaining pair 
travel at velocities somewhat above and below t he beam velocity. 
We now suppose that the electrons are given an initial velocity 
modulation at a plane whose coordinates are z — t = 0. The 

two travelling waves Fg, F^ can then bo combined to give a 
standing wave ^ 

>'i = (A.2.18) 

“0 ' "o' 

From eqns. (A. 2. 10) and (A. 2. 12) 


_ . <opo»i 
''O-ri/o)’ 

(A.2.19) 

Inserting the values of Tg and r 4 


O) . U>„Z ./ a)3\ 

sm ^ pxpi|a>< 1. 

•'Smo w Uo Uo' 

(A.2.20) 


The wavelength of the space charge waves is thus - , explaining 
the name given to ^ 

As a check on these equations, let us compare the results 
obtained for a short drift length 8 with those obtained by the 
ballistic method in Chapter 12. hur a small enough to make 


sin 


a)nS 


Ufi 


v; 


cos 


Un 
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eqn. (6) of (Chapter 12 gives Also ^ 

«o = 2 ^F„. Therefore A = 

But this is exactly the result given by the ballistic theory since 

for small values of the argument. The 

two theories thus agree for short drift lengths, i.e. those for 

which <0-2 radian. 

Wo 


2.3. A cylindrical beam in a cylindrical tunnel 

We next study a case of far more practical importance than 
the infinite beam. This is a cylindrical beam radius 6 in a 
tunnel radius a. 

We now have to find a solution to the wave equation which 
makes finite on the axis, zero on the wall of the tunnel, and 
which obeys the standard boundary conditions at the periphery 
of the beam r = i. The analysis is similar to that of^the helix 
considered in § 14.9. 

For the region inside the beam, the wave equation now 


becomes 

1 ^ {iE\ 




(A.2.21) 

where 


{A.2.22) 

The solutions to eqn. {A.2.21) are of the form 

E. = AJo{Ybr) + BYo{y,,r) 



and since yo(0)-^ — oo we must have B = 0, since E^, clearly 
cannot tend to — oo on the axis. 

Therefore, inside the beam, 

JS, = AJ,{y,r). (A.2.23) 

Outside the beam, is zero, and we must replace yg by yj, 
where y§ = (F^ + k^), (A.2.24) 

the solution becoming 

E, = CI,{y^r)^DK,iy,r). 
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Since = 0 at r = a, 

^ -^©(yo^) 

Two further equations connecting the arbitrary constants are 
obtained by requiring that the tangential and radial components 
of the electric field are continuous at r = fc.t These are 

A 


C 


and 


A 

C 


Thus, finally, 


1 

MYb^) 


(A. 2 . 27 ) 

Vo 

Yb-MYbf>) 


(A. 2 . 28 ) 

MYbf>) 







" ^nioiYoh)^o(YoO)-IoMKo{Yob)y ^ ^ ^ 

As Ramo remarks, the simplest form of solution is that for 
which a = b. We then have merely to satisfy Jaiy^b) = 0, i.e. 


2-405 


Vb = 


5-^20 
b ‘ 


S-654 
b ’ 


etc. 


The smallest value of naturally corresponds with the physical 
situation in which there are no nodes in the electric field. 
Having derived a value of y^j it can be inserted into eqn. (A.2.22) 
and, all the other quantities being known, a solution for F 
obtained. For practical electron velocities P is much less than 
r^, which we already know to be approximately whereas 
Ic = CO jc. We can therefore neglect P in the first term of 
eqn. (A.2.22). 

Guided by the value of F found in the preceding section, we 

try the values Fg 4 = where co^, is a corrected value of 

Wp, appropriate to the cylindrical geometry, which we have to 
determine. Substituting, for F4, in eqn. (A.2.22) we get 



t These equations are misprinted in Ramo’s paper, loc. cit. p. 278 
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If we now assume that we obtain 

where )8^ = w/uq, as in Chapter 14. 

For the important practical case of the beam filling the tunnel, 



(A.2.31) 


The ratio iujcoj^ is shown in fig. A. 2.1. It is always less than 1 



and only approaches u lity for very large values of b. 

We can now discuss the approximation If we insert 

values into the expression for Uq, assuming Jq= 10® A./m. and 
IJ = 10 kV., we find a>j, = fix 10®. Practical valves work with 
0*1 < wjcoj, < 0-7 so that = 0-1 w for frequencies between 1000 
and 7000 Mc./sec. The assumed current density is greater than 
would be encountered in existing valves and the voltage has 
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been assumed at a correspondingly high figure. We may con- 
clude, therefore, that the approximation should be valid for a 
wide range of practical cases, but that special investigation 
may be needed at frequencies of a few hundred megacycles. 

Having derived an acceptable approximation for we can 
A^Tite the expressions for the space-charge standing waves by 
replacing by in eqns. (A,2.1 8) and (A. 2. 20). The results are, 
for a thin beam, 

% = ttiocos"^“expj(aj/-"'), (A.2.32) 

"0 \ “0 ' 


• • -^0 ^10 ^ 

= y V* sm 


";>xpj(a,/-;;\ (A.2.33) 

“o ' “o / 


Tt is interesting to compare the results of thib section with 
those given in eqns. (38) and (39) of Chapter 12. 

Perhaps the most interesting point about the results is that 
the space charge waves persist after the first maximum in the 
current density. In the simple theoiy subsequent maxima are 
just as great as the first. In the ballistic theory it is not obvious 
that this is the case and, in Fact, it has usually been assumed 
necessary to w^ork at the first cun-ent maximum. The present 
results show that this is not necessary and although there may 
be no gain in transconductance, practical considerations may 
make it desirable to use the second or a later maximum. 

In Appendix 3 we sj.all see hi)w the space-charge wave 
theory is used in noise analysis. 
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Appendix 3 

NOISE IN TRAVELLING-WAVE TUBES 


In Chapter 14 we briefly discussed the breakdown of the 
elementary theory of noise in travelling-wave tubes. We also 
said that a beginning had been made in the application of the 
Llewellyn-Rack-Peterson noise theory to the travelling-wave 
tube. This approach has been extended and has resulted in a 
noise theory which is capable of explaining the most important 
features of the noise behaviour of long electron beams. It has 
also enabled low noise travelling-wave tubes to be designed 
which have lower noise figures than crystal mixers in the 
10 cm. band. For comparison, the following figures relate to 
low noise tubes developed before the theory was elucidated. 
Harrisont describes a tube for 3000 Me. /sec. with 25 db. gain 
and 14 db. noise figure for a beam current of 140 /xA. In this 
type the current is drawn from the gun by a focusing Electrode 
at 1250 V. and the helix potential is 650 V. Agdur and AsdalJ 
describe experiments on a 10,000 Mc./sec. valve with 12 db. 
gain and 17 db, noise figure. The now noise theory is not without 
difficulties, the most important of which is that it replaces the 
real electron beam having a Maxwellian velocity distribution 
by a single velocity stream with the correct mean square current 
fluctuations. Such a replacement can hardly be justified in 
devices with long transit angles, but the theory does agree with 
experimental results to within the limits due to approximations 
in the treatment and errors in the experiments. Multivelocity 
streams are now exciting some interest and it is to be hoped 
that the reasons for the agreement will soon be made clear. 

The basic features of the Llewellyn-Rack-Peterson approach, 
applied by Pierce§ and by other investigators is to replace the 
complicated u.h.f. valve by a series of diodes. The choice of 

t Harrison, Syly, Tech, 3, 12-lG (April, 1050). 

{ Agdur and Asdal, Report No. 19 Research Lab. of Electronics, Chalmers 
University, Gothenburg, 1051. 

§ Pierce, Travelir^-Wave Tabes, Van Nostrand, 1950, chap. 10. 
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the diode planes is a matter of commonsense and an obvious 
choice for a common type of travelling-wave tube is shown in 
fig. A.3.1. Here the electrons are accelerated from the 
cathode by a voltage Vq applied to the anode. They are focused 
through a tunnel, which forms part of the waveguide coupling 
system, and eventually reach the helix which is presumed to 
start at plane (c). Clearly, there is some uncertainty as to the 
precise location of (c). The Llewellvn equations, dealt with in 
Chapter 7, allow us to calculate the electronic behaviour of the 


Grid Anode 

o ► e 



ia) (b) (c) 

Potential J'b f'b 

(b) Diode planes 


Fli». y\.3 1. 

diode (a), (6) if the a.c. current and velocity at plane (a) are 
kno\^n. The same quantities calculated at plane (6) provide the 
initial conditions for the diode (6), (c) and the process can be 
repeated indefinitely. T^ initial conditions for plane (c) are 
those derived by Rack and given in Chapter 8. In the simplest 
type of theory, it is assumed that C'ere is complete space-charge 
in the first diode and zero space-c harge in subsequent diodes. 
When this is done, it is also necessary to assume that the beam 
in the tunnel behaves as an infinite plane parallel beam. Both 
space-charge and cylindrical beam effects can be included in the 
analysis of the second diode by using the results of Appendix 2. 
This has been done by Cutler an 1 '^uatef in an experimental 
verification of the theory. Another refinement due to Parzenf 
is the consideration of the effect of thermal velocity spread by 
introducing the hydrostatic pressure term, as suggested by 

t Culler and Quate, Pfiys. Itev. 80 (1950), 875. 

t Par/.cn, J. Appl. Pftyi. 22 (1951), 398. 
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Hahnf in his paper on kinetic theory of diodes. Effects due to 
the velocity distribution are also discussed by Robinson. J A 
further effect is of great practical importance, that is amplifica- 
tion by velocity jumps. Ijb is easily shown that when the d.c. 
velocity of an electron beam is suddenly changed, the a.c. 
velocities before and after the jump are inversely proportional 
to the d.c. velocities and the a.c. current is unchanged. The 
effect has been made use of in an amplifier by Field, Tien and 
Watkins.§ It can also be used to reduce the noise velocities in 
a beam, and Watkins|i has given the detailed theory and has 
demonstrated that noise figures of 10 db. for IS db. gain at 
3000 Mc./sec. can be obtained from tubes using this device. 

Let us now discuss the calculation of the noise factor in a 
trav^el ling- wave tube, including space-charge (effects by the use 
of space-charge wav^es in the entry tunnel. We must calculate 
first the amplitude ot the noise current wave and noise voltage 
wave at entry to the helix and then determine the amplitude of 
the growing wave set up by the tw^o noise com])()nents, for 
ecpis, (23) and (24) of (liapter 1 1 demonstrate thaU non-zero 
velocity and conduction current components both contribute 
to the amplitude of the wavTs. We assume that the gain of the 
tube is sufficiently large, greater than Ifi db., to ensure that the 
amplified wave is the onl^ source of noise at the output. The 
noise factor is then defined by eqn. (5H) of (’hapter 14. 

3.1. A.C. amplitudes at entry to the helix 

In this section we proceed to calculate the noise current and 
v^elocity at entry to the helix. In the cathode to anode region 
(fig. 1) we assume the existence of a space-charge limited diode. 
The noise quantities at plane {b) calculated from the Llewellyn 
equation are used as initial value's for space-charge weaves in the 
space (6) -(c) and the values calculated at plane (c) are inserted 
as initial conditions for forced waves on the helix. This treat- 
ment differs from that of Pierce in that space-charge effi'cts in 
the tunnel are included. Several authors have used this 

] Hahn, Proc, Inst, Radio En^rs,, N,Y. 36 (1948), 1115. 

{ Robinson, Phil, Mag, 43 (1952), 51. 

§ Field, Tien and Watkins, Proc, Inst, Radio Eng^s,^ N,Y, 39 (1951), 184. 

II Watkins, Proc, Inst, Radio Engrs., N,Y, 40 (1952), 05. 
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approach, particularly Smullint and Watkins.^ The termin- 
ology used is the same as that in (^hapter 7 and Appendix 2 
except that we must change the sign of the currents, since 
electron currents to the right are negative in Llewellyn’s equa- 
tions and A})pendix 2 and positive in Pierce’s travelling wave 
theory given in Cliaptcr 14. The cross section of the beam is 
uniform, so we use current and not current density. We also 
note that, since the expression for noise figure is in terms of 
noise power, only the moduli of the Tioise current and noise 
velocity ai*e important. 

The grid to anode diode has been treated in § 1 ILS. Eqns. (46) 
aiid (47) with a change of sign for q give the following expres- 
sions for the noise conduction current and velocity at iilane (6): 





(A.3.2) 


where 


4m 

Tm 



from e(|n. (47j oftliapter S. 

In the tunnel s])ace charge waves are set up according to the 
1 heory of Appendix 2. Supjiuse 1 hat t he velocil y maximum is at a 
plane distant from the anode ])lane. Matching at the entry 
to the tunnel then gives 




/ \Mft/ / 


(A.3.3) 

(A.3.4) 


where 0^= "" “• 

_ «b 

Solving for ?>gf, and we obtain 



eos2 - 


l-t- Olicojco)'^' 


(A.3.5) 

(A.3.6) 


t Sniiillin, M.I.T. liesearch I^nb. of Electronics Quarterly Progress Iteport 
(July, 1950) 

X Watkins, loc. cit. 

g PlnikC z must be taken inside the tunnel since the space charge wavelength 
is only defined therein and is indefinite in the first iliode. 
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We then have for the wave moduli at plane (c) 

= il* 1^1 + J cos* (z„ - Za). (A.3.7) 

? = 55 [(5)V«i] (A-3.S) 

These expressions show that the plane (c) can be chosen so that 
either or vanishes. In a klystron one might locate the 
input resonator at a plane where i|*= 0, as this might eliminate 
amplified shot noise, which is the largest noise component in 
these tubes. In the travelling- wave tube both r.f. velocity and 
current contribute to the initial wave amplitude and the 
problem becomes more complicated. In the next section we 
therefore determine the noise figure for a travelling-wave tube 
in terms of the input conditions to the helix. 


3.2. The noise figure in terms of the initial conditions 

The noise figure of the travelling-wave tube has already been 
defined in eqn. (58) of Chapter J4. If the forward gain is suffic- 
iently large only the amplified wave need be considered and we can 
write the following equation for the noise figure in terms of the 
fields at the input _ ^ | ^ | 2 ^. |* 


F 




(A.3.9) 


where ^he peak input amplitude of the noise com- 

ponent of the amplified wave. When the impressed voltage and 
conduction current are not zero, eqns. (22), (23) and (24) 
of Chapter 14, take the following forms 

+ = (A.3.10) 


E-i Eo Eo 6 

V, 

Cl ^2 ^3 7nUQ 


(A.3.11) 


E E E,_ 2K„ 

Cl U Cl 


(A.3.12) 


8)3 V 

t Watkins (loo. cit.) inoludes a correction terra equal to j . # — ® .Q in 

■*0 

this equation. This correction takes care of the passive modes and is derived 
by Pierce (op. cit.), chap. 7. The inclusion of this term probably renders the 
theory more exact, but it complicates the discussion of the results so much that 
it seemed better to ignore it here. The reader should refer to Watkins’ paper 
for detail and graphical results. 
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It is convenient to write from eqn. ( 4 ) of Chapter 14, 

where the are, to a first approximation, the three cube roots of 
— 1 . With this notation the amplified wave Ei is given by 




2^3 


[l-(W][l-(^l/^3)] 


(A.3.13) 


We can now write down \E^a\^, since the Johnson noise 
power available at input is kT^ A/ = P^. From the definitions 
of C® {ind Z, gi\en in Chapter 14, and using the relation 
72 _ p 2^2 ^ jg 2^2 obtain 


= (A.3.14) 

/S. 

where peak value of E^. 

Since in the noise analysis we are interested in mean square 
values, we must replace eqn. (A 3 14) by 

A? = (A.3.15) 


Putting eqn. (A. 3. 15) into eqn. (A.3.13) withv = i = Ogives the 
required value of | E^ p, which can be used vnth eqn. (A. 3. 9) to 

® 7// I u a 1 2 

+ fW- (A.3.16) 

This equation can be used with the values of and given by 
eqns. (A. 3. 7) and (A 3.8) to obtain the final expression for the 
noise figure. When we are using space-charge wave theory the 
general relation can be simplified a little more using eqns. 
(A.2.32) and (A.2.33). The result is 

{A.3.17) 

Eqn, (A.3.16) demonstrates that, on space-charge wave theory, 
it is only necessary to know the mean square noise velocity com- 
ponent at entry to the helix. It we now use the approximations 

56,3 


F= H- 


Im v|o 
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^*2 = ^3 = j, the square of the modulus becomes 




This function oscillates with the periodicity of the space-charge 

waves, between 1 and (— \ .C^. The latter term is of the order 

0*1 , so the noise figure can be improved by amounts of the order 
of 1 0 db. by the correct choice of z. It should be noted that in 
eqns. (A.3.7) and (A. 3. 18) is measured from the plane z^- 


Vh Vc 



Kit*. 


Inserting Ihe value of (A. 3. 5) and the expression 

for Ihe explicit expression for the noise tiguie is 






\ 4 / 1 

' Cx) I 


(^24 C'sin(7r)r- 

\ / OJ^ ' 'I 


3.3. The use of velocity jumps to decrease noise 

We now turn to the discussion of tlie term [ I -f 0J(a>^/a>)2|. We 
have already noted tJiat this can be reduced by including a 
velocity jump. At the velocity jurnj) the r.f. conduction current 
is unchanged and the a.c. velocities are inversely proportional 
to the d.c. velocities. In fig. A. 3. 2 we suppose that the gap is 
located at «a plane of max. a.c. velocity, e.g. Zg A. 3. 1. 

Then, since must replace U + 0l(ojcl^f] 
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and if T^/lc< I, the noise will be reduced. Watkinsf discusses 
this and anotlier sclieme in which a second gap is used, the 
order of the voltages b(‘ing high-low-high, and with the first gap 
at a current maximum. The second gap is at a velocity 
inaxiniuin. 

3.4. Remarks on the adequacy of the theory 

The experimental work of (hitler and (Juatef together with 
work carried out at M.l.T. and Stanford Uni\ersities proves the 
general adequacy of the theory. The main divergences are that 
the noise minima are not as low as 1hr\v should be. There are 
probably several reasons for this. First, as the major sources of 
noises are eliminated effects such as partition noise and ionic 
noise, which have been neglected above, begin to contribute to 
the measured noise. Secondly, we must consider effects due to 
the Maxwellian velocity distribution. Final! v , it has been 
assumed that the initial conditions at the virtual cathode include 
no conduction current term. This is not correct, as our discus- 
sion in § S.4 indicates that there should lie a residual current 
fluctuation which is less than 1 per cent of the temperature 
limited fluctuation. 

Some of these e(f(‘cts are disenssed by Kompfner and 
Robinson. § Tliis pajior was written before the Llewellyn- 
Rack-P(derson approach was wididy accepted, but it indicates 
clearly the extent to wdm n the neglected effects may contribute 
to the total noisiv 

I \V:il kills, loc. cil. 

J Cutler iind quale, loc*. • it. 

§ Konififner and Robinson, Vror, Inst, Radio Knfirs., X.Y. 39 (1951), 918. 
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transmitting, 343 
phosphorescence, ^fec luminescence 
phosf)hors, nee luminescence 
photo-electric emission, 

from complex surfaces, 79 81 
effect of initial energies, 77 
Einstein relation, 78 
Fowler’s metliod for measuring 
threshold frequency, 75, 76 
storage in picture-convertors, 504 6 
theory of, 75 

yielded by alkali metals, 78 
picture convertors, 

C.P.S. emitron, 516, 516 
emitroii, 506> 9 
iconoscope, 506-9 
image iconosco})e, 509, 510 
image orthicon, 512 
orthicon, 510-15 


picture convertors, 

storage by photo-electric emission, * 
504-6 

storage by secondary emission, 516, 
517 

super-emitron, 509, 510 
Poisson’s equation, 145 
power relations in gaps, 197-202 

Reflector parameter, 378 
Richardson’s equation, 9 

Sealing, 

in magnetrons, 498, 499 
relations, 213-14 
in transmitter valves, 343 
Schott k> effect, 13 
secondary emission, 
coeflieient for glass, 54 
from complex surfaces, 60 -2 
from insulators, 58 -60 
from metals, 52-8 
storage in picture convertors, 516, 
517 

surfaces used for, 67- 9 
theory of, 62-7 

single stream theories, inadequacies 
of, 212, 213 
Snell’s law, 114 
space charge, 

cflect on transit-time, 186 8 
injection at high velocities, 180 6 
spac-e-charge flow, 

in circular tunnel, 151 
in magnetic field, 152 5 
in rectangular tube, lt9-5l 
space cliarge waves, 

effect of cylindrical tunnel on, 
544-7 

effect of velocity jumps, 554 
excitation of noise by, 552 
Ilahn-Ramo theory of, 540-7 
space-cliarge wave tubes, 
bibliography on, 463 
description of, 458, 459 
pro)>agation constants of, 460, 461 
Stefan -Boltzmann law, 329 
storage tubes, 

barrier grid type, 519 22 
graphec'on, 517 19 
selectron, 522 I 

Tetrodes, 

beam, 295 800 
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mMh gHd, eha^^ACteristics of^ 
St7--9; electrostatic theory ot, 
t8a-2 

transmitting, 848 
thermionic emission, 
employment of pure metal emitters, 
Id, 20, 814-18 
measurement of, 12, 14 
from oxideH;$oated emitters, 25-51, 
528-89 ; sec also oxide-eoatcd 
cathodes 

Mm pure metals, 1-20 
Mm thin films, 20-5 
triode-heptode, 805, 806 
triode-hexode, 805, 806 
traveHing-wave tubes, 
beam dynamics in extended held, 
48lHtd8 

bildiography on, 463, 564 
comparative performance of, 430 
effect of attenuation on propaga 
tion constant, 436, 437 
effect of beam on oiicuit, 433, 43 1 
effleieney of, 445 
expressiofib for gain, 440, 441 
gen^Al description of, 42(> 30 
helical circuit, 446-53 
helix wave components, i<50 
initial oonditions for was es, 130 
limiting gain, 443 
mutual conductance of, 432 
noise in, 457, 468, 548 5 > 
oscillation in, 444 
other cln^uits, 454, 455 
passive mode eftccis, 456 
propagation constants lor, 435 
propagation equation solutions, 
434-9 

two types of theory for, 430 
tnodes 

characteristic s of, 245 8 
close-spaced, elec trost^i tic tlieoi> 
of, 264-72 

c'urrent distribution in, 32 1-9 
cylindri<‘al, 252 ; electrostatic 
potential in, 252, 253 ; equiva- 
lent diode of, 260, 261 ; mutual 
conductance of, 261 
generalized screening lac tor, 262 
grid current m, 318 22 
grid emission iii, 322, 323 
interelectrode capacitance o1, 273 


fL off 252; adjustment df, 268; 
Bennett and Peterson^s analysis 
nf, 266-70; more exact treat- 
ment of, 258-7 ; OUendorTs 
formula for, 265 ; Vq«%es and 
Elder’s formula for, 256 
noise produced by, 278-6 
planar, 249 ; electrostatic poten- 
tial in, 249- 52 ; ’equivalent 
diode’ device, 237-9 ; mutual 
contiuctance of, 259 
secondary enusbion in, 324 
ultra-high-Mquency, 394-5 ; effect 
of frequency on conductaiic*e, 
407 ; eifeci of frequency on 
mutual cKinductance, 408 ; 
equivalent grid plane voltage, 
406 ; equivalent networks for, 
414 ; four-pole networks for, 41 1 ; 
grounded gnd amplifier, 896-9 , 
gioundcd gnd and grounded 
cathode compared, 416 19 , 
liigh elheiency operation ol, 
420, 421 ; limitations of Lle^iellyn 
theory , 413 , IJewellymeleetronic 
i quiitions foi, 401-10 ; noibe ana 
]>sis, 422 5 ; oscillatoi, 399 401 
luiigsten, 

pure, eniisbion constants of 16, 20, 
315 

thoriated, emission constants of, 21 

V eloc ilv modulation, 

amplifiers (klystrons), 370-5 ; gam 
band-width product, 374 , 
maxmium gam of, 872 ; maxi 
mum power output of, 372 ; 
optimum load resistance of, 373 
Applegate diagram, 350 
beam-loading at gap, 362, 363 
bunching, 364-5 
expression for r.f, current, 355 
first-order theory of, 852-7 ; more 
accurate theory, 364-6 
klystron amplifiers see klystron 
pliybic*al principles of, 846*52 
reflex klystron, see klyaMn 
spaceK^barge debunchittg, 366 70, 
540-7 

transconductanoe, 859 
vanation of traascionifiuctBncc with 
amplitude, 860, 861 
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